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0. Introduction and notations. One of powerful methods of study-
ing representations of quadratic forms by forms is via theta-series. Many
authors did a great deal of work in this direction. Most of them, however,
worked in the case when the representing quadratic form has an even number
of variables. One reason for this is that quadratic forms with odd number of
variables are associated with half integral weight theta-series whose trans-
formation formulas involve branch problems.

In this article, we study the behavior of half integral weight theta-series
under Hecke operators. We give an explicit formula of a given theta-series
of half integral weight acted on by a Hecke operator as a linear combination
of theta-series. As an application, we prove that generic theta-series of
half integral weight are simultaneous eigenfunctions with respect to certain
Hecke operators. For integral weight theta-series, analogous results were
given by A. N. Andrianov [A2] in 1979.

For g ∈ Mm(C), h ∈ Mm,n(C), let g[h] = thgh, where th is the trans-
pose of h. For g ∈ M2n(R), let Ag, Bg, Cg, and Dg denote the n × n block
matrices in the upper left, upper right, lower left, and lower right corners
of g, respectively. Let Nm be the set of all semi-positive definite (eigenval-
ues ≥ 0), semi-integral (diagonal entries and twice nondiagonal entries are
integers), symmetric m × m matrices, and N+

m be its subset consisting of
positive definite (eigenvalues > 0) matrices.

Let Gn = GSp+
n (R) = {g ∈ M2n(R) : Jn[g] = rJn, r > 0} where

Jn =
(

0n In
−In 0n

)
and r = r(g) is a real number determined by g. Let

Γn = Spn(Z) = {M ∈ M2n(Z) : Jn[M ] = Jn}. Let Hn = {Z ∈ Mn(C) :
tZ = Z, ImZ is positive definite }. For g ∈ Gn and Z ∈ Hn, we set

g〈Z〉 = (AgZ +Bg)(CgZ +Dg)−1 ∈ Hn.

This work was partially supported by Korean Ministry of Education (grant no. BSRIP-
92-104).
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For Z ∈ Mn(C), let e(Z) = exp(2πiσ(Z)) where σ(Z) is the trace of Z.
Finally, let < n >= n(n+ 1)/2 for n ∈ Z.

For other standard terminologies and basic facts, we refer the readers to
[A1], [M], [O].

1. Hecke rings. Let G be a multiplicative group and let Γ be its
subgroup. Let L be a semigroup of G contained in the commensurator
of Γ in G, i.e., Γ g = g−1Γg ∩ Γ is of finite index in both g−1Γg and Γ
for any g ∈ L. Let (Γ,L) be a Hecke pair, i.e., ΓL = LΓ = L. Let
V = V (Γ,L) be the vector space over C spanned by left cosets (Γg), g ∈ L.
Let L = L(Γ,L) be the subspace of V consisting of X =

∑
ai(Γgi), ai ∈ C,

such that XM = X, for all M ∈ Γ , where XM =
∑
ai(ΓgiM). If we

write (ΓgΓ ) =
∑µ
i=1(Γgi), g, gi ∈ L, when ΓgΓ is the disjoint union of

Γgi, i = 1, . . . , µ, then the double cosets (ΓgΓ ), g ∈ L, form a basis for the
subspace L. L is in fact a ring, which is called the Hecke ring of the pair
(Γ,L), with the multiplication defined by X1X2 =

∑
aibj(Γgihj) for any

X1 =
∑
ai(Γgi), X2 =

∑
bj(Γhj) ∈ L.

Let (Γ1, L1), (Γ2, L2) be two Hecke pairs such that

(1.1) Γ2 ⊂ Γ1, Γ1L2 = L1, and Γ1 ∩ L2L
−1
2 ⊂ Γ2 .

Then the map ε = ε(L1,L2) : L1 = L(Γ1, L1) → L2 = L(Γ2, L2) defined
by ε(X) =

∑
ai(Γ2gi) ∈ L2 for any X ∈ L1, where X may be written in

the form X =
∑
ai(Γ1gi) with gi ∈ L2 because of the second condition of

(1.1), is an injective ring homomorphism. Moreover, ε is an isomorphism if
[Γ1 : Γ g1 ] = [Γ2 : Γ g2 ] for every g ∈ L2.

Let Ĝ be another multiplicative group and γ : Ĝ→ G and j : Γ → Ĝ be
surjective and injective homomorphisms, respectively, such that γ ◦ j = 1
on Γ and Ker γ ⊂ C(Ĝ), the center of Ĝ. For each g ∈ L, we define a
homomorphism % = %g : Γ g → Ĝ by

(1.2) j(gMg−1) = ζj(M)ζ−1%(M) for every M ∈ Γ g

where ζ ∈ Ĝ such that γ(ζ) = g. %g(M) is independent of the choice
of ζ because Ker γ ⊂ C(Ĝ). We call %g the lifting homomorphism of g.
It is known [Zh1] that if (Γ,L) is a Hecke pair and [Γ : Ker %g] is finite
for any g ∈ L, then (Γ̂ , L̂) is also a Hecke pair where Γ̂ = j(Γ ) and
L̂ = γ−1(L), and that if %g is trivial, then (Γ̂ ζΓ̂ ) =

∑µ
i=1(Γ̂ ζi) if and only

if (ΓgΓ ) =
∑µ
i=1(Γgi), where ζ, ζi ∈ L̂ and g, gi ∈ L such that γ(ζ) = g

and γ(ζi) = gi.
Let n, q be positive integers and p be a prime relatively prime to q. Let

Ln = Lnp = {g ∈ M2n(Z[p−1]) : Jn[g] = pδJn, δ ∈ Z} where δ = δ(g) is
an integer determined by g. Let Γn0 (q) = {M ∈ Γn : CM ≡ 0 (mod q)}
and Ln0 (q) = Ln0,p(q) = {g ∈ Ln : Cg ≡ 0 (mod q)}. Let Γn0 = {M ∈ Γn :
CM = 0} and Ln0 = Ln0,p = {g ∈ Ln : Cg = 0}. Finally, let Λn = SLn(Z)
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and V n = V np = {D ∈ Mn(Z[p−1]) : detD = pδ, δ ∈ Z}. Then (Γn, Ln),
(Γn0 (q), Ln0 (q)), (Γn0 , L

n
0 ), and (Λn, V n) are Hecke pairs. We denote their

corresponding Hecke rings by Ln = Lnp , Ln0 (q) = Ln0,p(q), Ln0 = Ln0,p,
and Dn = Dnp , respectively. We let En = Enp = {g ∈ Ln : δ(g) ∈ 2Z},
En0 (q) = En0,p(q) = En ∩ Ln0 (q), and En0 = En0,p = En ∩ Ln0 . Then (Γn, En),
(Γn0 (q), En0 (q)), and (Γn0 , E

n
0 ) are also Hecke pairs whose corresponding

Hecke rings are denoted by En = Enp , En0 (q) = En0,p(q), and En0 = En0,p,
respectively. These are called the even subrings of Ln, Ln0 (q), and Ln0 , re-
spectively.

Since Hecke pairs (Γn0 (q), Ln0 (q)) and (Γn0 , L
n
0 ) satisfy the conditions

(1.1), we have a monomorphism βn = ε(Ln0 (q),Ln0 ) : Ln0 (q) → Ln0 ,

(1.3) βn
(∑

ai(Γn0 (q)gi)
)

=
∑

ai(Γn0 gi)

where gi are chosen to be in Ln0 . Similarly, we have an injective homomor-
phism αn = ε(L,Ln0 (q)) : Ln → Ln0 (q), which is in fact an isomorphism
because [Γn : (Γn)g] = [Γn0 (q) : (Γn0 (q))g] for any g ∈ Ln0 (q).

We introduce a homomorphism ψn : Ln0 → Cn[x], where Cn[x] =
C[x±1

0 , . . . , x±1
n ]. Let X ∈ Ln0 . Then X can be written in the form X =∑

ai(Γn0 gi), where gi =
(
pδiD∗

i Bi
0 Di

)
∈ Ln0 , with δi = δ(gi) ∈ Z, Bi ∈

Mn(Z[p−1]), Di ∈ V n and D∗
i = (tD)−1. We define ωn : Ln0 → Dn[t±1] by

ωn(X) =
∑

ait
δi(ΛnDi) .

