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Representing and absolutely i‘epresenting systems
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V. M. KADETS (Kharkov) and Yu. F. KOROB EINIK (Rostov-na-Donu)

Abstract. We introduce various classes of representing systems-in linear topological
spaces and investigate their connections in spaces with different topological properties.
Let us cite a typical result of the paper. I H is a weakly separated sequentially separable
linear topological space then there is a representing system in H which is not absolutely
representing.

A sequence X = (z), of elements of a space (everywhere below the
word “space” means “linear topological space”) H over a field € is called a
basis in H (see e.g. [6]) if for each z in H there exists a uniquely determined
sequence {n;}52, of scalars from @ such that the series S he 1 Nk CONVETgES
to  (everywhere below & = C or R). A basis X in a locally convex space H
is sajd to be absolute if for each = in H the corresponding series 3 ey Tk
converges absolutely in H (to z). As is well known, there exist bases in
Banach spaces which are not absolute. On the other hand, according to
the Dynin-Mityagin theorem [6], each basis in a nuclear Fréchet space is
absolute. A. A. Talalyan [7] introduced representing systems in a complete
metrizable space as a natural generalization of bases. A sequence X =
(z1)32, of elements of a space H is called a representing system (r.s.) if
each x in H can be represented in the form of a series '

‘oo
(1) , r=Y T
k=1

converging in H. The class of spaces having at least one r.s. is muuch wider
than the class of spaces with basis. According to [1], every nuclear Fréchet
space not isomorphic to w has a quotient space without a basis. As for r.s.,
we can give a criterion for a space to have an r.s. We say that a space I is
sequentially separable if there exists a “universal® sequence Vo= {wx}i2, in
H such that for each z in H one can find a subsequence (vn, )52, tending
to z in H. For example, every separable space with a countable defining
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set of zero neighbourhoods is sequentially separable. In particular, every
separable Fréchet space is sequentially separable. The following result is
rather simple.

THEOREM 1. A space H has at least one r.s. iff H is sequentially sepa-
rable.

Proof. Let H have a “universal” sequence V = (vx)32,. We put V| =
(vs—w : E>121), Vo =V UV. Arrange V; in the sequence {w,,}32., =
{v1,v9 — V1,0, 03 — V2, ¥3 — v1,0s,...}. If z € H, then there exists a subse-
quence {ny}%o, of integers such that ng T oo,

o
= Hm vy, =v5, + (Vng = Vny) + (Ung — Uny) + ... 5= E Qo Wiy
k—roo =l

where the ap, are 0 or 1. Consequently, (w, )52, is an r.5. in H. Conversely,
suppose that there exists an r.s. (zg)32, in H. If & = C, we put D =
{3 ot (v 16k )zk : m=1,2,.. .}, where v and 6 run through all rational
numbers (if $ = R, we put §, =0, Vk > 1). If we arrange the elements of
D in a sequence, we obtain the required “universal” sequence in H.

Everywhere below we assume that the space H is sequentially separable.
According to [3, 4] the sequence (zx)32, in a locally convex space (Le.s.) H
is said to be an absolutely representing sysiem (a.r.s.) in H if each z in H
can be represented by a series (1) absolutely converging in H. It is casy to
see that if an l.c.s. IT has at least one ar.s., then H is separable. Of the
other hand, one can easily prove that if the topology of a separable l.c.s. i
is separated and defined by a countable set of seminorms, then H has at
least one a.r.s. :

In [4] the second author posed the problem of connections between r.s.
and a.r.s., and conjectured that in a nuclear Fréchet space each r.s. must
be an ar.s. In this article we show that the connection between these two
classes is quite different from the connection between the corresponding
classes of bases. In particular, the above mentioned conjecture is false. We
first give some definitions. An Lt.s. H is said to be wenkly separated if for

any ¢ # 0 in H there exists ¢ € H' such that o(z) 5£ 0 (i.e. the weak

topology o(H, H') is separated).

A sequence X = (z3)22, is said to be a finitely representing system (frs.)
in a space I ifspan X = H. Also, X is a weak absolutely representing system
(w.a.rs.) in H if for each  in H there exists a series Y5, ax}, such that
for any ¢ in H' the series 37, app ()} converges absolutely in & to ¢(z).

THEOREM 2. If H is o sequentially separable weakly separated space,

then either each r.s. in H ‘is an f.r.5., or there exists an r.s. in H which is
not o w.a.r.s.
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Proof. Let ¥ = (y)%2, be anr.s. in H such that spanY # H. W.Lo.g.
one can assume that 31 3 0. There exists a functional F in H' such that
Flyr} = 1. We put

Le=2—wnF(z), =ze€H,
ti=y, tx=Lys, k=23,...

