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1. To motivate the following investigation let us assume that we wish
to have examples, as elementary as possible, of arc-length integrals for a
calculus course. “As elementary as possible” might mean that f and g =
[ /14 f72 both should be rational functions. Putting g— f =: u, g+ f =t v
turns the original ¢’ = 1+ f’? into /v’ = 1, v and v both rational. Phrasing
it differently again, we ask for the w for which

(1) all residues of w and w™' vanish.

DEFINITION 1. A (rational) function w with the property (1) will be
called special. Extending this notion in a natural way we may call w super-
special if all residues of all w™, n € Z, vanish.

Obviously, if w(x) is special then so is cyw(ca(x — x0)) for ciea # 0.
Trivial examples are all

(2) w=c(r—x9)" withneZ, n#=+l, c#0.
For a rational function

k — )i
(3) w=c LimE@ o)™
[I;=: (@ —b;)"
where p;,v; € N, a; # aj, by # b; for i # j and a; # bj, to be special it is
necessary that all u;,v; > 2.

DEFINITION 2. Those (rational) functions which, in the representation
(3), have all p; and v; = 2 will be called simple.

As a shorthand for without residue we write w.res. Thus “w is special”
means “w and w~! are w.res.”.
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If w, written as in (3), is w.res. then it has a primary function
o polynomial
= — —,
Hj:l(m — byt

whose order at infinity, Y p; — Y v; + 1, is at least — > (v; — 1). Hence

[ <1+ deg(numerator) if w is w.res.

In particular, the c¢(z — z¢)™ quoted above are the only special polynomials.
G. Szekeres was the first to find a nontrivial special function. In essence

his example is
341\? 1
wz(x + ) :x4+2x+7,
x

T
12 101y
w o (23+1)2 3 \ad+1) "
Similar are
m 1 n
w:u with m >3, n > 2
xmfl
and with a little calculation one can see that
m 1 n
(4) w:%, where k,m,n € N,
z

is special exactly if

(5) m>3,n>2 and ke{m-12m-1,...,(n—1)m—1}.

2.1. It seems to be very difficult to find all special functions, but we
can give rather satisfactory results about the simple special functions and
a somewhat wider class, to be defined later, that we call semisimple special
functions. There are special rational functions that are not semisimple.
Examples are all instances of (4), (5), with odd n or k, since semisimple
special functions are squares. In 3.3.2 we also give an example of a special
function that is a square but not semisimple.

Concerning superspecial functions the situation is easier. As a meromor-
phic solution we have tan?, but the only rational ones are given by (2) (see
Theorem 11). The proof is independent of the rest of the paper and will,
therefore, be postponed to the end.

Our first observation on special functions is that among the simple w =
(q/p)? the special ones can be characterized (Theorem 1) by the bilinear
differential equation

(6) B(p,q) =p"q—2p'q' +pg" = 0.
There is, to my knowledge, no theory of polynomial solutions of bilinear
differential equations. Therefore Theorem 1 does not solve our problem,
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but it provides an entry to its solution. A first consequence of (6) is that
necessarily degp, degq are (g), (”'QH) with some n € Z and that, therefore,
deg(pq) is a square number (see Theorem 2). More important is the obser-
vation that the second solution of the differential equation in y : B(y, q) = 0,

linearly independent of p,

- (3)

happens to be a polynomial. Thus from w = (q/p)? another special function
(r/q)? is derived. With care concerning the condition of simplicity we may
iterate this procedure and obtain infinite sequences of polynomials

Pn
Pn—-1

for which all (p;+1/p;)? are special (Theorem 4 and Corollary 4.1).

At this point it becomes necessary to specify that in all of this paper K
s assumed to be a field with char K = 0, and that the words “polynomials”,
“rational functions” refer to elements of K[x], K(z) respectively. This as-
sumption guarantees that every rational function w.res. can be integrated
within the field K (x). In this respect it is irrelevant whether the poles of
the function lie in K or in some extension of K.

Next we should mention a forward-backward symmetry in (8). In fact,
(7) with any constant of integration is equivalent to

== I ()

with a suitable constant of integration, since both relations express in dif-
ferent ways that

2
(8) Do =D, P1:=¢q, Pntl:=Pn-1 f < ) forn>1,

(9) r'p—rp’ = ¢
Consequently, sequences like (8) can also be extended to negative indices n.

It should further be observed that putting v, := pp4+1/p, from (8) a
binary recursion is derived:

1 2
Un+1 = o f U -
DEFINITION 3. An operation of the type that we met here,
1
u:cfffuz, c=const #0,
v

will be called a squid (SQUare, Integrate, Divide).