Then ωn is a surjective ring homomorphism. Let W =
∑
ait

δi(ΛnDi) ∈
Dn[t±1]. We may assume that each Di is an upper triangular matrix with
diagonal entries pdi1 , . . . , pdin . We define φn : Dn[t±1] → Cn[x] by

φn(W ) =
∑

aix
δi
0

( ∏
1≤j≤n

(xjp−j)din

)
.

Then φn is an injective ring homomorphism. Finally, we set

(1.4) ψn = φn ◦ ωn : Ln0 → Cn[x] .

The Hecke rings we introduced above are local Hecke rings at p. We will
not use global Hecke rings in this context except DnQ, the Hecke ring of the
Hecke pair (Λn, GL+

n (Q)) where GL+
n (Q) = {D ∈ GLn(Q) : detD > 0},

and its subring

(1.5) DnZ =
{∑

ai(ΛnDi) ∈ DnQ : Di ∈Mn(Z), detDi > 0
}
.

It is well known that DnQ =
⊕

pDnp where p runs over all rational primes.

2. The lifted Hecke rings. Let Ĝn = {(g, α(Z)) : g ∈ Gn, α(Z) is
holomorphic on Hn, α(Z)2 = t(det g)−1/2 det(CgZ + Dg) for some t ∈ C,
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|t| = 1}. Then Ĝn is a multiplicative group under the multiplication de-
fined by (g, α(Z))(h, β(Z)) = (gh, α(h〈Z〉)β(Z)) and is called the universal
covering group of Gn.

Let γ : Ĝn→G be the projection γ(g, α(z))= g. We define an action of
Ĝn on Hn by ζ〈Z〉=γ(ζ)〈Z〉 for ζ∈Ĝn, Z∈Hn. Note that Ker γ⊂C(Ĝn).

For a moment, we assume 4 | q. Let

(2.1) θn(Z) =
∑

M∈M1,n(Z)

e(tMMZ) =
∑

N∈Mn,1(Z)

e(Z[N ]), Z ∈ Hn .

θn(Z) is called the standard theta-function. For M ∈ Γn0 (q), we define

(2.2) j(M,Z) =
θn(M〈Z〉)
θn(Z)

, Z ∈ Hn .

It is well known [S1] that (M, j(M,Z)) ∈ Ĝn. So the map j : Γn0 (q) → Ĝn
defined by j(M) = (M, j(M,Z)) is a well defined injective homomorphism
such that γ◦j = 1 on Γn0 (q). Hence we can define the lifting homomorphism
%g for each g ∈ Ln0 (q) and conclude that (Γ̂n0 (q), L̂n0 (q)) is a Hecke pair where
Γ̂n0 (q) = j(Γn0 (q)) and L̂n0 (q) = γ−1(Ln0 (q)) because [Γn0 (q) : Ker %g] is finite
for each g ∈ Ln0 (q) (see [Zh1]). Similarly (Γ̂n0 , L̂

n
0 ) is a Hecke pair where

Γ̂n0 = j(Γn0 ) and L̂n0 = γ−1(Ln0 ). We denote their corresponding Hecke rings
by L̂n0 (q) = L̂n0,p(q) and L̂n0 = L̂n0,p, respectively. Also (Γ̂n0 (q), Ên0 (q)) and
(Γ̂n0 , Ê

n
0 ) are Hecke pairs, where Ên0 (q) = γ−1(En0 (q)) and Ên0 = γ−1(En0 ),

and we denote their corresponding Hecke rings by Ên0 (q) = Ên0,p(q) and
Ên0 = Ên0,p, which are the even subrings of L̂n0 (q) and L̂n0 , respectively.

Hecke pairs (Γ̂n0 (q), L̂n0 (q)) and (Γ̂n0 , L̂
n
0 ) also satisfy (1.1). So we have

an injective homomorphism β̂n = ε(L̂n0 (q), L̂n0 ) : L̂n0 (q) → L̂n0 ,

(2.3) β̂n
(∑

ai(Γ̂n0 (q)ζi)
)

=
∑

ai(Γ̂n0 ζi)

where ζi are chosen to be in L̂n0 .
For each g ∈ Ln0 , the lifting homomorphism %g : (Γn0 )g → Ĝn is trivial

[Zh1]. From this we obtain a surjective ring homomorphism

(2.4) πnk : L̂n0 → Ln0 , πnk (Γ̂n0 ζΓ̂
n
0 ) = τ(ζ)−2k(Γn0 gΓ

n
0 )

where k is a positive half integer, i.e., k = m/2 for some odd integer m ≥ 1,
ζ = (g, α(Z)) ∈ L̂n0 , and τ(ζ) = α(Z)/|α(Z)|.

Let gns = diag(In−s, pIs, p2In−s, pIs) ∈ En0 for s = 0, 1, . . . , n. Let Tns =
(Γn0 (q)gns Γ

n
0 (q)) ∈ En0 (q) and let Ln0 (T ) = Ln0,p(T ) be the subring C[Tn0 , . . . ,

Tnn−1, (T
n
n )±1] of En0 (q). Similarly, let T̂ns = (Γ̂n0 (q)ĝns Γ̂

n
0 (q)) ∈ Ên0 (q), where

ĝns = (gns , p
(n−s)/2) ∈ Ên0 for s = 0, 1, . . . , n, and let L̂n0 (T ) = L̂n0,p(T ) be the
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subring C[T̂n0 , . . . , T̂
n
n−1, (T̂

n
n )±1] of Ên0 (q). We define

(2.5) Ln0 (T ) = Ln0,p(T ) = (πnk ◦ β̂n)(L̂n0 (T )) ⊂ En0 .

Let Sn be the permutation group on {x1, x2, . . . , xn}. Let Wn be the
group of automorphisms of Cn[x] generated by Sn and σi, i = 0, . . . , n,
where σi are automorphisms of Cn[x] defined by

σ0 : x0 7→ −x0 ; xj 7→ xj , ∀j 6= 0 ,
σi : x0 7→ x0xi ; xi 7→ x−1

i ; xj 7→ xj , ∀j 6= 0, i, for i = 1, . . . , n .

Let Wn[x] be the subring of Cn[x] consisting of all Wn-invariant elements.
Then

(2.6) ψn : Ln0 (T ) →Wn[x]

is an isomorphism [Zh2]. Note that this implies that Ln0 (T ) is a commutative
ring.

Let ∆n(x) = (x2
0x1 . . . xn), and Rni (x) = si(x1, . . . , xn, x

−1
1 , . . . , x−1

n ) for
i = 0, . . . , 2n, where si(·) denotes the elementary symmetric polynomial of
degree i in the corresponding variables. It is known [A2] that Wn[x] is
generated by ∆n(x)±1 and Rni (x), i = 1, . . . , n.

3. Hecke polynomials. Let

(3.1) rn(y) =
∏

1≤j≤n

(1− x−1
j y)(1− xjy) =

2n∑
i=0

(−1)iRni (x)yi .

Wn only permutes the factors of rn(y) and hence the coefficients Rni (x)
are Wn-invariant. By (2.6), there exist Rni ∈ Ln0 (T ) such that ψn(Rni ) =
Rni (x) for all i = 0, . . . , 2n. Let ∆n = (πnk ◦ β̂n)(T̂nn ) = p(Γn0 I2nΓ

n
0 ). Then

ψn(∆n) = p−<n>∆n(x). Therefore, we obtain

(3.2) Ln0 (T ) = C[Rn1 , . . . , R
n
n, (∆

n)±1] .

Let Rn(y) be a polynomial over Ln0 (T ) defined by

(3.3) Rn(y) =
2n∑
i=0

(−1)iRni y
i ∈ Ln0 (T )[y] .