For each « in H we have x = Y 5 ; Bx¥r, whence L:.:" = Ez‘;l By —
i 300 1 BeF (k) = 3 heq Brte. This implies that (tx)72, is anx.s. in LH =
{w = Lx:z € H}. Let y be any element in H. Theny = iy —~ nF @)+
nF(y) = Ly + nF(y), and so ()52, isanr.s. in H.

Fix 2o € H\spanY. For each n > 1 there exists frn € H' such that
fal2o) =1, fn(tk) =0,1<k <n. Weput

131 z_ktk

k=2,3,...;

UL = o Up = (1 )
2 L+ max |f; ()]
Ty = U1, T = U1 + %k , k=23...

Note that (u;)3., is an r.s. in H.

Now let I' = (v )%, be a sequence in H consisti.ng o‘nly of elements
(#4)3°, and such that for any & > 1 there exists an infinite subsequence
(Y., )%=y With e, = =k, m = 1,2,... (in other words, each-:c;c appears
among the 7, infinitely many times). We shall shpw that I' is an r.s. in
H. Ifze H, wehave z = .o byug where the series converges in H. We

choose integers ny such that

(2) kli}lgo be/ng = 0.
(Consider the series
bg bz bz b2
—Ty— — eeeF —Z — —Ty
(3) hay + ~ o nzfﬂl + o 2 .
b by
+@mﬂ—m+.+%m—~m+ ,

where each difference (bg/ny)zx — (bg/mk)T1 8 repeated nkktirnes. If 5., is
the mth partial sum of this series, then SH,M.;.,_,.!_M = z‘?‘i biuy. By (2)
the series (3) converges to z. This implies that I" is an r.s. in H.

Suppose now that there exists a sequence (cx)7e, such that
’ oa o]
Ve H  flzo)= Y crf(m), S lewl [f{ym)l < oo
k=1 k=1

Since F(ym) = %, Ym > 1, we have S _po i |F(ye)lle| = %Zz‘f__l lex| =
A < oo. For every m > 1 weput Ny ={k =1: 7k=q;m}_ If7>1, we
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have
file) = afilw)=Y_ filzm) 3 c,
k=1 el k€ Nm
whence

(o]
1= [fi(za)l €24 > |filum) < 44-277 <1
me=g1
for § sufficiently large, This contradiction implies that I" is not a w.a.r.s.
in H. : ’

COROLLARY. FEach sequentially separable weakly separated space with an
uncountable Hamel basis has an r.s. which is not o w.a.r.s.

We call a sequence X = (x3)}2, a weak representing system (w.r.s.) in
H if for each z in H there exists a series 350, cxay, which converges weakly
toz : Ve H', f(z) =332, enf(on). Let W= (w,)$2, be any part of the
system I" constructed above such that W contains each z, at most once (or
does not contain it at all). Suppose that W is a w.r.s. in . Then for every
k > 1 there is a di € C such that for every f € H', f(2q) = Yorey A f (wy)
(the series converges in C). Since F(zp) = 1y 1 dk, the series S oreq di
converges (in C). For each k > 1 we have fi(zo) = Yien difrlan,) =
Zn,—>k @5 fx (), whence

[fel@oll =1< D" (4527 < max{ld;| : ng >k} = oy,
ﬂ.j'}k
a contradiction since limg oo r = 0. So W cannot be a w.r.s. in J. We
have thus obtained the following complement to Theorem 2:

'THEOREM 3. If H is a sequentially separable weakly separated space, then
either each r.s. in H is an fr.s., or there exists an r.s. in H which is not a
w.a..s. in H and none of whose linearly independent parts is a w.r.s. in H.

CoROLLARY. Fach sequentially separable weakly separaied space with en
uncountable Hamel basis has an r.5. none of whose subsystems is a weak
basis (all the more, o basis).

Now consider the case of a space H with a countable Hamel basis. The
Hamel basis is then an fr.s. in' H. However, this does not imply that any
otherr.s.in H is also an fr.s. It is easily seen that any space with a countable

Hamel basis is sequentially separable. The following auxiliary result will be
useful later. :

THEOREM 4. Let H be a weakly separated space with a countable Hamel
basis. Suppose that there exists linearly independent sequence X = (#2)22,
such that 3710 ax = 0. Then H has an r.s. which is not a w.a.rs.
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Proof. Let @ be a countable Hamel basis containing the sequence X
(such a basis always exists). Let ¥ = ()2, be the sequence of all elements
of @ which do not belong to X. We put von-1 = ¥n, Von = Tn41 + 2“"‘%‘1,
V = (vn)5%;. We shall show that V is an r.s. in H. If y is any element in
H, theny = ):2;11 tkyk+2x‘f__1 Tmm. We put i = 0 for all & > Np. Then

