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1. Introduction, notation, and statement of results. This paper
generalizes a 1977 result of J.-P. Serre and H. M. Stark [3] in which a set
of theta functions was proved to be a basis for the space of modular forms
of weight 1/2 over Q, which will be referred to as the rational case. Their
result has been generalized to forms over totally real fields, and, using rep-
resentation theory, to arbitrary fields ([1]). Here we show that the original
constructive proof can be generalized at least to weight 1/2 forms over the
nine imaginary quadratic class number 1 fields. This method will generalize
to arbitrary number fields contingent upon the working out of the p-adic
theta multiplier.

Many of the necessary lemmas and theorems are the same as in the
original paper. They are all stated again here, although a corresponding
proof will not be included unless it is very short or has a part that is different
from [3]. The main difference is that in [3] many of the needed results on
the coefficients of modular forms are proved by considering the Dirichlet
series associated with the form in question. This trick does not work with
modular forms over a number field since more than one coeflicient of a form
corresponds to each term of the associated Dirichlet series. The method of
working directly with the Fourier series used herein would, of course, also
work in the rational case. The operators used here are similar to those in [3]
but normalized in order to preserve the quaternionic “upper half plane.” An
added bonus is that this gives them all determinant 1.

Following Stark [5], modular forms of half-integral weight over an arbi-
trary number field K can be defined in terms of a variable z, which comes
from a product of upper half planes. In our case, we have

zeH={r+ky|zeC, yec R},
the quaternionic “upper half plane”. This space is preserved by SLy(C),
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with the following action. If A = (¢ 2) € SLy(C) then
Aoz=(az+b)(cz+d)'.

The order of the action must be specified because of the non-abelian nature
of quaternionic multiplication.

Let Ok be the integers of the field K and y a numerical character (de-
fined on numbers rather than ideals) modulo N, which is divisible by 4.
Then the associated theta function is

Ox(2) = Z X(b)Q(b2)7

beOKk
where
q(b) = q(b, z) = exp{2mitr(toxb + kyl|tob|)} ,
with
tr(z + ky) =2+ 7T + 2iy
and t, is a fixed generator of the inverse different D=1 of K.
If IH(N) ={A4 = (gg) € SLy(Ok) | ¢ = 0 (mod N)}, then for any
Ae Fo(N)

Oy (Ao z) = x(d)j(A, 2)0x(2),
where
(A, 2) = e7 ' Xe(d)N(cz + d)1/? %f c#0,
1 if c=0,
with the following additional definitions. N(2)'/? = V2Z = |2| with 7 =
T — ky. x.(d) is the Kronecker symbol associated with the field extension
K(\/¢)/K. €4 is periodic modulo 4 and if d is a first degree prime, then

tod
Ed = 7 Ead

o {1 if dd=1 (mod 4),

=dd i if dd=3 (mod 4)
is from the rational case. The other factor is a Legendre symbol. By Dirich-
let’s theorem on primes in an arithmetic progression, this definition is suf-
ficient to define €4 for all d relatively prime to 4, which is in any case a
necessary condition for A to be in I'hH(/N). The periodicity of g4 also allows
us to say that €4 makes sense for non-integral d which have numerator and
denominator relatively prime to 2.

We will consider the functions f defined on H that satisfy

f(Aoz) =x(d)j(4,2)f(2)
for all A in IH(N). As () b) € IH(N) every such f has f(z +b) = f(2)
and hence has a Fourier expansion ), ., a(b)q(b). If there exists a D

where
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such that Da(b) is an integer for all b then we say f is a modular form
in Mo(N,1,x). In other words, the space of modular forms My(N, 3, X)
that we are considering has a basis of forms with Fourier coefficients from
a number field with a bounded denominator. That this D always exists in
the rational case is proven in [3] by reducing to the analogous situation for
the integer weight case, which is proven in [4].

The set of f € My(N, %, X) that are zero as z approaches x + ook or the
other cusps = + 0k with x in our number field K will be called cusp forms
and denoted by Sy(N, %, X)-

Let r(¢)) be the conductor, or minimum period, of a character ¢. The
conductor is only unique up to multiplication by a unit. This slight ambigu-
ity will not be consequential. 1 is primitive if r(1)) is the same as v’s period
of definition. Also, v is even if ¢¥(—1) = 1 and odd otherwise. A modular
form associated with an odd character is identically zero, so we need only
consider even characters.

Let £2(N, x) be the set of ordered pairs (¢,t) with 1) an even primitive
character, t € Ok with only a single ¢ allowed from among the set ¢, ut, and
u't for each 1), where u and v’ are square units in the field K, and

(i) 4r°(¥)t| N,
(ii) x(b) = ¥ (b)x¢(b) for all b prime to N.

Condition (ii) can be looked at in two ways. First, it says that v is the
primitive character associated with xx:. Second, it says that x is determined
by 1 and t. Note that the extra conditions on ¢ only apply if K = Q(y/—1)
or Q(v/—3), the fields which have extra units in their integer rings.

If 4 has conductor r, ¥ can be uniquely factored

¢:wa
|7

where the conductor of v, is the highest power of 7w that divides r. 1 is
called totally even if all the 1, ’s are even. A totally even character is always
the square of another character with period r or 2r, depending on if r is an
odd or an even number respectively.

Define 2. (N, x) to be the pairs (¢, t) in £2(N, x) with ¢ totally even and
£2.(N, x) to be the rest of £2(N, x).

The shifted theta functions are defined for t € Ok as

Op= Y x(b)a(tb?).

beOK

We are now ready to state the generalized Serre—Stark theorems.