Such a polynomial over a Hecke ring is called a Hecke polynomial.
Let Πn

s = (Γn0 h
n
sΓ

n
0 ) ∈ Ln0 , where hns = diag(pIn−s, Is, In−s, pIs) ∈ Ln0 ,

s = 0, 1, . . . , n. Let A = tA ∈ Mi(Z) and r(A) = rp(A) be the rank
of A modulo p, where p is a prime. If r = r(A) ≥ 0, then there exist
U ∈Mi(Z) and A′ ∈Mr(Z) such that p is relatively prime to (detU detA′)
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and A1 ≡ A[U ] (mod p), where A1 = diag(A′, 0i−r). We define

κ(A) = κp(A) =

 ε−rp

(
(−1)r detA′

p

)
if r > 0 ,

1 if r = 0 ,

where (−) is the Legendre symbol and εp is a complex number defined
by εp = 1 for p≡ 1 (mod 4) and εp =

√
−1 for p≡ 3 (mod 4). Then κ(A)

is independent of the choice of U and A′. Let {A}={A}p be the set of all
A1 = tA1∈Mi(Z) such that A1≡A[U ] (mod p) for some U ∈GLi(Z); call it
the p-class of A. Note that κ(A), r(A) are invariants of the p-class of A.

Let Dn
ij = diag(In−i−j , pIi, p2Ij) for 0 ≤ i, j, i+ j ≤ n, and let Bnij(A) =

diag(0n−i−j , A, 0j) for A = tA = Mi(Z). Then

gnij(A) =
(
p2(Dn

ij)
∗ Bnij(A)

0 Dn
ij

)
∈ En0 and Πn

ij(A) = (Γn0 g
n
ij(A)Γn0 ) ∈ En0 .

Moreover, Πn
ij(A) = Πn

ij(A1) if A1 ∈ {A}. For 0 ≤ r ≤ i and a half integer
k, we set

Πn,r
ij (κ) =

∑
{A},r(A)=r

κ(A)−2kΠn
ij(A) .

Let

ϕp(l) =
l∏

a=1

(pa − 1) for l ≥ 1 (ϕp(0) = 1) ,

ϕ+
p (l) =

∏
2≤a≤l
a even

(pa − 1) for l ≥ 2 (ϕ+
p (0) = ϕ+

p (1) = 1) ,

and let

σnij =
ϕp(n− i+ j)(−p)j/2

ϕp(n− i)ϕ+
p (j)

or 0

for j even or odd, respectively, where 0 ≤ i, j, i+ j ≤ n. Let

(3.4)

Xn
−(y) =

n∑
i=0

(−1)iXn
−iy

i, Xn
+(y) =

n∑
i=0

(−1)iXn
+iy

i ,

Bn(κ, y) =
n∑
i=0

(−1)iBni (κ)yi

where Xn
−i = ∆−1Πn

0Π
n
n−i, X

n
+i = ∆−1Πn

i Π
n
n , and

Bni (κ) = p<n−i>∆−1
i∑

j=0

σnijΠ
n,i−j
n0 (κ)

for i = 0, 1, . . . , n. Here ∆ = p<n>∆n.
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The following is an analogue of Andrianov’s result on the factorization
of Hecke polynomials concerning integral weight Siegel modular forms [A2].

Proposition 3.1. Rn(y) = Xn
−(y)Bn(κ, y)Xn

+(y).

P r o o f . See [Zh2].

Let Cn− = Cn−p = {X ∈ Ln0 : XΠn
0 = Πn

0X} and Cn+ = Cn+p = {X ∈ Ln0 :
XΠn

n = Πn
nX}. It is well known [A2] that Cn− and Cn+ are commutative

subrings of Ln0 with no zero divisors. Let Cn−[[y]] and Cn+[[y]] be the formal
power series rings in y over Cn− and Cn+, respectively. Then Xn

−(y) and Xn
+(y)

are invertible in Cn−[[y]] and Cn+[[y]], respectively, because their constant term
(Γn0 I2nΓ

n
0 ) is the unity of Ln0 , and we denote their inverses by X−

n (y) and
X+
n (y), respectively. If we write

X−
n (y) =

∞∑
i=0

X−i
n yi ∈ Cn−[[y]] and X+

n (y) =
∞∑
i=0

X+i
n yi ∈ Cn+[[y]] ,

then

(3.5)

X−i
n = p−in

∑
D∈Λn\Mn(Z)/Λn

detD=pi

(
Γn0

(
D 0
0 D∗

)
Γn0

)
,

X+i
n = p−in

∑
D∈Λn\Mn(Z)/Λn

detD=pi

(
Γn0

(
D∗ 0
0 D

)
Γn0

)
.

Observe that X−i
n , X+i

n ∈ En0 .

4. Siegel modular forms of half integral weight. Let n, q be a
positive integers with 4 | q. Let χ be a Dirichlet character modulo q. Let
p be a prime relatively prime to q. Let k be a positive half integer. For a
complex-valued function F on Hn and ζ = (g, α(Z)) ∈ Ĝn, we set

(4.1) (F |kζ)(Z) = r(g)nk/2−<n>α(Z)−2kF (g〈Z〉), Z ∈ Hn .

Since the map Z → g〈Z〉 is an analytic automorphism of Hn and α(Z) 6= 0
on Hn, F |kζ is holomorphic on Hn if F is. Also from the definition it follows
that F |kζ1|kζ2 = F |kζ1ζ2 for ζ1, ζ2 ∈ Ĝn.

A function F : Hn → C is called a Siegel modular form of degree
n, weight k, level q, with character χ if the following conditions hold:
(i) F is holomorphic on Hn, (ii) F |kM̂ = χ(detDM )F for every M̂ =
(M, j(M,Z)) ∈ Γ̂n0 (q), and (iii) F |k(M,α(z)) is bounded as Im z → ∞,
z ∈ H1, for every (M,α(z)) ∈ Ĝ1 with M ∈ SL2(Z) when n = 1. It is
known [Koe] that the boundedness condition (iii) follows from (i) and (ii)
for n ≥ 2. We denote the set of all such Siegel modular forms by Mn

k (q, χ).
This is a finite-dimensional vector space over C [Si2].
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A function F : Hn → C is called an even or odd modular form of degree
n if F satisfies (i), (ii)′ (detDM )sF (M〈Z〉) = F (Z), Z ∈ Hn for every
M ∈ Γn0 , where s = 0 for even and s = 1 for odd modular forms, and
(iii)′ F (z) is bounded as Im z → ∞, z ∈ H1 when n = 1. We denote the
sets of all even modular forms by Mn

0 and of odd modular forms by Mn
1 .

They are also vector spaces over C.
Let F ∈ Mn

k (q, χ) and χ(−1) = (−1)s for s = 0 or 1. For M ∈ Γn0 , we
have M̂ = (M, j(M,Z)) = (M, 1) and detDM = ±1. So, F satisfies (ii)′,
(iii)′ and hence

(4.2) Mn
k (q, χ) ⊂Mn

s if χ(−1) = (−1)s .

For F ∈Mn
k (q, χ) and X̂ =

∑
ai(Γ̂n0 (q)ζi) ∈ Ên0 (q), we set

(4.3) F |k,χX̂ =
∑

aiχ(detAi)F |kζi ,

where Ai = Aγ(ζi). There is a good reason for using the even subring Ên0 (q)
instead of L̂n0 (q): the action of double cosets in L̂n0 (q)−Ên0 (q) on Mn

k (q, χ) is
trivial [Zh1], i.e., for F ∈Mn

k (q, χ) and X̂ = (Γ̂n0 (q)ζΓ̂n0 (q)) ∈ L̂n0 (q)−Ên0 (q),
we have F |k,χX̂ = 0.

As for F ∈Mn
s and X =

∑
ai(Γn0 gi) ∈ Ln0 , we set

(4.4) F |k,χX =
∑

aiχ(detAi)F |kg̃i

where

(4.5) g̃i = (gi, (det gi)−1/4|detDi|1/2) ∈ L̂n0 ,

Ai = Agi , and χ(−1) = (−1)s.
X̂ and X acting on modular spaces as above are called Hecke operators.