The constant ¢ will usually and without loss of generality be £1, but
because of the constant of integration there is still a whole family of squids.
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The above forward-backward symmetry reappears as

1 1 1
(10) u:ffvzﬁaz—ufﬁ.

v

Since every step in (8) generates a further constant of integration one
should think of a tree rather than a sequence. The condition of simplicity
cannot simply be dropped from Theorem 4. Unfortunately, it has the effect
to prune seemingly sound branches off the tree. This is particularly irritating
as it applies similarly to operations in the backward direction and becomes
an obstacle to the quest for a simple “root” of our tree.

2.2. A much more harmonious picture appears after extending the set
of simple special to what will be called semisimple special, in short sss-
functions (see 4.1 and Definition 7). This is an astonishing set of func-
tions v?:

All v? are special, the set is closed under all squids and under inversion

and it contains all those v for which v? is simple and special (Theorem 7).

In fact, the sss-functions form the closure of the constant 1 under all these
operations (Theorem 9). As a consequence we can construct a parametric
solution (Theorem 10) V,,(I1,..., I}, x) with indeterminates Iy, I, ...,

1 2
Vb:l? Vn+1:7nfvn7

such that any sss-function v or its inverse v~! is obtained by substituting
field elements ~; for the I';. In particular, n = 1 corresponds to (2) and
n = 2 to Szekeres’s example. The next step gives, with a bit of cosmetics,
the special functions w = (¢/p)?, where
p=a>+~ q=24+5y2> -5y +0z, ~,0€K.

If p,q have a common zero w # 0 then v = —w3, § = 9w®. Since w is a
simple zero of p Theorem 2(i) implies that w is a triple zero of ¢; in fact,

q = (2% + 3wz? + 6w’z + 5w°) (z — w)?.
Thus for any w € K

(@ + Bwr? + 6wz + 5w?)? (z — w)?
(22 + wzr + w?)?

is special but not simple.

The concept of sss-functions is basically a local one. Thus, on the one
hand, the proper setting for the proof of Theorem 7 is the field K{[z]] of
formal power series rather than that of rational functions. On the other
hand, these ideas equally apply to meromorphic functions. Specific for ra-
tional functions is mainly the statement (Theorem 9) that all sss-functions
are generated by squids from the constants. In this proof again it will be
important that v has a representation v = ¢/p with (6).
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We use the occasion to introduce the following notion:

DEFINITION 4. Let us say that v has a B-representation if there are p, q

such that

v=""and B(p,q) =0.
p

Depending on the context v, p, ¢ are understood to be in K(z), K[[z]] or
in Mer(D), the set of functions meromorphic on a region D.

3.1. A constantly repeated pattern of notation will be

w=v"  v=q/p,
or
Wy = 1)7217 Up = anrl/pn .
To phrase some statements conveniently we further need
DEFINITION 5. A pair (a,b) of integers will be called magic if
(a—b*=a+b.
The magic pairs are easily parametrized: if i := a — b then a = (i’gl),
T

b= (2)

3.2. Global considerations in K ()

THEOREM 1. Suppose that p,q € K[x] are coprime. Then
2
<q) is special and simple if and only if B(p,q) =0.
p

The proof depends on
LEMMA 1. Suppose p, f € K[x], (p,p’) = 1. Then
f/p? is w.res. if and only if f'p’ = fp” mod p.
Proof. Let w be any zero of p. By assumption p’(w) # 0. Therefore

iw z) = fw) +af'(w)+...
R E ¥ P EaS

p2

1" 2
- mU@ @+ (1= D)
=AY U ) - F@ ) +

The residue at w vanishes if and only if (f'p’ — fp”)|. = 0, and this
condition for all zeros of p means p| (f'p’ — fp”).

Proof of Theorem 1. Suppose first that w = (¢/p)? is special and
simple. Then it is w.res. and (p,p’) = 1. Apply Lemma 1 with f = ¢ and
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note that ¢ may be cancelled since (p,q) = 1. Hence

20'q' = qp” mod p.
Symmetrically

20'q = pg” mod q.
Since (p,q) = 1 the two congruences can be combined into

p"q—2p'q" +pg” = 0mod (pq),
in other words
pa| B(p,q) -
Since deg(B(p, q)) < deg(pq) we have B(p,q) = 0. Now assume B(p, q) = 0.
If ¢, say, had a zero w of order k > 2 then 2p’q’ — p’’q would vanish with
order > k — 1 but ¢” only with order k — 2. Then
pg” =2p'q" —p"q

implies p(w) = 0, contradicting (p,q) = 1. (This is actually a special case
of Theorem 2(i) below.) Thus ¢ and similarly p are squarefree, and w is
simple. We can now apply Lemma 1 the other way and find that (¢/p)? and
(p/q)?* are w.res.

THEOREM 2. Let p, g € K(x) and B(p,q) = 0. Then

(i) for every place xo € K the pair (ord,, p,ord,, q) is magic,

(ii) p, q are polynomials,

(iii) (degp, degq) is magic.

In particular, polynomials p,q with B(p,q) = 0 are coprime if and only
if they are both squarefree.