THEOREM A. Mj(N, %, X) has the following basis:
{Ope | (,t) € 2(N,X)}-
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THEOREM B. So(N, 3, x) has the following basis:
{6111715 | (1/’;75) € ‘QC(Na X)} :

2. Operators. The main tool in the proofs of Theorems A and B is the
use of linear operators that act on the spaces of modular forms. To define
these operators we first extend the group SLy(C) to a group & whose action
resembles that of a multiplier system:

& ={M,p(z) | M € SLy(C), ¢(z) : H— C}
and the group action is

{M, () H{N,9¥(2)} = {MN, ¢(N o 2)¢(2)} .
If Ae IH(N), let A* ={A,j(A, z2)} €&.

For {M,¢(z)} € &, define the slash operator
FUM, ¢(2)} = 971 (2) f(M 0 2).
Thus, if f € Mo(N, 1, x) and A € IH(N), then
fIA" = x(d)f .

Almost all of the operators we will need are either elements of & or linear
combinations of them. Elements of & acting by the slash operator can be
combined in the following manner:

FI Yo cidMi di(2)} = Y eif {Mi, i}

The most important operators are the Hecke operators, defined below
for any first degree prime 7:

T(x2) = ||~ [;){ (% ) s}
axm 3 {5 )t}

JEO/(m)
J#0

—i—x(wz){ (g ﬂ91>,yw|—1}] if 7N

T(x2) = a3 {(”; jﬁw_l>,yw|} it 7| N

Jj€0/(x?)

and

Finally, if 47 | N, then

_ T i 1/2
rm=la =2 5 {7 T )i

j (mod )
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These are well-defined as exchanging j’ for j, with j = j/ (mod 7?), or

(mod) 7, in any sum would merely be changing the matrix by a translation,
i.e. multiplying on the left by ( ) for some integer [.

THEOREM 1. For f € My(N, %,x), f|T(7?) € My(N,
then f‘T( ) € MU(szaXXﬂ') Iff(Z) ZZbEOK ( ) (
ZbeoK c(b)q(b) where

2 -2 b —2. (2 2y
o(b) = a(br?) + || X<7T)<7r>a(b) + |7 *x(7m*)a(b/7*) if T4 N,

a(br?) if m| N.

If 4w | N then fIT(7) = > yco, c(b)q(b) where c(b) = a(bm). Furthermore,
any two of these operators commute.

1 )andz’f47r|N
), then f|T(n?) =

The proof is a several pages long exercise. We provide the following
outline. Let A = (¢ ) € Io(N). First, we need f|T(7?)|A* = x(d) f|T(7?).
For any T' € & that is part of the Hecke operator, there exists 7" part of
the same operator and an R € Iy(N) such that TA* = yR*T’, where 7 is
a root of unity that exactly compensates for the cases when 7" and 7" come
from different summations of the Hecke operator. We may assume that d
is a first degree prime, since after it is proven in that case, the general case
follows by multiplying by a translation matrix. In addition to the fact that
whenever Legendre, Jacobi, and Kronecker symbols coincide they are equal,
the following two lemmas are useful for verifying this theorem.

LEMMA 1. For (mw,d) = (7,4) = (d,4) =1,
End o d ™
== (5)G)
[ a b (e f
A_<7TN d)’ B_<dN 7r>'

The lemma follows from the fact that 8| A*|B* = 6|(AB)*

Proof. Take

By the quadratic reciprocity law, (£)(Z) equals a quadratic character

depending on 7 evaluated at d (or vice versa) of period 4. Call this x4 (d).
By letting d = m — 4, we see that

(249~ (s5e) w05 (2

And thus we have as a corollary that y4-(m) = (=), so that we can also

say
End —1

= Xar(7d) () .
Erx€d s
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LEMMA 2. If K # Q(v/—1) then e, # —1.

Proof. We may assume 7 is a first degree prime. Suppose 7 lies over
a rational prime p. If p =3 (mod 4) then e, = +i, by the definition of .
Thus p =1 (mod 4), and e, = (7).

Let K = Q(v/d) and d = 1 (mod 4) and 7 = (a + bv/d)/2 with a = b
(mod 2). Choose ty = 1/v/d (the sign of tg is irrelevant). Now

a—bVd
o (=) 7\ _ (b :1
i a+bVd P )
2

The case of K = Q(1/—2) has only a minor variation. m

If K = Q(v/—1) and we make the further restriction that 7 = a + bi lies
over p =1 (mod 8), then in a similar manner, e, = 1. For more details, see
the appendix.

These two lemmas combine to give an evaluation of 4 that is particularly
useful. We specialize the values in the first lemma to get

Edn—1Edn o —1 —1
—— = Xadr ()| — | = — .
€42 Xaan( )<d7r> (dw)

And the second lemma tells us that e52 = 1 since d? always lies over a
number congruent to 1 (mod 8). Thus

1 1
Edn—1 = Egqn % = Edrx-

We now return to the outline of the proof of Theorem 1. To find the
Fourier coefficients, recall that

where
q(b) = exp{2mitr(toxd + k|toyb|)} := e{toxb + k|toyb|} .
Now for mf N we have
T PATE) = Y T e ) (= 5)
j (mod w2)

+x(m) Y eax— M+ (= X)
j (mod )
J#Z0

+X(7?) || f (mzm).
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We simplify each summation in turn:

B 1 z+7 toyb
D=y m T Y a(b)e{t()( — >b+k 5 }
j (mod 72) beOKk
_ toxb toyb togb
beOK J