It follows from the definitions that F |k,χX̂1 ∈Mn
k (q, χ) if F ∈Mn

k (q, χ) and
F |k,χX̂1|k,χX̂2 = F |k,χX̂1X̂2 for any X̂1, X̂2 ∈ Ên0 (q). Similarly, for F ∈Mn

s

andX1, X2 ∈ Ln0 , we have F |k,χX1 ∈Mn
s and F |k,χX1|k,χX2 = F |k,χX1X2,

where χ(−1) = (−1)s.
Let χ(−1) = (−1)s, with s = 0 or 1, F ∈ Mn

k (q, χ) ⊂ Mn
s , and

X̂ =
∑
ai(Γ̂n0 (q)ζi) ∈ Ên0 (q), where ζi = (gi, αi(Z)) ∈ Ên0 with gi =(

pδiD∗
i Bi

0 Di

)
and αi(Z) = tip

−nδi/4(detDi)1/2 for some ti ∈ C, |ti| = 1,

δi ∈ 2Z. We choose the usual branch for (detDi)1/2 when detDi < 0. Since
j(M,Z) = 1 for any M ∈ Γn0 , from (2.3) and (2.4) it follows that

(πnk ◦ β̂n)(X̂) =
∑

ai(tiεi)−2k(Γn0 gi) ∈ En0

where εi = 1 or
√
−1 according as detDi > 0 or detDi < 0. So (4.1) and
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(4.3)–(4.5) yield

F |k,χ(πnk ◦ β̂n)(X̂)

=
∑

ai(tiεi)−2kχ(det pδiD∗
i )F |kg̃i

=
∑

ai(tiεi)−2kχ(det pδiD∗
i )(p

δi)nk/2−<n>

× (p−nδi/4|detDi|1/2)−2kF (gi〈Z〉)

=
∑

aiχ(det pδiD∗
i )(p

δi)nk−<n>(ti(detDi)1/2)−2kF (gi〈Z〉)

so that

(4.6) F |k,χX̂ = F |k,χ(πnk ◦ β̂n)(X̂) .

Let Mn
s [[y]] and Ln0 [[y]] be the rings of formal power series in y over

Mn
s and Ln0 , respectively. For F (y) =

∑∞
i=0 Fiy

i ∈ Mn
s [[y]] and X(y) =∑∞

j=0Xjy
j ∈ Ln0 [[y]], we generalize (4.4) formally as follows:

(4.7) F (y)|k,χX(y) =
∞∑
l=0

( ∑
i+j=l

Fi|k,χXj

)
yl ∈Mn

s [[y]]

for a half integer k and a character χ satisfying χ(−1) = (−1)s. Observe
that

F (y)|k,χX1(y)X2(y) = F (y)|k,χX1(y)|k,χX2(y)

for F (y) ∈ Mn
s [[y]], X1(y), X2(y) ∈ Ln0 [[y]]. We say that F (y) ∈ Mn

s [[y]] is
defined at τ ∈ C if F (τ) converges absolutely and uniformly on every subset
Hn(c) of Hn where Hn(c) = {Z ∈ Hn : ImZ ≥ c} for c > 0.

We now introduce an action of DnQ on Mn
s , s = 0 or 1. Let F ∈Mn

s and
W =

∑
ai(ΛnDi) ∈ DnQ. We define

(4.8) (F |W )(Z) =
∑

aiF (Z[tDi]), Z ∈ Hn .

For D ∈ V n ∩Mn(Z), we set

gD =
(
D 0
0 D∗

)
∈ En0 and TD = (Γn0 gDG

n
0 ) ∈ En0 .

Then TD =
∑
Di∈Λn\ΛnDΛn(Γn0 gDi

). So if χ(−1) = (−1)s, then (4.4), (4.5)
and (4.8) imply that

F |k,χTD =
∑

Di∈Λn\ΛnDΛn

χ(detDi)F |kg̃Di
(4.9)

= χ(detD)(detD)kF |(ΛnDΛn).
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5. Action of Bn(κ, y) on Mn
s . Let n, q, χ, p, and k be as above. For

F ∈Mn
s (s = 0 or 1), we set

(5.1) F |k,χBn(κ, y) =
n∑
i=0

(−1)i(F |k,χBni (κ))yi .

For 0 ≤ r ≤ n, N ∈ Nn, we let

ln(κ, r,N) =
∑

A=tA∈Mn(Fp)
r(A)=r

κ(A)−2ke

(
NA

p

)
.

Zhuravlev [Zh2] showed

(5.2) F |k,χBn(κ, y) =
∑
N∈Nn

Bn(κ, y,N)f(N)e(NZ), Z ∈ Hn ,

where

(5.3) Bn(κ, y,N) =
n∑
i=0

(−1)ip<n−i>−<n>
( i∑
j=0

αnij l
n(κ, i− j,N)

)
yi

and F (Z) =
∑
N∈Nn

f(N)e(NZ) (see (6.2)).
For semi-integral n × n matrices N1, N2, we write N1 ≡ N2 (mod p) if

(N1−N2)/p is again semi-integral, and write N1∼N2 (mod p) if there exists
U∈Mn(Z) such that N1≡N2[U ] (mod p) and p is relatively prime to det 2U .
The following properties of Bn(κ, y,N) are also due to Zhuravlev [Zh2]:

(5.4) Bn(κ, y,N1) = Bn(κ, y,N2) if N1 ∼ N2 (mod p)

for N1, N2 ∈ Nn, and

(5.5) Bn(κ, y,N) = Bn−1(κ, y,N ′) if N ∼
(
N ′ 0
0 0

)
(mod p)

for N ∈ Nn and N ′ ∈ Nn−1. Finally, if N is non-degenerate modulo p, i.e.,
p is relatively prime to det 2N , then

(5.6) Bn(κ, y,N)

=


∏

0≤i≤n/2−1

(
1− y2

p2i+1

)
for n even ,(

1− χnk,N (p)
y

pn/2

) ∏
0≤i≤(n−3)/2

(
1− y2

p2i+1

)
for n odd ,

where

(5.7) χnk,N (p) =
(

(−1)(2k−n)/22 det 2N
p

)
for n odd and (−) is the Legendre symbol.
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6. Zharkovskaya’s commutation relation. Let n, q, χ, p and k be as
above. Let F ∈Mn

s . We define Φ : Mn
s →Mn−1

s by

(6.1) (ΦF )(Z ′) = lim
λ→+∞

F

((
Z ′ 0
0 iλ

))
, Z ′ ∈ Hn−1 and λ > 0 .

Φ is well defined and is called the Siegel operator (M0
s = C, H0 = {0}).

Every F ∈Mn
s , hence every F ∈Mn

k (q, χ) if χ(−1) = (−1)s, has a Fourier
expansion of the form

(6.2) F (Z) =
∑
N∈Nn

f(N)e(NZ), Z ∈ Hn .

Then from (6.1) and (6.2) it follows that

(6.3) (ΦF )(Z ′) =
∑

N ′∈Nn−1

f

((
N ′ 0
0 0

))
e(N ′Z ′), Z ′ ∈ Hn−1

(N0 = {0}) and that ΦF ∈Mn−1
k (q, χ) if F ∈Mn

k (q, χ).

Let X =
∑
ai(Γn0 gi) ∈ Ln0 where gi =

(
pδiD∗

i Bi
0 Di

)
∈ Ln0 . By multi-

plying gi on the left by
(
U∗i 0
0 Ui

)
∈ Γn0 for a suitable Ui ∈ GLn(Z), we

may assume that all the Di are of the form Di =
(
D′
i ∗

0 pdi

)
, di ∈ Z, where

D′
i ∈ V n−1 is upper triangular. We set

(6.4) Ψ(X,u) =
∑

aiu
−δi(up−n)di(Γn−1

0 g′i) ∈ Ln−1
0 [u±1]

where g′i =
(
pδi(D′

i)
∗ B′i

0 D′
i

)
∈ Ln−1

0 and Ln−1
0 [u±1] is the polynomial ring

in u, u−1 over Ln−1
0 . Here B′i and D′

i denote the blocks of size (n−1)×(n−1)
in the upper left corners of Bi and Di, respectively. If n = 1, we set
Ψ(X,u) =

∑
aiu

−δi(up−1)di . Note that δi, di are uniquely determined by
the left coset (Γn0 gi) for each i. Ψ(−, u) : Ln0 → Ln−1

0 [u±1] is a well defined
ring homomorphism (see [Z]).