Proof. Concerning (i) we take, without loss of generality, zo = 0. Write
p= Za,{x”, ar 20 (k=ordp), q= Zb,\x’\, by #0 (I =ordgq).
K>k A>1
Comparing coefficients translates B(p, ¢) = 0 into
Z (k(k—1) =26A + A(A —1))axby =0
KAA=n
for all n. For n = k + [ this sum contains only one nonzero term:
(k(k—1) =2kl +1(l—1))arb; =0,
hence
(k—0)*-k—-1=0,
so (k,1) is magic, k,1>0, and as this holds for all z¢, p and ¢ are polynomials.

For (iii) one argues as for (i), expanding at oo this time. The concluding
statement follows from (i).
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An obvious consequence is

COROLLARY 2.1. If v € K(x) has a B-representation q/p then p and q
are polynomials.

Parts of Theorems 1 and 2 have an interesting generalization.

THEOREM 3. Let ¢ = [[(z — )%, p = [[(z — )%, x; € K, a;,b; € Ny,
(ai, b;) # (0,0). Then B(p,q) =0 if and only if

(i) all (a;,b;) are magic
and
(ii) for all i

<q>2/(bi—a¢)
b

The proof can be given along the lines of the above theorems, or more
conveniently by using Theorem 8 below. We shall not need Theorem 3 in
the following and therefore omit the proof, but want to mention an identity
that is helpful with such questions.

1s w.res. at x;.

LEMMA 2. For p,q#0

2
B(p,q):<p’_q’> +<p’+61’>'
P P q P q

THEOREM 4. Let pg,p1 € Klz],# 0, B(po,p1) = 0 and (pg,p1) = 1.
Then with every choice of the constant of integration

2
D1
P2 ‘= po f (p())

is a polynomial, linearly independent of py and such that B(p1,p2) = 0.
Except for at most deg p1 wvalues of the constant of integration we have

(p1,p2) = 1.

Proof. The expression for py is just what the standard methods (varia-
tion of constant, Wronski determinant) produce for the other linearly inde-
pendent solution of B(y,p;) = 0. This can, of course, easily be verified. By
Theorem 1, (p1/po)? is w.res. Its poles, being all of order two, give simple
poles for the integral, which are cancelled upon multiplying with pg. Thus
p2 € Klz].

If ps is any particular solution then all are of the form py = pa + ypo,
v € K. If furthermore w is a zero of p; then py(w) # 0 since (pg,p1) = 1.
Therefore ps(w) = 0 only for

. _D2(w)
T T hew)




158 E. Wirsing

If v # ~,, for all zeros of p; then (p1,p2) = 1.

COROLLARY 4.1. Let wg = v3 = (p1/po)? be special and simple, (po,p1)
= 1. If in each step finitely many exceptions, as described in Theorem 4,
are avoided then the squid iteration

1
11 = 2
(1) var = o= [

continues indefinitely and all v2 are special and simple. (Remember that
the field K is infinite.)

Proof. By Theorem 1, B(pg,p1) = 0. For ps as in Theorem 4 and
vy = p2/p1 we have (11). Apart from the v = v, we have (p1,p2) = 1 and
B(p1,p2) = 0, so by Theorem 1, v; is special and simple and the iteration
continues.

For an exceptional value v = =, there actually is a common zero w of
p1 and py which by Theorem 2(i) is a triple zero of ps. So v definitely is
not simple. But what about specialty? Intuitively, we should expect the
residue of v? to depend continuously on the parameter v, that is, to vanish
for all . Since v;% = (p1/p2)? = —(po/p2)’ is w.res. anyway this means
v} should always be special. It is in fact easy to give a rigorous argument
concerning v1 but ve, vs, ... are more difficult. Our next theorem solves this
problem in the case deg pg < deg p;. Instead of continuity we use the simpler
mechanism of specializing indeterminates.

THEOREM 5. Let wog = (p1/po)? be special and simple, (po,p1) = 1,
degpy < degpyi. Let Iy, I5,... be independent indeterminates over K. Then
there are P; € K[I',...,[;—1,x| for i > 2 such that with Py = py, P = p1
(12) Pl Py — P 1P, =P foralli€eN.

All W; = (P;11/P;)? are special and simple functions of x.

Proof. Specialty is, of course, an immediate consequence of (12):

() () ) ()
Piiq Piiy) P4 P_1)

The (inductive) proof depends on two further properties of the P;. For all
1€N

(PZ', Pi—l) =1
and the main coefficients m; of P; (with respect to z) are in K.
In the first instance we are content to locate the P; in K (I7,...,1;—-1)[x].
For this purpose we need only apply Corollary 4.1. Some

~ P o\?
(13) Py =P f <P-21)
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can be found in K (I7,...,[;_1)[z]. If then
(14) Py o= Pip1 + I Py

is set, P; and P; 4, are coprime. A hypothetic common zero w of P; and P;4
would give P;_;(w) # 0 and would, by (14), create an algebraic dependence
of Il,...,I;. So the exceptions, mentioned in the corollary, cannot occur.
Another simple induction shows

deg Py < deg P, <degP, < ...