N1 o0 N2 .
Ztkyic + Z(fﬂk+1 +27Fgy) (7'1 + g1 — Z 21"3"‘;;‘)
k=1 k=1 j=2

Ny ) Na )
= Ztkyk + Z Tha1 (rl — Z 21_"'7"3-) +zir + Z Th+1Th+1
k=1 k=1 =2 k=1
Na—1

o0 Ny Na
(P2 = 30 2 ) = Dot + Y remk =
k=1 k=1 k=1 k=1

Thus V is an r.s. in H. Note that z; & span W, where W = (zg : k> 2) U
(yr : k 2 1). Assume that z; € spanV. Then

ni ne
1= okt kzz bi(wr + 27" ),
k=1 -~ =

whence
iz _ R sh Ty
x (1 - Zka_k+1) = Z agyr + Z bz .
k=2 k=1 k=2

Consequently, 3 7%, 27" =1 and @y =0 for k > 1, b; = 0 for jz2
which is a contradiction. This implies that spanV # H, a.nd according to
Theorem 2 there exists an r.s. in H which is not a w.ar.s. in H.

The topology of a s;;ace H is called regular if each sequence in H tending
to zero lies in a finite-dimensional space.

THEOREM 5. Let H be a weakly separated space with a countable Hamel
basis and with regular topology. Then each r.s. in H is an fr.s.

Proof. Let (hg)32; be a countable Hamel basis in H and _let (5,7;&)3,3’"=1 be
an r.s. in M. If 2o is any element in H, then there exists a series ) ;- 4 Cu g
converging to #g in H. In particular, limg_.o0 ckgx = 0, whence SN < 0o :
Wn > 1, cugn € By 1= span(hk);’fw_l.

We put M = {k > 1 : g € $5}. Then g = 3 ;5 Ckfk, and so
zy € span(gg)fe., if M is a finite set. ) |

Assume now that M is infinite. In theset E = {gx: ¥ € M } onecan find
linearly independent elements g9, g3, ..., g0 (with 7 < N) which form % base
in span B, This implies that for any m in M we have Gm = 2 =1 flm,j g;- Let
(;)7_; be the system of continuous linear functionals on H, biorthogonal

J=
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to (g%,)r, 1. For any s <, p,(za) = ZkeM crdi,s and the series converges
for all such s. Moreover,

* r .
Zo= Y dimgm= 3 ( ) dk,mck)gfn

keM m=l1 m=1 keM
This implies that (gx)%2, is an fr.s. in H.

THEOREM 6. Let H be a weakly separated space with o countadle Hamel
basis and with irregular topology. Then H has an r.s. which is not a w.a.r.s.

Proof Let (gr)3; be a Hamel basis in H. For n > 1 we put &, =
span(gy )52, . Since the topology of H is irregular, there exists a sequence
(wr)§2, tending to zero in H such that wy € Sy, \By, for any & > 1,
where ny, Too. We put v = wag, vy = Wep1 — wi, k= 2,3,... The system
V = (u)52, is linearly independent and Y 77, vy = 0. Suppose that wy €
spanV oy = YT lawk If po = max{k : 1 € k < p, ar, # 0}, then
OpoUpe = W1 — S0 vy, whence wpg 41 € span{w, }? 21- This contradicts
the choice of (wg}$e,;. We have thus shown that the system {wy, vy, v9,...}
is linearly independent.

According to Theorem 4 there exists an r.s. in H which is not a w.a.r.s.

It should be mentioned that under slightly different assumptions The-

orem 6 was proved independently by 5. N. Melikhov who also obtained a
criterion for the regularity of the topology.

CoroLLARY. If H is a weakly separated space with a countable Hamel
basis, then the following assertions are equivolent:

1) each r.s. in H is an fr.s.;
2) each r.s. in H 15 0 w.a.7.5.;
3) the topology of H is regular.

In conclusion, we formulate the results for the most important class of

linear topological spaces—the separated locally convex spaces. Since the-

latter are always weakly separated, directly from the previous theorems we
obtain the following result:

THEOREM 7. 1. If H is o sequentially separable separated locally conves
space with an uncountable Hamel basis, then there exists o representing sys-
tem in H which is not a weak absolulely representing system in H and no
linearly independent part of it is ¢ weak representing system (all the more,
a basis) in H.

2. If H is a locally conver space with a countable Hamel basis, then the
following assertions are equivolent:

1} each representing system in H is finitely representing system;
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2) each representing system in H is a weak absolutely representing sys-
tem;
3) the topology of H is regular.

The main results of this paper were published (partly without proofs)
in [2, 5]. Those two papers also contain the history of the investigations on
the subject of this article.
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