We define a ring homomorphism η(−, u) : Cn[x] → Cn−1[x, u±1] by

(6.5)
{
x0 7→ x0u

−1 ; xn 7→ u ; xi 7→ xi, i 6= 0, n when n > 1 ,
x0 7→ u−1 ; x1 7→ u when n = 1 (C0[x] = C) .

It is known [A2] that the following diagram commutes :

(6.6)

Ln0
ψn−−−−−−→ Cn[x]

Ψ(−,u)

y yη(−,u)

Ln−1
0 [u±1]

ψn−1×1u−−−−−−→ Cn−1[x][u±1]
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where ψn−1 × 1u is the ring homomorphism that coincides with ψn−1 on
Ln−1

0 and fixes u.
We state the following theorem concerning a commutation relation,

called Zharkovskaya’s relation, between Hecke operators and the Siegel op-
erator acting on Siegel modular forms of half integral weight.

Theorem 6.1. Let F ∈ Mn
k (q, χ) and X̂ ∈ Ên0 (q), where k is a half

integer. Then

Φ(F |k,χX̂) = (ΦF )|k,χΨ(Y, pn−kχ(p)−1)

where Y = (πnk ◦ β̂n)(X̂) ∈ En0 . (If n = 1, then the action on the right hand
side is nothing but multiplication of complex numbers.)

P r o o f. See [KKO].

The analogue of this formula for the integral weight Siegel modular forms
was given by Andrianov [A2]. The following result is also given by And-
rianov.

Theorem 6.2. Ψ(−, u) : Ln(T ) → Ln−1(T ) is a surjective ring homo-
morphism for any u ∈ C, u 6= 0.

P r o o f. See [A2].

For later use, we introduce a decomposition of F ∈Mn
s . Let

F (Z) =
∑
N∈Nn

f(N)e(NZ), Z ∈ Hn .

We define the r-component Fr(Z) of F (Z) for 0 ≤ r ≤ n by

(6.7) Fr(Z) =
∑
N∈Nn

rank(N)=r

f(N)e(NZ), Z ∈ Hn ,

so that F (Z) =
∑n
r=0 Fr(Z). One can easily show that

(6.8) (F |k,χX)r = Fr|k,χX, X ∈ Ln0 .

7. Theta-series of half integral weight. Let Q ∈ N+
m . The level

q of Q is defined to be the smallest positive integer such that q(2Q)−1 is
integral with even diagonal entries. It is well known [Og] that q is divisible
by 4 when m is odd. We define the theta-series of degree n associated with
Q by

(7.1) θn(Z,Q) =
∑

X∈Mm,n(Z)

e(Q[X]Z) =
∑
N∈Nn

r(N,Q)e(NZ), Z ∈ Hn ,

where r(N,Q) = |{X ∈Mm,n(Z) : Q[X] = N}| <∞.
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When m is even, the following is known [A-M]:

(7.2) θn(M〈Z〉, Q)
= χ

Q
(detDM ) det(CMZ +DM )m/2θn(Z,Q), Z ∈ Hn ,

for M ∈ Γn0 (q) where χQ is the Dirichlet character defined by

(7.3) χ
Q

(d) = (d/|d|)m/2
(

(−1)m/2 det 2Q
|d|

)
Jac

if q > 1

and χ
Q

(d) = 1 if q = 1 for integers d relatively prime to q.
From (2.1), (7.1) and (7.3) it follows that

θn(Z)2 = θn(Z, I2) and χ
I2

(d) = sign(d)
(
−4
|d|

)
Jac

= ±1 .

So (2.2), (7.2) and (7.3) show that for any M ∈ Γn0 (q)

(7.4) j(M,Z)2 = χ
I2

(detDM ) det(CMZ +DM ) .

We fix an odd m in what follows. Let Q? = diag(Q, I3) ∈ N+
m+3. Then

the level q? of Q? is the same as the level q of Q. Since m+ 3 is even and

θn(Z,Q?) =
θn(Z,Q)
θn(Z)

θn(Z)4 ,

by applying (7.2)–(7.4), we obtain

(7.5) θn(M〈Z〉) = χ?(detDM ) det(CMZ +DM )(m−1)/2j(M,Z)θn(Z,Q)

for any M ∈ Γn0 (q) where χ? is the character of Q? (see (7.3)). From (4.1)
and (7.5) it follows that

(7.6) θn(Z,Q)|kM̂ = χQ(detDM )θn(Z,Q), Z ∈ Hn ,

for any M̂ = (M, j(M,Z)) ∈ Γ̂n0 (q) where k = m/2 is a half integer and

(7.7) χQ(d) = χ?(d)χI2(d)
(1−m)/2 =

(
2 det 2Q
|d|

)
Jac

.

So we have the following theorem:

Theorem 7.1. Let Q ∈ N+
m , m odd. Then

θn(Z,Q) ∈Mn
k (q, χ) ⊂Mn

0

where k = m/2 is a half integer , q is the level of Q, and χ = χ
Q

is the
Dirichlet character (7.7).

P r o o f. Clear from the above and (4.2).

See [C-J],[A1] and [St] for the explicit formulas for det(CMZ+DM )−m/2

×θn(M〈Z〉, Q)/θn(Z,Q) and j(M,Z) det(CMZ+DM )−1/2, respectively, for
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M ∈ Γn0 (q), where m is odd and det(CMZ + DM )1/2 is under the usual
branch.

8. Theta operators. Let m,n be positive integers. Let Θnm be the
vector space over C spanned by θn(Z,Q), Q ∈ N+

m , and let Θnm(q, d) be its
subspace spanned by θn(Z,Q), Q ∈ N+

m , with d = det 2Q and q = the level
of Q for given positive integers d and q. If m is odd, then Theorem 7.1
shows that

Θnm ⊂Mn
0 and Θnm(q, d) ⊂Mn

k (q, χ)
where

χ(detDM ) =
(

2d
|detDM |

)
Jac

for any M ∈ Γn0 (q) .

Observe that detDM is relatively prime to q and hence to d because q and
d have exactly the same prime factors [Og].

Let Q ∈ N+
m . We denote the genus of Q by [Q], i.e., [Q] is the set of

all matrices in N+
m that are locally equivalent to Q everywhere. In global

notation, we may define [Q] by the set of all Q1 ∈ N+
m such that det 2Q1 =

det 2Q and 2Q1 ≡ 2Q[U ] (mod 8(det 2Q)3) for some U ∈Mm(Z) (see [Si2]).
Let (Q) be the class of Q, i.e., the set of Q1 ∈ N+

m such that 2Q1 =
2Q[U ] for some U ∈ GLm(Z). Obviously (Q) ⊂ [Q]. It is well known that
[Q] contains a finite number of classes (see, for instance, [O]). Note that
θn(Z,Q1) = θn(Z,Q) for any Q1 ∈ (Q). Also note that det 2Q and the level
of Q are invariants of [Q] and hence

Θnm[Q] ⊂ Θnm(q, d) ⊂ Θnm

if q = the level of Q and d = det 2Q, where Θnm[Q] is the subspace of Θnm
spanned by θn(Z,Qi), Qi ∈ [Q].

It is well known [Si1] that

Φ(θn(Z,Q)) = θn−1(Z ′, Q)

where Φ is the Siegel operator (6.1) and Z =
(
Z ′ ∗
∗ ∗

)
∈ Hn, Z ′ ∈ Hn−1.

In particular, Φ : Θnm[Q] → Θn−1
m [Q], Φ : Θnm(q, d) → Θn−1

m (q, d) are epi-
morphisms for all n ≥ 1 and isomorphisms [F] if n > m.

We now introduce theta operators. Let m,n ≥ 1 and let p be a prime
relatively prime to q. Let α : Lm0 → C× be a character such that α(Γm0 ) = 1.

For X = (Γm0 g0Γ
m
0 ) ∈ Lm0 with g0 =

(
pδD∗

0 B0

0 D0

)
∈ Lm0 and θn(Z,Q) ∈

Θnm with Q ∈ N+
m , we set

(8.1) θn(Z,Q) ◦α X = α(g0)
∑

D∈ΛD0Λ/Λ

pδQ[D∗]∈N+
m

lX(Q,D)θn(Z, pδQ[D∗])
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where Λ = Λm and

(8.2) l
X

(Q,D) =
∑

B∈B
X

(D)/ mod D

e(QBD−1) .