Therefore, by (14), m,41 is the main coefficient of P;yy, which from (13) is
seen to be constant, since m; and m;_q are.

Suppose now that actually the coefficients of P; and P;_; are polynomials
inly,...,I5 1, and let

deg P, =:d;, degP1=:d;i 1,

‘ ar a
Pi:mia:d’<l+l+§+...>,
r

b b
Pi_lzmi_l.ftdi_l(].—Fl—f—22—|—...).
x T

P; 2 m; 2 2(d;—di—1) C1 C2
=(—— 2214+ —=—4+=4+... ),
Py mi—1 x  x2

where all ¢, € K[I1,...,I;-1]. A term 1/x does not occur since a function
that is w.res. (at all zp € K) is also w.res. at oco. If this expansion is
integrated formally (no constant added yet) and multiplied with P;_; the
coefficients of ]5i+1 are seen to be in K|[I7,...,I;_1], as claimed. It is not

Then

visible from this construction that P;,; is a polynomial with respect to x,
but this information is already part of Theorem 4.

COROLLARY 5.1. Suppose that wog is special and simple, wo = v3, vo =
p1/po, where po,p1 € Klx], (po,p1) = 1 and degpy < degpy. Then with
every choice of the constants of integration we may indefinitely iterate in
K(z)

1
Un+1 = E fo?w Pn+1 = UnPn -
All v2 are special rational functions, all p, polynomials over K, and
B(pn—1,pn) =0 for alln € N.
Proof. Differentiation in K[I1,..., [,][z] and K[z] commutes with the
homomorphism over K that takes I into v; € K. We put
pn(aj) = Pn(’yla e 7’}/71*1758) )

5n+1($) = Pn+1(71a s 7771—17'%') :
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Since (12) implies

(15) PraPn1 = Dny1Dh_1 =Py Phi1Pn1 — Png1Drn_1 = Do

Pn+1 is one of the integrals p,—1 [(pn/pn—1)? and all are given as p,41 =
DPrn+1 + YnPr-1 = Pns1(71,- -+, Yn,x) with suitable 7, € K. As before (15)
implies that all v2 = (p,41/pn)? are special.

Since (P,,—1, P,) = 1 for all n, Theorem 4 adds to Theorem 5 the remark
that B(P,—_1, P,) = 0, and this relation specializes to

B(pn-1,pn) = 0.
3.3. Some remarks

3.3.1. Actually Corollary 5.1 is valid for degpy > degp; as well (see
Theorem 9), but the proof of Theorem 5 fails at the point m; € K. We could
obtain only P; € K(I1,...,I;—1)[z] and would not be able to specialize at
will. A proof along similar lines can be given, but it is quite complicated.
We formulate only its central lemma which may be of some interest itself.

LEMMA 3. Let I',..., I be independent indeterminates over K and let
R, S be x-polynomials over K[I',...,I}]. Assume that the differential equa-
tion

(16) yR—yR =8

has a polynomial solution yo(z) over K(I1,...,I;). If the coefficients of R
(i.e. of the z-powers) generate the 1-ideal, that is, K[I,...,I}], then (16)
possesses a polynomial solution y1(x) over K[I7,...,I}].

Lemma 3, incidentally, can also be used in the proof of Theorem 5. It
replaces the part in which P;_1, P; are expanded at oo.

3.3.2. There is one peculiar feature about Corollary 5.1 that definitely
prompts questioning: Though wy is required to be simple (and special, of
course) it is claimed that the squid iteration continues indefinitely whether
the further w; are simple or not, and we know that they will in general not
stay simple. The most drastic counterexample is the sequence

wy, = c2r*™  withe, =(1-3-...-(2n—1))7L.

Could it be then, that we may drop the assumption that wg be simple? Or
replace it by asking for a B-representation of vy? Neither is correct as can
be seen from the example (actually an instance of (4),(5))

A7) wp = <x3—1

The computation is not as laborious as it may seem. First of all B(pg, qo) = 0
is a convenient application of Lemma 2 or, what can be derived from it easily,

8
) . where pg = 2'%(2® — 1)°, g0 = 2%(2® — 1)1°.
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LEMMA 4. If (a,b) is magic then
B(p"q",p"q") = (a+b)(pa)"" "' B(p,q).

Secondly, to check the residues of v?, it suffices to determine the Taylor
expansions with modest accuracy. At zero we have

vg = 27 8(1 — 82 + 282°% + O(2?)),
v? = 1z %(1 — 2023 + O(29)),
vs = cor (1 — 802% + O(z?)) .

As one sees, the squid iteration is terminated by the nonzero residue of v3
(if not earlier by some residue of v§ at another place) despite the specialty
of wy and B(po, q0) = 0.