The sum on j is zero unless 72 | b. After relabeling, we have
oy =x* > a(br?)q(b).
beOk
The next sum is

Za=xmley 3 aa®) 3 oML (F).

beOK j (mod )
J#0
The inner sum is a Gauss sum that is zero if 7 |b and otherwise is equal to
g, _bff”r)|7r|, where p is the rational prime under 7 and ¢ is the ¢ from the
rational case (i.e. 1 if p=1 (mod 4) and ¢ if p =3 (mod 4)). Thus

Za=lalx(m) 3 (2 )albhact.

beOK

Lastly,

X(72)|x| f(rzm) = |wlx(7®) Y a(b)e{torwb + kltom yb|}
beOK

= [mlx(7?) > a(b/7*)q(b),

beOK

where a(ﬂ%) = 0 if 72¢b. Putting the above components together gives the
result for ¢(b). If w| N, then we just use X to get the desired result. For
T(7), the argument is the same as for T'(7?) when 7| N.

The commutativity results follow from an examination of the Fourier

coefficients. m

The T'(7?) operator preserves My(N, 3, x). We also need some operators
that send one space of modular forms to another. Let f(2)=>_,c0, a(b)q(b).

The shift operator

_ m!/? 0 _
V) =l 2 (7 S )l

FIV(m)(z) = f(m'?2m!/?) = Y~ a(b)g(mb).

beOK

acts by
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The symmetry operator

0 —N-1/2
wn ={ (yhe Ny ) Nl

FIW(N)(2) = [NV22| 7 f(=NTV2(NY22)71)

= [NY22[71 ) a(b)g(dN T 27
beOK

acts by

and fIW(N)[W(N) = f.
The conjugation operator H is defined by

fIH(z) = ab)e(b).

beOKk

THEOREM 2. The operators V(m), W(N), and H send My(N, %7)() to
MO(Nm,%,XXm), MO(N,%,XXN)7 and MO(N,%,Y) respectively. If f €
MO<N7 %7 X)7 then

FIV(m)IT(x?) = fIT(x*)[V(m)  when mfm,
FIW(N)|T (%) = x(x*) fIT(x*)|W(N)  when 74N,
FIH|T(7?) = f|T(x*)|H .

Proof. Let A= (‘ZZ) € IH(Nm) and note
VA= 1{ (s ") @A) Y 0m) = xon @1V (),

For A = (‘;Z) € Ih(N),

AT—1
e =g (g, T

=Xxn(d)fIW(N)

) @i(a,) bw)

since

c —Nb 1—ad)/c c
2t (3) oot (577) =t (F) = ()
And f|H|A* = x(d)f|H is clear.

The first and third commutativity results follow from an examination of
their Fourier coefficients. The second commutativity result requires com-
paring the elements of ® on each side modulo I'H(N). They can be paired
up in such a way that each part of T(72)W (N) agrees with some part of
W (N)T(7?) up to multiplication on the left by an A* for some A € IH(N).
A can be found explicitly, and in each case the lower right entry makes the
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coefficients come out correctly, as long as it is remembered that the char-
acter in the Hecke operator depends on the space to which the operator is
being applied.

We will also need an operator to lower the level. First, we define one
that only lowers the level. Then, using this operator, we define another one
that “undoes” the shift operator.

If 47y | N, write [h(N/mg) as a disjoint union of cosets modulo I'H(N):

N/ﬂ'o UFO

where u = [Fo(N/’]TO) IH(N)]. S’(X) = S'(x, N, mp) is the trace operator
defined on My(N, 1, x) by

where a; and d; are the diagonal entries of A;.

That S’(x) is well-defined, takes Mo(N, %, x) to My(N/mo, 3,X) when-
ever x is definable (mod N/mg), and commutes with T(72) has the same
proof as in [3]. Clearly, if f € Mo(N/W(), 1,X) then

F18"(x dj)f = nf .

The trace operator S(x)
1
S(x) = ;\WO\1/2W(N)S,(YXN)W(N/7T0)

“undoes” the shift operator in the following sense.

LEMMA 3. Let mp be a prime such that 4mg | N and xXn, is definable
(mod N/my). Then:

(a) The operator S(x, N, m) maps My(N, 2,)() into My(N/m, %,Xxm).
(b) If f belongs to My(N, 3,x), and (mg,m) =1 then

f‘S(X,N,Wo) :f’S(X,Nm,’No)-

(c) S(x) commutes with all T(7?) for 7fN.
(d) If g € Mo(N/mo, 5, XXmo), then g|V (o) € Mo(N, 3,x) and

9|V (m0)|S(x, N,m0) = g.

(e) Let m be a prime such that 4w |N, m # mo, and xXxr s definable
(mod N/7). If g € My(N/7, 5, XXx), we have

glV(mIS(x; N, o) = glS(xxx, N/, m0) |V (7) .
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Proof. (a) Theorem 2 and the above show that S(x) sends My(N, 3, X)
to Mo(N/mo, 5, (XXN)XN/x,) and part (a) follows since
XXNXN/mo = XXNXNXmo = XXo -
(b) If (*}) € I'y(Nm/mo), with (m,mo) = 1, then

W(Nm)A*W (Nm/m) = W(N) ( a bm) W(N /o)
c/m d

implies (b).

(c) This statement follows from previous commutativity results.

(d) We have

glV (o)W (N) = |m| ~1/2g|W (N /mo)

which is in My(N, 2, Xxn) and is thus invariant under iS/(YXN) and is
sent to |mo|~/2g by W (N/m) which proves (d).