Here

BX(D) =
{
B ∈Mm(Z[p−1]) :

(
pδD∗ B

0 D

)
∈ Γm0 g0Γ

m
0

}
and B1, B2 ∈ BX(D) are said to be congruent modulo D on the right if
(B1 −B2)D−1 ∈Mm(Z). This congruence is obviously an equivalence rela-
tion and the summation in (8.2) is over equivalence classes in BX(D) modulo
D on the right. We extend (8.1) by linearity to the whole space Θnm and the
whole ring Lm0 . Elements of Lm0 in this action are called theta operators.

We set

Lm00 =
{∑

ai(Γm0 giΓ
m
0 ) ∈ Lm0 : δim− 2bi = 0, bi = logp |detDi|

}
where gi =

(
pδiD∗

i Bi
0 Di

)
∈ Lm0 and let Em00 = Em0 ∩ Lm00.

We prove the following theorem:

Theorem 8.1. (1) The action (8.1) is a well-defined action of Lm0 on
Θnm.

(2) Θnm(q, d) is invariant under the theta operators of Lm00 if p is relatively
prime to q.

(3) Θnm[Q] is invariant under the theta operators of Em00 if p is relatively
prime to 2q, where q is the level of Q.

P r o o f. This theorem is proved for the case of m even by Andrianov
[A2]. So, we restrict ourselves to the case of m odd. Let

(8.3) ε(Z,Q) =
∑
U∈Ω

e(Q[U ]Z), Z ∈ Hm ,

where Ω = GLm(Z). ε(Z,Q) is called the epsilon-series of Q. For every

M =
(
D∗ B
0 D

)
∈ Γm0 with D ∈ Ω, we have

(8.4) ε(M〈Z〉, Q) =
∑
U∈Ω

e(Q[UD∗]Z)e(Q[U ]BD−1) = ε(Z,Q) .

Note that e(Q[U ]BD−1) = 1 because Q[U ] ∈ N+
m and BD−1 is integral sym-

metric [M]. From (8.4) and the definition of even modular forms it follows
that ε(Z,Q) ∈Mm

0 . Let

Am =
{∑

aiε(Z,Qi) : Qi ∈ N+
m

}
⊂Mm

0 .
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Let k = m/2 and χ be a character satisfying χ(−1) = 1. Let X =

(Γm0 g0Γ
m
0 ) ∈ Lm0 with g0 =

(
pδD∗

0 B0

0 D0

)
∈ Lm0 . Then

X =
∑

D∈Ω\ΩD0Ω
B∈BX(D)/ mod D

(Γm0 g)

where g =
(
pδD∗ B

0 D

)
. By (4.1) and (4.5)

(8.5) ε(Z,Q) =
∑
U∈Ω

e(Q[U∗]Z) =
∑
U∈Ω

e(QZ)|kM̃U

where M
U

=
(
U∗ 0
0 U

)
∈ Γm0 and M̃

U
= (M

U
, 1). Hence

ε(Z,Q)|k,χX =
∑

D∈Ω\ΩD0Ω
B∈BX(D)/ mod D

∑
U∈Ω

χ(det pδD∗)e(QZ)|kM̃U
|k g̃

where g̃ = (g, p−δm/4|detD|1/2) (see (4.5)). Since

M
U
g =

(
pδ(UD)∗ U∗B

0 UD

)
and U∗BX(D)/mod D = BX(UD)/mod UD

for any U ∈ Ω, we have

ε(Z,Q)|k,χX =
∑

D∈ΩD0Ω
B∈BX(D)/ mod D

χ(det pδD∗)e(QZ) |k g̃ .

We may rewrite this as

(8.6) ε(Z,Q)|k,χX =
∑
U∈Ω

∑
D∈ΩD0Ω/Ω

B∈BX(D)/ mod D

χ(det pδD∗)e(QZ)|k g̃|kM̃U
.

Now let

(8.7) ι(Z,Q) =
∑

B∈BX(D)/ mod D

χ(det pδD∗)e(QZ)|k g̃ .

Then from (4.1) and (4.5) it follows that

(8.8) ι(Z,Q) = αk,χ(g0)e(pδQ[D∗]Z)
∑

B∈BX(D)/mod D

e(QBD−1)

where αk,χ : Lm0 → C× is the character defined by

(8.9) αk,χ(g) = χ(pδm−b)pδ(mk−<m>)−bk
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for any g =
(
pδD∗ B

0 D

)
∈ Lm0 , where b = logp |detD|. If we take B +AD

instead of B as a representative of BX(D)/mod D where tA = A ∈Mm(Z),
then

e(Q(B +AD)D−1) = e(QBD−1)e(QA) = e(QBD−1) .
So (8.8) is independent of the choice of representatives B of BX(D)/mod D.

Let KS =
(
Im S
0 Im

)
∈ Γm0 with tS = S ∈ Mm(Z). Then K̃S = (KS , 1)

and gKS =
(
pδD∗ pδD∗S +B

0 D

)
so that {B + pδD∗S} is a complete set

of representatives of BX(D)/mod D if {B} is. Therefore, ι(Z,Q)|kK̃S =
ι(Z,Q) by (8.7). Applying |kK̃S on the right hand side of (8.8), we obtain

(8.10) ι(Z,Q) = αk,χ(g0)e(pδQ[D∗]Z)e(pδQ[D∗]S)lX(Q,D) .

So, if lX(Q,D) 6= 0, then e(pδQ[D∗]S) = 1 for any tS = S ∈ Mm(Z). This
clearly implies that pδQ[D∗] ∈ N+

m . In other words, if pδQ[D∗] 6∈ N+
m , then

lX(Q,D) = 0. From this and (8.5), (8.6), (8.10) it follows that

ε(Z,Q)|k,χX = αk,χ(g0)
∑

D∈ΩD0Ω/Ω

pδQ[D∗]∈N+
m

lX(Q,D)ε(Z, pδQ[D∗]) ∈ Am .

Choosing a complete set of representatives {Di} of ΩD0Ω/Ω such that
detDi = detD0, we may rewrite the above as follows:

(8.11) ε(Z,Q)|k,χX = αk,χ(g0)
∑

D∈ΛD0Λ/Λ

pδQ[D∗]∈N+
m

lX(Q,D)ε(Z, pδQ[D∗]) .

We now define a linear map ϑnm : Am → Θnm by

ϑnm(ε(Z,Q)) = θn(Z,Q), Q ∈ N+
m .

Obviously ϑnm is a well-defined epimorphism. (8.1) and (8.11) yield

(8.12) ϑnm(ε(Z,Q) |k,χX) = θn(Z,Q) ◦α X, X ∈ Lm0 ,

where α = αk,χ is the character (8.9). Observe that

ε(Z,Q)|k,χX1 |k,χX2 = ε(Z,Q)|k,χX1X2

implies
θn(Z,Q) ◦α X1 ◦α X2 = θn(Z,Q) ◦α X1X2 .

From the surjectivity of ϑnm, (8.11) and the above, (1) follows.
Let p be relatively prime to q. To prove (2), it is enough to show that

det 2Q1 = d and the level of Q1 = q if Q1 = pδQ[D∗] ∈ N+
m , where d =

det 2Q and q = the level of Q. Clearly det 2Q1 = d. Let q1 be the level of
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Q1. Then q(2Q1)−1pδ1 = qpδ1−δ(2Q)−1[D] is integral for some δ1 ≥ 0. So
q1 | qpδ1 , which implies q1 | q. Similarly q | q1. This proves (2).

For (3), let δ be even. Since we restricted ourselves to the case of m odd,
the level q of Q is divisible by 4. So we may replace 2q by q in this case. Let
D1 = pδ/2D∗ so that detD1 = ±1. Since q and d = det 2Q have the same
prime factors, p is relatively prime to d and hence one can find U ∈Mm(Z)
such that U ≡ D1 (mod 8d3). Since 2Q1 = 2Q[D1], we have 2Q1 ≡ 2Q[U ]
(mod 8d3). Therefore Q1 ∈ [Q] if Q1 = pδQ[D∗] ∈ N+

m and this proves (3).