3.3.3. Apart from the peculiar values connected with this particular
example the above calculation reminds us that the residue of v2 at some
place, say zero, can be determined if sufficiently many derivatives of wvg
are known there together with the constants of integration, which in our
example went into the remainders. If a local version of Corollary 5.1 could
be proved, that is, a theorem in which the v,, are formal power series, then
not only the global version should follow trivially, but also the distinction
degpy < or > degp; would become immaterial.

Unfortunately, neither the proof of Theorem 5 given above nor the one
just mentioned in 3.3.1 can be localized. Both of them depend strongly
on properties of polynomials. A formal power series at x = 0 cannot be
re-expanded at x = oo and Lemma 3 turns false if the words “polynomial
solution” are replaced by “power series solution”. A counterexample here is
R = (x—TI)?% S =1, where all solutions are given by

1 r P
=~(?%—-2r 2 — 1+ =4+=+...].
y = x+w)+4r(+F+F2+ )

3.4. Local considerations
3.4.1. We consider formal power series

w:Zan:U”, NeZ,

n>N

over our field K with char K = 0. These series form themselves a field K[[z]]
with a valuation ord w = min,, +on. A series w is called entire if ordw > 0.
Localizing our former notation we call w w.res. if a_y = 0, special if w and
w1l are w.res., simple if ordw € {—2,0,4+2}. Adjoining square roots to
K as needed we may say that all simple series are squares, w = v2. We
use the notations O(z*), ~ cz* in the obvious way, like thinking of lim,_¢.
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Differentiation

/ —
w = E na,z" !

f w = Z le_lan$n+1 + const

(for w w.res.) have the well-known properties. In the case of entire w we
write [ w for the particular integral

x
_ 1 1
Jw—§n+1anm”+ .

3.4.2. THEOREM 6. If v € K[[z]], and v?* is special and simple then any
number of squids may be applied to v. More explicitly, with every choice of
the constants of integration the recursion vg := v,

1
1 n = — 2
( 8) Un+1 Un f Un,

can be continued in K[[z]] indefinitely producing special though not neces-
sarily simple v2 all the way.

and integration

Theorem 6 is contained in Theorem 7 below. We give an independent
proof because it shows another aspect of our structure.

Proof. We have to show that always again v2 11 is w.res. Specialty
then follows easily since (18) implies

(Unvn+1)l = ”721 )

1 ' v2 1
(19) o0 - 2.2 T2
nUn+1 UnVUn+1 /Un—&-l

hence the v;_?_l are w.res. as well. In fact, (19) shows how to invert (18):

1 1
= —Un+1 f 2 )
Un Unt1

as was mentioned in the introduction.

We distinguish three cases depending on ordv = —1,0 or +1. We treat
ordv = 0 first. For convenience take vy = v ~ 1. Integrability is trivial as
long as

1 x
2
Un+1 = E f Up, -
0
Let k be the first index (if there is any) for which a nonzero constant of
integration is chosen:
1 xT
2
v = — v —i—a), a#0.
v = ([ ok #

0
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Then

(20) vy ~cpz", cp=(1-3-...-(2n—1)"' for0<n<k,
Uyl = % +O(z**).

The latter is the first instance (i = 0) of the relation

(21) Vi1 = (~1)

+ 0@ for0<i<k,
Vk—i
which we shall prove now by induction.
Let 0 <i <k —1. Then (21) and (20) imply

a2

U%+i+1 = W—FO(.T)
—1

Here O(x) is trivially integrable and v %, so because of (19),

[ " oY) —"__ o)
Viyipg = — + O0(2%) +const = —— + O(1).
P vk Vk—i—1Vk—i
Thus
2
-« 1
(22) Vktit2 = + O< ) .
Vg —i—1Vk—iVk4i+1 VE4i+1
From (21) and again (20) we get
+a
Vhpig] ~ ——————
k+i+1 Ck—iwkiz

and
Vh—iVhpiv1 = (—1)%a + O(z2F~2H1)
Inserting both into (22) yields
—a?
Uk+it2 = Ur—i1((—1)ia + O(z2k—2i+1))
(ka—Qi—H

+O0(2F7%

= (‘UiHL +0 > + O(2F79

Vg—i—1 Vg—i—1
— (_1)i+1L + O(xkfi) ’
Vk—i—1

which is the next instance of (21).
In particular,

(0}
V2k+1 = :l:’LTo + O(l‘), ord V2k+1 = 0,

whence the iteration can start anew.
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Next take ordv = —1. We prefer to write v = v_; here and may assume

v_1 ~ —1/x. Then, since v?, is w.res.,

1
2 _
U71—ﬁ+0(1)7

-1
1 1 1
vy = — v31:<—+...> (——l—...)wl,
v_1 x x

and we are back to the former case.
Last, let ordv = 1. We write v = v; and assume v; ~ x. Since U1_2 is

w.res. we can set
-1
Vg = —(vl fvl_Q) .