(e) We have 47mo | N and xXr, X~ is definable (mod N/7mm). Now

gV ()|S(x, N, m0) = ;|7ro|1/29|v<7r>|W<N>S/<XXN>W<N/7TO>

- /i\wrWgrW(N/w)S'(m)W(N/m)

- ;\mvﬂgwww/ms%xm)\ 7 |Y2W (N /rmo)V ()

= g|S(XXn, N/m,m)[V (7). m
If 7 is an arbitrary prime we define
K(r)=1-T(m, Nm)V(r),

where T'(m, N7) is the Hecke operator applied to the level Nw. We imme-
diately have:

LEMMA 4. If f = Y0, a(b)g(b) € My(N,3,x) then f|K(r) €
My(N72,%,x) and is equal to 2 b,m=1 @(0)q(b). If 7Y Nm, then T(7'"?)
and K(m) commute.

Note that all the above operators take cusp forms to cusp forms, as can
be seen from their Fourier expansions.

3. Newforms. Let f be an eigenform of all but finitely many 7'(7?). f
is an oldform if there exists a prime 7 dividing N/4 such that either x is de-
finable (mod N/7)and f € My(N/m, %, x) or xxx is definable (mod N/r)
and f = g|V(m) for some g € My(N/m, %, XX ). The oldforms span a sub-

space of My (N, %, X) denoted by Mgld(N, %,X). If f is an eigenform of all
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but finitely many 7'(72) and f & Mgld(N, %JC) we say that f is a newform
of level N.

LEMMA 5. The symmetry operator W(N') and the conjugation operator H
take oldforms to oldforms and newforms to newforms.

Proof. Same as in [3]. m

LEMMA 6. Let h € Mgld(N,%,X) be a mon-zero eigenform of all but
finitely many T(w?). Then there is a divisor Ny of N with |[N1| < |N|, a
character 1) definable (mod Ny) and a newform g in My(Ny, %,w) such
that g and h have the same eigenvalues for all but finitely many T (7?).

Proof. Same as in [3], except we use induction on |N|. m

LEMMA 7. Let 7 be a prime and f = 3, a(b)q(b) be a non-zero
element of Mo(N,3,x) such that a(b) = 0 whenever wtb. Then m|N/4,
XX~ is definable (mod N/m) and f = g|V () with g € My(N/m, %, xXx).

Proof. Same as in [3] except, due to non-commutativity, put

g(z) = f(x™ P2 = Y alwb)q(b)

beOK

x1/2 0
{ ( 0 7r1/2> 7|W‘1/2}

and similarly normalize the other operators. m

THEOREM 3. Let m # 0 € Ok, and f =Y, a(b)q(b) € My(N, 3, x)
such that a(b) = 0 whenever (b,m) = 1. Then

F=) fV(r)  with fr € My(N/m, 5, xXr)

= |=|'/2f

with ™ running through the set of primes such that w|m, 4w | N, and xXx
is definable (mod N/m).

Furthermore, if f is a cusp form, the f. can also be chosen to be cusp
forms. If f is an eigenform of all but finitely many T (n'?), then the f, can
also be chosen to be eigenforms of all but finitely many T(7'?) and have the
same eigenvalues as f.

Proof. Also the same as in [3]. =

COROLLARY. If the function f of Theorem 3 is an eigenform of all but
finitely many T('?), then f € MJ9(N, 2.X)-

LEMMA 8. Let f = 37,5, a(b)q(b) be a non-zero element of Mo(N, 3:X)
and let ™ be a prime with 7fN. Assume that f|T(7?) = c,f with ¢, € C.
Let b # 0 and ©%1b. Then:

(a) a(br®™) = a(b)x(m)" ()" for all n > 0.
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(b) If a(b) # 0, then w1b and cx = x(7)(2)(1 + |7|~2).
Proof. Set

o0

AT) =) a(on®™)T" .

n=0
To put this in closed form, examine what happens after applying T(7?) to f.
One obtains

1 — || 2x(m)(2)T
1 —c T + |m|2x(m)?T?

Use m-adic analysis in the same way as in [3], Lemma 9. =

A(T) = a(b)

THEOREM 4. Let f be as in Lemma 8 and let N’ be a multiple of N. If
fIT(7%) = c f for all w4 N', then there exists a square-free integer t, unique
up to multiplication by a square unit, such that a(b) = 0 if b/t is not a
square. Moreover, we have:

(a) t| N,

(b) ex = x(m)(£)(L+ [x|72) if TAN".
(¢) a(bu?) = a(b)x(w)(L) if (u,N') =1, where (%) is the Jacobi symbol.

Proof. Let b and b’ be two integers such that neither a(b) nor a(b’) is
zero. Let P be the set of primes 7 with 74 N'by’. If 7 € P, Lemma 8 shows
that

K (2 )+ 1a72) = e = xtm (2 ) 1+ 117

LA
) \n«
and thus b/b’ is a square. We may write b = tv?, V' = tv'? with t square-free,
and we have proven the existence of t. Write v as 7" with (7,u) = 1 for
any 71 N’. Since t is square-free, we have 72/t and we can apply Lemma 8.
This tells us that
2_2n 2 o tu\" 2 A T\
a(b) = a(tu*m"") = a(tu)x ()" — | = a(tu)x(m)"|( =) .

m s

hence

Hence, 7{tu?, which implies that w{t. Thus, 7{ N’ implies m{t. What we
need is just the contrapositive of this statement, i.e. x|t implies 7| N'.
Since ¢ is square-free, this shows that ¢ | N’. Lastly,

tu?

cr = x(m) (25 )1+ 1a172) = x(m (£ )1+ 11,

Part (c) follows by factoring u and applying Lemma 8. m
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4. Proof of results. Let f =}, _, a(b)q(b) be a newform of level N
belonging to My(N, %, X)-
LEMMA 9. The t of Theorem 4 is a unit and a(t) # 0.