9. Action of L̂n0 (T ) on Θnm[Q]. Let Q ∈ N+
m with m odd. We

set Ψ = ΨQ : L̂n0 (T ) → L̂n−1
0 (T ) by requiring the following diagram to

commute:

(9.1)

L̂n0 (T ) ∼−−−−−−→
πn

k
◦β̂n

Ln0 (T )

Ψ=ΨQ

y yΨ(−,pn−kχ−1
Q

(p))

L̂n−1
0 (T ) ∼−−−−−−→

πn−1
k

◦β̂n−1
Ln−1

0 (T )

where k = m/2 and χQ is the character (7.7). Since the right vertical arrow
is surjective by Theorem 6.2, Ψ is also surjective. We let Ψr be the rth
iteration of Ψ for r > 0 and Ψ0 = the identity map. For X̂ ∈ L̂n−r0 (T ),
0 ≤ r ≤ n, let Ψ−r(X̂) denote any element in L̂n0 (T ) whose image under Ψr

is X̂.

Let X = (Γm0 gΓm0 ) ∈ Lm0 for g =
(
pδD∗ B

0 D

)
∈ Lm0 . We define the

signature s(X) of X by s(X) = 2b −mδ where b = logp |detD|. A linear
combination of double cosets with the same signature s ∈ Z in Lm0 is said to
be s-homogeneous of signature s. For general X =

∑
i ai(Γ

m
0 gi) ∈ Lm0 with

gi =
(
pδiD∗

i Bi
0 Di

)
and bi = logp |detDi|, we denote the s-homogeneous

part of signature s in X by X(s), i.e.,

X(s) =
∑

i,2bi−mδi=s

ai(Γm0 gi) .

Let X̂ ∈ L̂m0 (T ) and Y = (πmk ◦ β̂m)(X̂) ∈ Lm0 (T ). We define a homo-
morphism ξm = ξmQ : L̂m0 (T ) → Lm0 by

(9.2) ξm(X̂) =
∑
s≥0

(χQ(p)pm/2)sY(−2s)X
+s
m

(see (3.5) for X+s
m ). Observe that ξm(X̂) ∈ Em00 for any X̂ ∈ L̂m0 (T ).

We now prove the following theorem. For m even, it is also due to
Andrianov [A2].
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Theorem 9.1. Let m,n ≥ 1 be integers, m odd , m ≥ n. Let Q ∈ N+
m

with level q, 4 | q. Let p be a prime relatively prime to q. Then for X̂ ∈
L̂n0 (T ), we have

(9.3) θn(Z,Q)|k,χX̂ = θn(Z,Q) ◦α ξm(Ψn−m(X̂))

where k = m/2, χ = χ
Q

, and α = αk,χ (see (7.7) and (8.9)).

P r o o f. Assume for a moment that (9.3) holds when n = m, i.e.,

(9.4) θm(Z,Q)|k,χX̂ = θm(Z,Q) ◦α ξm(X̂) .

When r = m− n > 0, we apply Φr (the rth iteration of the Siegel operator
Φ) to (9.4). Then from Theorem 6.1, (8.1) and (9.1) it follows that

Φr(θm(Z,Q)|k,χX̂) = Φr(θm(Z,Q)) |k,χΨr(X̂) = θn(Z,Q) |k,χΨr(X̂)

and

Φr(θm(Z,Q) ◦α ξm(X̂)) = θn(Z,Q) ◦α ξm(X̂) .

Therefore, it suffices to show (9.4). We now let G(Z) be the m-component
of θm(Z,Q) (see (6.7)). From the definition of ε(Z,Q) and the left coset
decomposition of

{D ∈Mm(Z) : detD 6= 0} =
⋃

D∈Λ\M+
m(Z)

ΩD ,

it follows that

G(Z) =
∑

D∈Mm(Z)
detD 6=0

e(Q[D]Z) =
∑

D∈Λ\M+
m(Z)

∑
U∈Ω

e(Q[UD]Z)

=
∑

D∈Λ\M+
m(Z)

ε(Z[tD], Q)

where Λ = Λm, Ω = Ωm, and M+
m(Z) = {D ∈Mm(Z) : detD > 0}.

Let

W (a) =
∑

D∈Λ\M+
m(Z)/Λ

detD=a

(ΛDΛ) =
∑

D∈Λ\M+
m(Z)

detD=a

(ΛD) ∈ DmZ

where a is a positive integer (see (1.5) for DmZ ). Then from (4.8), we have

(9.5) G(Z) =
∞∑
a=1

ε(Z,Q) |W (a) =
∞∑
d=0

∑
a>0

(a,p)=1

ε(Z,Q)|W (pd)|W (a)

for any fixed prime p. The second equality follows from the commutativity
W (a)W (b) = W (b)W (a) for (a, b) = 1 (see [Zh2]). We let p be the given
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prime and let Y = (πmk ◦ β̂m)(X̂) ∈ Lm0 (T ), X̂ ∈ L̂m0 (T ). Then

G(Z)|k,χX̂ = G(Z)|k,χY =
∞∑
d=0

∑
a>0

(a,p)=1

ε(Z,Q)|W (pd)|W (a)|k,χY

=
∞∑
d=0

∑
a>0

(a,p)=1

ε(Z,Q)|W (pd)|k,χY |W (a)

(see [A2] for the last equality). From (4.9) and (3.5) it follows that

(9.6) ε(Z,Q)|W (pd) =
∑

D∈Λ\M+
m(Z)/Λ

detD=pd

ε(Z,Q)|(ΛDΛ) = τdε(Z,Q)|k,χX−d
m ,

where τ = χ(p)pk. Therefore

(9.7) G(Z)|k,χX̂ =
∑
a>0

(a,p)=1

( ∞∑
d=0

τdε(Z,Q)|k,χX−d
m Y

)∣∣∣W (a) .

We now consider F (y) =
∑∞
i=0 Fiy

i ∈ Mm
0 [[y]]. If F (y) is defined at

τ ∈ C, then clearly F (τ) =
∑∞
i=0 Fiτ

i ∈Mm
0 . Let

Y (y) = X−
m(y)Y Xm

− (y) ∈ Lm0 [[y]] .

Then by Proposition 3.1,

Y (y) = Bm(κ, y)Xm
+ (y)Rm(y)−1Y Rm(y)X+

m(y)Bm(κ, y)−1 .

Since Y ∈ Lm0 (T ), Rm(y) ∈ Lm0 (T )[y], and Lm0 (T ) is commutative, we have
Rm(y)−1Y Rm(y) = Y and hence

(9.8) Y (y) = Bm(κ, y)Xm
+ (y)Y X+

m(y)Bm(κ, y)−1 .

We now assume for a moment the following holds:

(9.9) ε(Z,Q)|k,χY (y) =
( ∞∑
i=0

ε(Z,Q)|k,χY(−2i)X
+i
m yi

)
+ ε1(y)

where ε1(y) ∈ Am[y] ⊂Mm
0 [y], which vanishes at y = τ = χ(p)pk. Since

X−
m(y)Y = Y (y)X−

m(y) ,

from (9.9) it follows that

(9.10) ε(Z,Q)|k,χX−
m(y)Y

=
(( ∞∑

i=0

ε(Z,Q)|k,χY(−2i)X
+i
m yi

)
+ ε1(y)

)∣∣∣
k,χ
X−
m(y) .
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Evaluate both sides of (9.10) at y = τ = χ(p)pk. Then (9.2) gives
∞∑
d=0

τdε(Z,Q)|k,χX−d
m Y =

∞∑
d=0

τdε(Z,Q)|k,χξm(X̂)|k,χX−d
m .

So, by (9.5)–(9.7),

G(Z)|k,χX̂ =
∞∑
a=1

(ε(Z,Q)|k,χξm(X̂))|W (a)

and hence the m-component of θm(Z,Q)|k,χX̂ and that of θm(Z,Q) ◦α
ξm(X̂) coincide. Therefore,

θm(Z,Q)|k,χX̂ − θm(Z,Q) ◦α ξm(X̂) ∈Mm
k (q, χ)

such that its m-component is 0. Such a form is called a singular form and
it is well known [F] that there are no non-zero singular forms if 2k ≥ m. So
the theorem follows.