1 2
v=— [v
1 0 f 0>
according to (10). So v; is embedded into the sequence starting with vg.
This ends the proof.

Then vg ~ 1 and

3.4.3. Rephrasing Theorem 6 we may say that any sequence of squids
can be applied to any

9_1254—0(3:) or vg~c or wy=cx+O(z?)
xr

(where always ¢ # 0), for these representations are obviously equivalent to
asking the residues of v?, and v;? to vanish. But what are the possible
vg, vz etc. in the sequence (18)7 The following definition and theorem will
give the answer.

DEFINITION 6. Let us write Ev for any polynomial f of 22 such that
£(0) = 0; thus
asz? + agxt + ... + as,x® = Ewv.
For any k € Z let 'Hy, be the set of v € K[[z]] of the form
v=zF(c+ Ev+ 0%+, ceK,c#0,
and write

M= )My, E:=H_1UHoUH,.
keZ

Note that Hy = {v : ordv = 0} and that the simple special series w are
exactly the w = v?, v € &.

THEOREM 7. Any sequence of squid operations may be applied to a series
v if and only if v € 'H.
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Proof. If v € H then v? is w.res., so all squids may be applied to v. H
is closed under all squids. In detail:

1 T
(23) ver,keNoé;fﬁerH,
0
1/ [ .
(24) ver,keNoif(fv +7)er i~y 20,
v 0
1
(25) veH i, keN = ;fqﬂeH,kH.

The interesting case is (23). Here (without loss of generality ¢ = 1)

v = xk(l + Ev +ax2k+1 + O(x2k+3)),
v? = 2%%(1 4+ Bv + 2a2®F T 4+ O(22F+3))

1 2a
2 _, 2k+1 E 2h+1 | ()(5:2k+3
v =z <2k+1+ U—|—4k+2x + O(x )),

k+1

2 T 2k+1 2k+3
= 1+F
v 2k:—|—1( + Ev + ax + O(z°" 7))

x (14 Ev + az®*1 + O(22+3)) 71
g+l 2k+3

= 1+ F .
%+1(+ v+ O(z*")) € Hisa

With respect to (24) note that yv=! € H_j and

S|

fv2 _ O(xk+1) _ :L,ka(x2k+1)_
0

While with any step (23) we gain two powers of = in the error term, at (25)
the constant of integration brings it down again.

v? = 272 (1 + Bv 4 O(2** 1)),

-1
f v? = g2k H! (%1 + Ev + O(:czkﬂ)) + const

1

=~ or o 1m_2k+1(1 + Ev+ O(z*71)),

1
- f’U2 eH k1.
v

Now consider any u € K[[z]] such that any sequence of squids may be
applied to it. If ordu = 0 then v € ‘H. If ordu = —k € N, then applying &
arbitrary squids yields

ug = U, U1,..., Uk, ordu; =—k-+1,
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in particular uy € Hy. Here vy := u,;l € H. Now we apply the proper
inverse squids and find 1/u = tv;, € H, hence also v € H. If ordu =k € N
then

1 x

U1 :z—(fu2+1)
U
0

has ordu; = —k, so the same procedure works with k& + 1 steps.

COROLLARY 7.1. 'H s the closure of Hg, and a fortiori of £, under all
squid operations.

Proof. If u € H then also 1/u € H. A suitable sequence of squids
maps 1/u onto v € Hy, so the inverse squids will map +1/v, which is in Hy,
onto u.

Obviously, by Theorem 7 we are in a position to define the proper gen-
eralization of simple special series:

DEFINITION 7. A series w € K[[z]] will be called semisimple special (in
short: sss) if w = v2, v € H.

All simple special series are sss-series, and if w = v? is sss then (% [ v?)?
is sss again.

3.4.4. On the significance of the bilinear differential equation B(p,q) =
0. The local version of Corollary 2.1 states that in a B-representation of
some v € K[[z]] the p and ¢ are entire series.

THEOREM 8. The following are equivalent for v € K|[z]], v # 0:

(i) v has a B-representation,
(ii) v" /v is w.res.,
(iii) if v = ca*(1 + ax +...), ¢ #0, then ka = 0.
Proof. The residue of v”/v is easily calculated; it is 2ak. Hence
(ii)<(iii). Another simple calculation shows that if v = ¢/p, then
B(p,q) = B(p,vp) = p*v" +2(pp" — p"*)v,

(26) B.g) _v" z(p’).

pq v p
Thus v = q/p is a B-representation if and only if

0

As an immediate consequence v” /v is w.res. if v has a B-representation.
Let, on the other hand, v" /v be w.res.; then
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can be solved for p:
p K\ 1
— = —+c+Cc1xr+ ...
2)x
Write
k 2
p:;]j(Z)'r7 7’:1—}—7"1(1}—'-7’2.’1}' + ...
Then the r; can be determined recursively from
r=r(co+crz+...)

or explicitly from

2
Note that in accordance with Theorem 2

(ordp, ord q) = (ord p, ord(pv)) = <<§>’ <k; 1>>

is magic and p, ¢ are entire.