Proof. Suppose a(u) = 0 for all units u of the field K. By Theorem 4,
a(ub?) = a(u)x(b)(%) = 0 for all b such that (b, N') = 1. Theorem 3 then
shows that f must be an oldform, and we have our contradiction. m

Before we can prove the next lemma, we must say something about the
two cases when we have extra units. If K = Q(y/—1), then

en=df (3 1) af=seerin = X -t =t

beOK

Thus, a(b) = x(i)a(—=b). But 1 = x(=1) = x(i?) = x(9)?, and we have
x(i) = %1, so that a(b) = Fa(—b). Similarly, if k¥ = Q(v/=3) and ¢ =
(-1 + \/7)/2 then a(ob) = a(b) or pa(b) or g?a(b). In either field, the
important thing is that a(b) and a(ub) are related in the same way for every
form in a given space for any given unit w.

LEMMA 10. If g € My(N, %,X) 1s an eigenform of all but finitely many
T(72) with the same eigenvalues as f, then g is a multiple of f.

Proof. Call the unit of Lemma 9 u and normalize f so that a(u) = 1.
Let w be any non-square unit in K. The coefficient of ¢(uw) in g must be
zero, since otherwise f + g € My(N, %, X), which would have non-zero coef-
ficients on both the ¢(u) and g(uw) terms, which contradicts the conditions
we have on u from Theorem 4. Let ¢ be the coefficient of ¢(u) in g and let
h =g —cf. In h, the coefficient of q(v) is zero for all units v € k since the
coefficients of ¢(v) have the same relationships in g as in f. Assume h # 0.
h is obviously an eigenform with the same eigenvalues as f. By Lemma 9,
h is not a newform. Therefore, h € M 1d(N , ;, X). By Lemma 6, there exist
a divisor Ny of N with |N;| < |N|, a character ¢ defined (mod N;), and a
newform hy € My(N, %, 1) with the same eigenvalues as h for all but finitely
many T'(72). The eigenvalue ¢, is

) (2) @+ a7 = v (2 ) @+ 1)

which implies
() = vim) (121,
T
where u; is the unit of h; given by Lemma 9.
If (%) = (%), then x = 1 and we have h; € M(N, ,X). Otherwise,
let ho = hi|V(uuy) € MO(N17%7¢XW1)~ Therefore, ho € Mgld(N,%,X).
Let d be the coefficient of g(u) in h; (i = 1 or 2—whichever one is in
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MJY(N, 2.X)). d # 0 since hy is a newform. As before, f — L1h; is an

oldform. But
1 1
=—h; — =h;
1=+ (1= 3m)

is a sum of two forms in MJ'4(N, 3.X)- But f is a newform. Therefore our
assumption that h # 0 must be false and g =cf. =

LEMMA 11. f is an eigenform of every T(n?). If 4w |N, then f|T(x?)
=0.

Proof. Let g = f|T(n?) for any w. Theorem 1 gives us that g|T(7"?) =
fIT(7")|T(7?) = cqrg for all but finitely many 7. Therefore, by Lemma 10,

g is a multiple of f, i.e. f is an eigenform of T'(w?) for all . If 47| N, we
again use Theorem 1.

fIT(w) = Y albm)a(b) € Mo(N, 5, Xxx)

beOKk

but a(br) # 0 only if b is of the form b = uc’*m. Now
fIT () = Z a(uc*n?)q(uc®r)
beOK

= fIT(@*)|V (r) = cx fIV (7).
If ¢ # 0, Lemma 7 shows that x is definable (mod N/7) and f|T'(7) =
g|V () for some g € My(N/7, L, x). Thus

)9
erfIV () = gV ()

and by applying the trace operator we have c.f = g. Therefore, f €
My(N/, %, X), which is impossible since f is a newform. Thus ¢, = 0. =

Note that this implies a(b?) = 0 if (b, N) # 1.

LEMMA 12. The level N of the newform f is a square times a unit.

Proof. If 7t N, we have f|T(7?) = ¢ f with ¢z = x(m)(%)(1 + |7 72).
By Theorem 2,

FIW(N)|T(72) = X(m)?cx f[IW(N) = e f[W(N)
and
FIHT(7%) = (e f)|H = & (f|H)

since H is anti-linear.

Lemma 5 tells us that f|W(N) and f|H are both newforms of level N
and characters Xxn and Y respectively. Furthermore, they have the same
eigenvalues corresponding to T'(7?) for 71 N. By Theorem 4 the eigenvalues

determine the character up to x, () for some unit u. Thus xy = x., whence
N is a square times a unit. m
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THEOREM 5. If f = >, .o, a(b)q(b) € My(N, 1.X) is a newform with
a(l) =1 and r is the conductor of X, then N = 4r? and f = 0,.