It only remains to prove (9.9). Let Bm(κ, y,N) be the polynomial
in (5.3). From (5.2), (5.4), and the definition of ε(Z,Q) it follows that
ε(Z,Q)|k,χBm(κ, y) = Bm(κ, y,Q)ε(Z,Q). So,

(9.11) ε(Z,Q)|k,χBm(κ, y)−1 = Bm(κ, y,Q)−1ε(Z,Q) .

Note that ε(Z,Q)|k,χX = 0 if the signature s(X) ofX is positive forX ∈ Em0
(see (8.11)). But s(Xm

+i) = 2i > 0 if i > 0 and hence

(9.12) ε(Z,Q)|k,χXm
+ (y) = ε(Z,Q)|k,χXm

+0 = ε(Z,Q) .

We may write Y X+
m(y) =

∑∞
d=0

∑
i Y(i)X

+d
m yd. Since s(Y(i)X

+d
m ) = i + 2d,

we set
ε(Z,Q)|k,χY X+

m(y) =
∑

i+2d≤0

ε(Z,Q)|k,χY(i)X
+d
m yd .

So, (9.8) and (9.12) imply

ε(Z,Q)|k,χY (y)

= Bm(κ, y,Q)
( ∑
i+2d≤0

ε(Z,Q)|k,χY(i)X+(d)yd
)∣∣∣
k,χ
Bm(κ, y)−1 .

The expression in parenthesis on the right hand side can be written as∑
i,d,j

i+2d≤0

ai,d,jε(Z,Qi,d,j)yd

where Qi,d,j ∈ N+
m and ai,d,j ∈ C (see (8.11)). So, from (9.11) it follows

that

ε(Z,Q)|k,χY (y) = Bm(κ, y,Q)
∑
i,d,j

i+2d≤0

ai,d,jB
m(κ, y,Qi,d,j)−1ε(Z,Qi,d,j)yd .
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By (5.4), Bm(κ, y,Q) = Bm(κ, y,Qi,d,j) if i+ 2d = 0. Hence,

ε(Z,Q)|k,χY (y) =
∑
i,d,j

i+2d=0

ai,d,jε(Z,Qi,d,j)yd + ε1(y)

where

ε1(y) = Bm(κ, y,Q)
∑
i,d,j

i+2d<0

ai,d,jB
m(κ, y,Qi,d,j)−1ε(Z,Qi,d,j)yd .

One can easily check that Qi,d,j is degenerate modulo p if i + 2d < 0. So,
from (5.5)–(5.7) it follows that (1− χmk,Q(p)p−m/2y) divides ε1(y) and that
ε1(y) vanishes at y = τ = pm/2χmk,Q(p), where

χmk,Q(p) =
(

(−1)(2k−m)/22 det(2Q)
p

)
,

which coincides with χ(p) = χQ(p) of (7.7) because k = m/2. This proves
(9.9) and hence the proof is complete.

Theorems 8.1 and 9.1 say that θn(Z,Q), Q ∈ N+
m , acted on by a Hecke

operator X̂ ∈ L̂n0 (T ), can be written as a linear combination of θn(Z,Qi),
Qi ∈ [Q].

10. Generic theta-series. Let Q ∈ N+
m . Let Q1, . . . , Qh be the full

set of representatives of the classes in the genus [Q] of Q. We define the
generic theta-series of degree n associated with [Q] by

(10.1) θn(Z, [Q]) =
( h∑
i=1

θn(Z,Qi)
ei

)( h∑
i=1

1
ei

)−1

, Z ∈ Hn

where ei is the order of the orthogonal group O(Qi).

Theorem 10.1. Let m ≥ n ≥ 1 be integers with m odd. Let Q ∈ N+
m .

Let q and χ = χQ be the level and the character of Q, respectively. Let p be

a prime relatively prime to q. Then for any X̂ ∈ L̂n0 (T ),

(10.2) θn(Z, [Q])|k,χX̂ = λ(X̂, χ)θn(Z, [Q])

where k = m/2 and the eigenvalue λ(X̂, χ) is determined as follows: Let
f(x0, x1, . . . , xn) = (ψn ◦ πnk ◦ β̂n)(X̂) ∈Wn[x]. Then

(10.3) λ(X̂, χ) = f(pnk−<n>χ(p)n, p1−kχ(p)−1, . . . , pn−kχ(p)−1) .

P r o o f. According to Theorem 9.1, it suffices to show that θn(Z, [Q])
is an eigenform of any theta operator X ∈ Em00. Then by (8.12), this is
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equivalent to showing that ε(Z, [Q]) is an eigenform of any Hecke operator
X ∈ Em00, where

(10.4) ε(Z, [Q]) =
( h∑
i=1

ε(Z,Qi)
ei

)( h∑
i=1

1
ei

)−1

.

By the definition of ε(Z,Q),

(10.5) ε(Z, [Q]) = µ−1
∑
N∈[Q]

e(NZ)

where µ =
∑h
i=1 1/ei, the mass of [Q]. Let

X = (Γm0 g0Γ
m
0 ) ∈ Em00 , g0 =

(
pδD∗

0 B0

0 D0

)
∈ Em0 .

Then

X =
∑

D∈Ω\ΩD0Ω
B∈BX(D)/mod D

(
Γm0

(
pδD∗ B

0 D

) )

and hence (4.4) and (4.5) imply

(10.6) ε(Z, [Q])|k,χX =
∑
D,B

χ(det pδD∗)ε(Z, [Q])|k g̃

where g̃ = (g, p−δm/4|detD|1/2), g =
(
pδD∗ B

0 D

)
, and the summation is

over D ∈ Ω\ΩD0Ω, B ∈ BX(D)/mod D. So by (4.1), (8.3), (8.4), (8.9),
and (8.11),

ε(Z, [Q])|k,χX

=
∑
D,B

χ(det pδD∗)(pδ)mk/2−<m>(p−δm/4|detD|1/2)−2kε(g〈Z〉, [Q])

=µ−1χ(pδk)p−2δ<k>
∑

Q0∈[Q]
D,B

e(Q0(pδZ[D−1] +BD−1))

=µ−1χ(pδk)p−2δ<k>
∑
Q0,D

pδQ0[D
∗]∈N+

m

lX(Q0, D)e(pδQ0[D∗]Z) .

According to Theorem 8.1, pδQ0[D∗] ∈ [Q]. So we have

ε(Z, [Q])|k,χX = µ−1χ(pδk)p−2δ<k>
∑

Q1∈[Q]

( ∑
D

lX(pδQ1[tD], D)
)
e(Q1Z) .

But it is easy to check that
∑
D lX(pδQ1[tD], D) is independent of Q1 ∈

[Q]. This proves that θn(Z, [Q]) is an eigenform of any Hecke operator
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X̂ ∈ L̂n0 (T ). To prove (10.3), we apply Φn to (10.2) so that

Φn(θn(Z, [Q]))|k,χΨn(X̂) = λ(X̂, χ)Φn(θn(Z, [Q])) .

But Φn(θn(Z, [Q])) = 1 since Q is positive definite. Therefore, we have
λ(X̂, χ) = Ψn(X̂) and (10.3) follows immediately from the diagram (9.1).

Schulze-Pillot [Sc] proved that

(10.7) θ1(z, [Q])|k,χT (p2) = λp(Q)θ1(z, [Q]), z ∈ H1 ,

where

(10.8) λp(Q) =
{
p2k−2 + χ(p)pk−1 + 1 if k is an integer ,
p2k−2 + 1 if k is a half integer .

His T (p2) is equal to T 1
0 +T 1

1 if k is an integer and T̂ 1
0 if k is an half integer.

It is easy to check that

(ψ1 ◦β1)(T 1
0 +T 1

1 ) = x2
0(1+x1 +x2

1) and (ψ1 ◦π1
k ◦ β̂1)(T̂ 1

0 ) = x2
0(1+x2

1) .

Evaluating these polynomials at x0 = pk−1χ(p), x1 = p1−kχ(p)−1, we obtain
(10.8).
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