The functions p, ¢ are not uniquely determined. Due to the two integra-

tions they contain an arbitrary common factor ae’®.

(e g )
r=exp|cr+ —x°+... ).

2

COROLLARY 8.1. If w = v*® is sss in K[[z]] then w has a B-representation

there.

Remark. We saw in 3.3.2 that the converse does not hold. Now it is
easily seen why: Apart from the case k = 0 where neither condition really
means a restriction, sss consists in the vanishing of exactly k coefficients,
and B-representability of only one. In this connection it should be noted
that

COROLLARY 8.2. If v has a B-representation then so has v™ for any
m € Z.

Nothing alike holds for sss-series. The corollary follows from Theorem
8(iii) and can be made quite explicit by Lemma 4: If v = p/q, B(p,q) =0
put a = (T;), b= (m;rl) Then

m_paqb d a b b a\ _
vt = g D B(p®q’,p’q*) = 0.

4. Global again

4.1. The sss-functions in K(z). Let K be the algebraic closure of
K. Then all definitions and statements made with respect to K[[z]] can be
applied in K(z) to any finite place. Thus our old notion “w.res.” means
“w.res. everywhere”. In particular, we say that w = v2, v € K(z), is sss at
w € K, v € H(w) if the Taylor expansion of v(w+z) is an sss-series according
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to Definition 7. We define w to be (globally) sss if it is sss everywhere, i.e. we
require
veHY = ﬂ H(w) .
weK
COROLLARY 7.2. Any sequence of squid operations may be applied to a
function v € K(x) if and only if v € HE.

This follows trivially from Theorem 7. All we have to add is that a
function v € K (x) has an integral in K (x).

We define B-representations as before, replacing simply K|[[z]] by K(x).
Remember that by Theorem 2(ii) the p, ¢ are necessarily polynomials.

COROLLARY 8.3. If w = v?

there.

is sss in K(x) then w has a B-representation

Proof. We have v”"/v w.res. (everywhere) since w is sss (everywhere).

Write w = v?,

U:H(m—ai)”i, vi €L, a; # a;.

i

p = H(w — az)(yf) , q= H(x — ai)(ui;l)

we have v = ¢/p to begin with. As before, (26) implies that B(p,q)/pq is
w.res. With Lemma 2 we compute

ot (2R (o)

(Z)(2)
Ly

Ze—a)e—a)

The relevant observation is now that B(p, q)/pgq, if written in lowest terms,
has a squarefree denominator. The residues can vanish only if pq | B(p, q).
Since deg(B(p,q)) < deg(pq) this implies B(p,q) = 0.

Putting

THEOREM 9. The functions v € K(x) for which v? is sss form the closure
of the function 1 under all squids and inversion.

Proof. Since 1 is obviously sss we may apply any sequence of squids to
it. This was already proved in Corollary 5.1. If v is sss then so is v—!.
Now suppose v? is sss, v € HE in other words. Then v—! € HE as well.

We choose v := v*! such that ords, vg < 0. If orde vo < 0 then there is
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one integral, it may be denoted by f;, such that
x

ordoo< f vg) =2orde vg+ 1.

oo

For
x
1 2
Vv = — f UO
Vo -

we have ord,, v1 = ordss vg+1. We repeat this process until we have v,, with
ords v, = 0. By Corollary 8.3 there are p,q € K[x] such that v, = ¢/p,
B(p,q) = 0. Since (degp,degq) is magic and on the other hand degq —
degp = orde, v, = 0 it follows that p,q and therefore v, are constants.
Reversing our squid steps and adapting the constant factor in the general
definition of a squid properly we obtain v or v~! from 1.

We are now in a position to prove a satisfactory generalization of Theo-
rem 5 and Corollary 5.1.

THEOREM 10. There is a sequence of polynomials P;=P;(I',...,I;_1,x),
Py = P, =1, over Q such that the functions

P\’
W, =
(Pz‘>

on every specialization I'; — ~y; € K produce sss-functions in K(x), and any
sss-function w in K(x) is obtained by a suitable such specialization as

P +2
w(z) =c 2 (Y15 yYi, T) , ceK.