Proof. Let N; and r; be the products of all the prime divisors of N
and r to the first power. We have

fE) = >, x(®)a@?) and  O(z)= > x(b)a(t?).
(b,Nl):l (b,Tl):l
Since r | N, we see that (b, N1) = 1 implies (b,71) = 1, and the difference

between these two functions is

F)=0,— > x(b)q?).
(b,T’l):l
(b,Nl/’l’l);ﬁl

This function is in My(N’, %, X), where N’ is the least common multiple of
N and 472. Let ¢; represent a product of ¢ primes, all of which divide Ny /1.
Using the inclusion-exclusion principle, we obtain

l
f(z) = 0x(2) + Z(—l)i > x(e)b(cizei),

where [ is the number of prime factors of Ny/ri. We know that f|W(N) €
My(N, %,yx ~) must have an integral g-expansion

FIW(N) = [NY22] 70, (—(NY22NY2) 7
YD Y e (e NN e )

and using the theta inversion formula from [5], this is

b*N b*N
Z |:C(X7 b)Q(W) + Z C(x:b,ci)q (47“%2)]
(b,r1)=1 Ci v

where the C’s are constants that only depend on the arguments in the
parentheses. Since the argument of ¢ must be integral, 4r%¢? divides b*>N.
In particular, by the conditions on b, we have 472 | N. Thus, N’ = N and
0, — f is of level N. But what is important is that this says that f is a linear
combination of theta and shifted theta functions of a lower level, and thus
is an oldform. The only resolution of this contradiction is for N to equal
4r2. Thus f = 6,.

Conversely, we have

THEOREM 6. If x is an even primitive character of conductor r, then 0,
is a newform in Moy (4r?, %,X).
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Proof. Let N=4r% From [5] we have 0, € My(N, 3, ), and by plugg-
ing into Theorem 1, we see that 6, is an eigenform of T'(7?) with eigenvalue
ce = (1 4+ |77 ?)x(n) if T{N.

Now assume 6, is not a newform. Lemma 6 shows that we can find an Ny,
with |N7| < |N| and Ny | N, and a character ¢ definable (mod N;), and a
newform f € My(Ny, %,@b) such that f and 6, have the same eigenvalues

for all but finitely T'(7?), i.e.
(1+ |7| )b(n) = (1 + |x|~?)x(r)  for almost all .
This shows that ) = x. Theorem 5 now shows that N; = 472, which is a
contradiction. Thus ¢, is a newform.
THEOREM A. The theta functions 0y ¢ with (1,t) € 2(N, x) form a basis
fO?” MO(N7 %7X)

Proof. First, we show that this set is linearly independent.
x and t determine 1. Therefore, each ¢t only appears in a single pair of
Q2(N, x). Suppose that

)‘19¢17t1 + .+ )\mewm,t =0, A 75 0 for all 7,

with |t;| < |t;1+1], equality holding only if ¢; = ut;; for some non-square
unit . In any case, the coefficient of ¢(¢1) in 6y, +, is non-zero and cannot
be cancelled out by any of the other #-functions since none of them has a
q(t1)-term. Thus \; = 0, a contradiction.

m

To show that the proposed basis generates My (N, %, X), we first prove

LEMMA 13. There is a basis of My(N, %7)() containing only eigenforms
for the T(w?), for m{ N.

Proof. Equivalently, we prove that the matrix representations of the
T(7?) operators are simultaneously diagonalizable. Assume there is some
T(72) that is not diagonalizable. By putting it in its Jordan form, we can
see that there is some element g € My(N, %, X) such that

glU#0 and g|U?*=0 where U =T(7?) — ¢,

for some eigenvalue ¢, of T'(7?). If g = >°, ., d(b)q(b) we can assume that
the d(b)’s are algebraic with bounded denominator. Assume b{7 and apply
Theorem 1 to put

D(T) = i d(br*™)T™
m=0

into closed form (basically the same technique as in Lemma 8 but in this
case a couple pages longer since we have U? instead of just U). We obtain

D(T)[1=2¢xT+(cq+3x(n?) || =) T2 = 2exx(m?) || 72T + x (%) || =414
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= d(b) [1 — 2¢,T — 2, (i)x(w)mr?zﬂ — () C;) |7r\_4T3}

Now take A(T') from Lemma 8, i.e.

- a(b)

A(T) = a(br*™) T = — 2

mzjo L= x(m) ()T

so that a(b) = d(b). We know that D(T") and A(T") converge in the unit
m-adic disc U. By Lemma 8, the coefficients a(br?™) satisfy a recurrence
relation that comes from our operator U. Hence, they also satisfy the same
recursion relation as the d(bm®™) since these come from UZ2. Thus, since

a(b) =d(b), D(T) — A(T) is
(d(br®) — a(br®))(T — x(7)(2)T?)
1 —=2¢:T + (2 + 3x(m?) 7| 72)T? — 2cxx(m?) || 72T + x () || 4T
which must be zero, since otherwise there would be poles in U. Thus,

D(T) = A(T), from which g|U = 0. Hence, T(7?) must be diagonalizable.
Since the T'(7?) commute, we have the lemma. m

)

Now we can prove that the functions 6y, ; span My(N, %, X). By Lemma
13, it suffices to show that any eigenform f of all the T'(w?), with m{ N, is a
linear combination of 6, ; with (¢, t) € 2(N, x). We use induction on |N|. If
f is a newform, then Theorem 5 shows that f is 0, ;, with (¢,t) € 2(N, x).
If f is an oldform, then we have two cases. Either f is an oldform of the
first type and x is definable (mod N/7) and f € My(N/m, 1, %), in which
case, by induction, f is a linear combination of 8, ; with (¢,t) € 2(N/m, x),
which is a subset of £2(N, x). Or else, f is an oldform of the second type and
XXr is definable (mod N/m) and f = g|V(r) with g € My(N/7, 5, XXx)-
In this case, g is a linear combination of 6y ;, with (¢,t) € 2(N/7, xXx),
which says that f is a linear combination of 6y ;. with (¢,t7) € 2(N,x). »

From [5], we know that 6, ; is a cusp form if and only if (¢, t) € £2.(N, x).
Now, we investigate whether or not linear combinations of 8, ; with the 1’s
all totally even can add up to a cusp form. First, we consider the case of a
single fixed totally even .

LEMMA 14. If 4 is a totally even character, T is a finite set of integers,

and
= Z Aty

teT
1 a cusp form, then f is identically zero.

Proof. Suppose f # 0. Note that 6, ;, and 6, ., are in different spaces
unless the quotient of ¢; and ¢, is a square. The common non-square factor
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is irrelevant, and we may assume all the t’s are squares. Thus, we relabel,

and say
f - Z )\tew,p .

teT
We wish to study f at an arbitrary cusp a/c. The transformation formula
given in [5] for @ tells us that if D is the different of K and p = (¢)D~! then

flz4a/e) =) Mbyp(z+a/c)

teT
= Z At Z Y(n) exp{2mitr(t*n?a/c)} 0y (tzt, n, 1)
teT  n(mod p)
where
01(z,n, 1) = Z e{(l +n)%z +iy|ll + n|*}.
lep
By the inversion formula also developed in [5],
f(=z"t+ajc) = Z At Z Y(n) exp{2mi tr(t*n?a/c)}
teT  n(mod p)
x N(2Dp?)|tzt|0) (tzt,n, (2Dp) 1)
where
0, (z,n,(2Dp) ") = > e{lPu+iy|l]* - 2In} .
le(2Dp)~1
We can take the limit as z goes to = + koo and obtain the value of f at a/c,
which must be zero since f is a cusp form. Thus

STIPAN DY w(n)exp{2mitr(t*na/c)} = 0.
teT n (mod u)

Since we are only interested in reaching a contradiction, we will not have
to evaluate this Gaussian sum explicitly. Toward this end, we introduce a
periodic function a(n) (mod v) and its finite Fourier transform

a(m) = _ZV}I/) Z a(n) exp{2mitr(—mn/vD)} .

n (mod v)
The inverse transform is
a(n) = Z a(m) exp{2mitr(mn/vD)} .
m (mod v)

Let v be divisible by 2u and all t € T' and multiply @(a) by what we already
have about f, which still holds if we change the modulus to v:

ala) Y [tPA > v(n)exp{2ritr(t®n’a/c)} = 0.

teT n (mod v)
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Since this is true for all ¢ we can also write

S oa@)) [P DD ¢(n) exp{2mitr(t*n’a/c)} = 0.

a (mod v) teT n (mod v)

Rearranging the terms gives

Z\t\2/\t Z p(n) Z a(a) exp{2mitr(t*n®a/c)} = 0.

te’T n (mod v) a (mod v)

By the inverse Fourier transformation formula, this is

D TIPA DY d(n)a(t*n®) =0.

teT n (mod v)

This is true for any function o defined modulo v. We now define a specific
« that simplifies our expression.

Since 2r(1) | v and 1 is totally even, there exists a character ¢ definable
(mod v) such that ¢? = v (actually definable (mod 2r (1)) would suffice).
Pick to such that |tg| < |¢| for all ¢ such that A\; # 0. Define

a(n) = {(p(n/to) if t | n.and (n/to,v) =1,
0 otherwise.
Thus,

a(ton?) = {w(n) if (n,v) =1,
0 otherwise
and in particular, if ¢ # tq
atn?) =0.
Thus, the above summation becomes

Y dmatgn®) = Y w(n)d(n),

n (mod v) n (mod v)
which is greater than zero. Thus f(z) =0. =

Now we consider the case where v is not fixed, and we have our final
result.

THEOREM B. The theta functions 0y with (¢,t) € 2.(N,x) form a
basis for the space of cusp forms So(N, 1, x).

Proof. In view of what we now know about the space Mj(NV, %,X),
this theorem is equivalent to the statement that no linear combination of
Oy with (¢,t) € 2.(N,x) is a cusp form. Suppose f = > Ay 0y+ is a
cusp form. Let V be the set of all linear combinations of f|T'(7?) for all .
V is a vector space that is invariant under the action T(7?). If V is non-
zero, then there is a form g that is an eigenform of all the T'(7?). Suppose
9(2) = YN, 0y But the eigenvalue of 6y, is (1 + |x|~%(n)), ie. it
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changes with ¢. Thus )\:N is non-zero only for a fixed . But then the
previous lemma says that g is identically zero. Hence V' is zero, so f is zero
and we are done. m

5. Appendix: Determination of the quadratic theta multiplier.
The theta-multiplier defined by Stark in [5] simplifies in the real or imaginary
quadratic case to

(A, 2) = {e;lxc(dW(cz +d)Y? i e £0,
1 ifc=0
with the same notation as in the introduction of this paper.

All the components of j(A,z) are well understood except for the 4.
The purpose of this appendix is to calculate €4 and to build a table of val-
ues that can be used when working with these functions. In particular,
these values are needed in order to verify some of the theorems in Sec-
tion 2.

Recall from Section 1 that it is sufficient to consider (totally real) d that
generate first degree prime ideals. Thus we make a slight change of notation
from the rest of the paper. Let K = Q(v/d), d € Z square-free, 7 € Ok
generates a first degree prime ideal over an odd rational prime p. With
the new notation, we are trying to calculate ¢,, whose definition we now

repeat:
tm
exr=1|—)e
T T =p

where t is a fixed generator of the inverse different of K and

. _{1 ifp=1 (mod 4),
=P i ifp=3 (mod4)
is from the rational case, where there are only two congruence classes rela-
tively prime to 4, and, by the above definition, each class takes a different
value. In the quadratic case there are 4, 8, or 12 classes relatively prime
to 4 depending on the field. From its definition one might expect that the
values of ¢4 are equally distributed among £1 or £:. We will show that this
is not the case.
The first observation is that if d = 3 (mod 4) then for some a, b € Z,
p =a%—db?* = a?>+b?* # 3 (mod 4), which implies e, # +i. The most
useful result is

THEOREM 1. If d < 0, d # 3 (mod 4), then e, # —1.

Proof. We must show (Z£) = 1 for all 7 lying over p = 1 (mod 4). If
we make the additional assumption that d # —3, then there are only two
possibilities for ¢ which differ by sign, the choice of which does not affect
the Legendre symbol.
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Ifd=1 (mod 4), then

(£)-(5)- (%)

Setting m = (a + bV/d) /2, we have

()= ()= (),

Since there is only one real character on a group of N(m) = p elements, this

is the same as (‘de). Letting b = 2'b' with (2,b') = 1, we have

T (Y (D (Y () (2 () (2
™) \p p/) \p/)\¥vd) \p)\vd) \p)’
If I = 0or 2 thisis clearly 1. Ifl > 2thenp=a?/4 =1 (mod 8), so (%) =1
Finally, if [ = 1, then p = a?/4 — db’> = 3 (mod 4), which contradicts p = 1

(mod 4).
If d=2 (mod 4), we let 7 =a + bVd, p = a®> — db?, and note that

tY - (2vd
T) T )
A similar computation gives

(5)-(5)

3
1

where again [ is the highest power of 2 dividing b. If [ = 0, then p
(mod 4), the same contradiction as before. Thus, [ > 0 and p = a?
(mod 8), so that we are done with this case.

Finally, if d = —3, the extra roots of unity give four additional possibil-
ities for ¢. It suffices to show that (w) = 1 for any 7 lying over a
rational prime congruent to 1 (mod 4). We do this by noting that

(o) = () =

and that the other units are powers of this one so they are also squares
modulo this prime. But the six associates of this prime cover all six residue
classes (mod 4) that have norm congruent to 1 (mod 4). Thus the theorem
is proved.

THEOREM 2. With the notation as in Theorem 1, if d =1 or 2 (mod 4),
then for m in half of the equivalence classes e = 1 and for the remaining
classes e, is equally often i and —i. If d =3 (mod 4), then sixz of the eight
values are 1 and two are —1.
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Proof. Theorem 1 took care of the first claim. Consider d = 1 or 2
and p = 3 (mod 4). In calculating (Z*), the only difference now is that the
choice of ¢t determines the sign. So, with the same notation as before,

(2)-+(5)

the sign depending only on which value of ¢ is chosen.
If d=1 (mod 4), this becomes

. j:<2l> if ¥ =1 (mod 4),
(5)(5)- :F(f) = o 0.

p p
But since p = 3 (mod 4) we must have [ = 0 or 1. Specializing further, if
d =1 (mod 8), then [ = 1 and = is congruent to either v/d or 2+ v/d. In
the first case, ¥’ = 1 (mod 4) if and only if p = 7 (mod 8). In the second
case, b’ = 3 (mod 4) if and only if p = 3 (mod 8). Thus we have e, =i
and —i respectively.

Ifd=5 (mod 8), we still have the above cases. There are four additional
congruence classes for 7 to consider, all of which have I = 0. Two of these
have b =1 and two have ¥’ =3 (mod 4).

If d =2 (mod 4), then, similarly, we consider (2-) if t'd’ =1 (mod 4)
and —(21;:1) if ¥’d’ = 3 (mod 4), where d = 2d'. Since p = 3 (mod 4), we
have [ = 0. As above, in each case there is a correlation between p (mod 8)
and b’'d’ (mod 4) that finishes this case.

Table 1. Values of ex for d =1 (mod 4) and (1) = (@)

Congruence class ; _ 1 (1,08) d=5 (mod 16) d= 13 (mod 16)

of 7 (mod 4)

1 1 1 1

3 1 1 1
1+2\/E * i 1
3+2\/E * 1 i
5+2\/E * i 1
7+2\/E * 1 i
Vd i % )
24++/d —1 —1 —1
1+§\/E * —i 1
3+§\/E * 1 )
5+§\/E * —i 1
T+3v/d * 1 i

* represents congruence classes that are not relatively prime to 4.
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If d=3 (mod 4), then e, = (%) Half of the classes have [ even and are

thus 1. When [ is odd, half of the classes have p =1 (mod 8) and half have
p=>5 (mod 8). Verifying this is mechanical.

The results of this appendix are best summarized in Tables 1 and 2. In

the tables the value of ¢ is specified. A different choice of ¢ could change
some of the Legendre symbol factors.

(1

(5]

Table 2. Values of e for d = 2,3 (mod 4)
and (1) = (279)

Congruence class

d=2 (mod4) d=3 (mod 4)

of m (mod 4)
1 1 1
3 1 1
\/E * 1
1+Vd i *
24+ vVd * 1
3+ \/E 7 *
14 2Vd 1 —1
3+2vd 1 —1
3\/3 * 1
1+ 3vd —1 *
2+ 3vd * 1
3+3vVd —1 *

* represents congruence classes that are not
relatively prime to 4.
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