Proof. The P; are actually those of Theorem 5 in the special case
po = p1 = 1. Since po,p1 € Qx] the construction (13), (14) can be carried

out over Q (C K). Every specialization leaves (12) valid and produces a
squid iteration inside K(x),

2
Pi

28 Di = Pi— < ) )

(28) +1 i o

or, differently written,

1
(29) = —— [0l

Vi—1

with v; = piy1/pi;. By Theorem 9 all these v; are in H®. Conversely, any
v € HE can be obtained as v = cv!, v, an element of a chain (29) with
vo = 1. Inserting pp = 1, p;+1 = p;v; takes us back to (28) and, as was shown
in the proof of Corollary 5.1, any such sequence pg, p1, ... is a specialization

of Pg,Pl,...
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4.2. Meromorphic functions. The basic statement to all of this
paper, that a function may be integrated if and only if it is w.res., is also
valid in the field Mer(D) of all meromorphic functions on a region D C Cif D
is simply connected. Therefore Theorems 7 and 8 have obvious counterparts
here. Again v? will be called sss at w if the Taylor expansion of v(w + z) is
an sss-series, and globally sss if it is sss everywhere in D, i.e. if

veHE = ﬂ H(w).

weD

Here again v is in HY exactly if any sequence of squids can be applied
to it. Such a function also has a B-representation: v = ¢q/p, B(p,q) = 0
where p and ¢ are entire, i.e. holomorphic on D. To see this, note that by
Theorem 8 for v € HE we have v”/ /v w.res. at any w € D and remember
that all solutions p of the differential equation (27) are holomorphic in some
neighbourhood of w. So any solution of (27) can be analytically continued
to all of D. As in the local case, p and ¢ = vp are determined up to an
arbitrary common factor ae® only.

If p1/po is a B-representation of vy then B-representations of the v,
derived by (29), can be obtained in the form p,y1/p, with the p, of (28).
To see this we only need our old observation that B(p,—_1,p,) = 0 and (28)
imply B(pn,pn+1) = 0.

An interesting example is vg = tan on D = C. Not only is v? superspecial
but in addition all powers of v? are sss-functions! At z = 0 this is clear
because for all n and k € Z we have v" € Hy, and the other zeros and poles
are obtained from these by simple translations. We conclude that starting
from

vg = tan”, pg = cos(ngl) sin(g), p1 = cos(g) Sin(ngl)
all v; produced by (29) are meromorphic and all p; from (28) are entire on
all of C.

Exactly the same arguments apply to w = p — e1, where p is any Weier-
straf elliptic function with a primitive pair of periods w,w’ and e; = p(w/2),
say. Here again all w™ are sss. Starting from (27) a B-representation of
1/2 can be given in terms of the corresponding o-function:

—1
p(Z) = 6_61’22/40'(2;)7 q(Z) _ 6772/2—6122/40_(("2}> 0.(2 B ;)) ,

where 1 = 2%/(%)

VvV =w

4.3. Squids and the Padée approximation of e*?. It is well-
known that there are uniquely determined «,, € C[x] of degree n such that

the Taylor expansion of

Ap(z) = ane™ +ae ™
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begins with
x2n+1

enrnl T

In fact,

1 1

[ @ =g ay.

(30) An(z) = TTESERS

Also well-known and easily derived from (30) are some linear recursions:

(31) A =xA,_ 1,
(32) 2nA, = 2n—-1)A,_1 —zA! |,
2
(33) 2(n+1)Api1 — (20 +1)A, + %An,l ~0,

the last being an immediate consequence of (31) and (32). The following
squid type recursion, however, may be new. Put

n—1

pn(T) = dnx< 2 )An,l(a:) forn e N, py=cos,
with constants defined by

(n+ 1)d3lJrl

di=dy=1 dpyo = —————.
TR T n@2n+ Dd,

Then

© 2
(34) Pn+2 = Dn f <pn+1> for all n € Np.
0 pn

This, since p; = sin, identifies the v,, from

X
1 2
v = tan, Upt1l = — fvn
Un

as
_dn1 1 Anga(2)
vp(x) = a. x A7)
Proof of (34). We claim that for all n € Ny
(35) Pr2Pn = Prt2Diy = Doy -

The case n = 0 is easily checked separately. Now let n € N and put

_ _(nt+1y_(n—1
M = (dyyadn) "2 =202l op = paop), = p21).
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Then

1
M = <<n;_ )An+1 +$A;L+1>An_1

-1 2n+1

2n+1
= (20— )Auir dus + 2By A~ Agn ) - "2 D

Eliminating Aj, ; by (31) and A},_; by (32) gives

2 2 1
MZQnAnAn—Fl_‘_xiAnAn—l_n(ni_‘_)Ai
2(n+1) n+1
= A (2n 4 ) Ay — @nt )AL+ A, ) =0
*n_i_l n n—+1 n m n—1] — Y,

by (33).
Finally, (34) follows from (35) because of ordg p, = ("5); cf. (9).

5. Superspecial rational functions. Quite in contrast to the situa-
tion in Mer(C) we have

THEOREM 11. The only superspecial functions in K(x) are the functions
given in (2).

The proof uses an old formula on the inversion of power series. Let
fl) = +ag2® +aza® + ..., @(y) =y+bay” + b3y’ + ...

be inverses of each other. Then for all n € N
1
(36) b, = - Res(f™",0).

This is proved most easily for series with a positive radius of convergence
over the field K = C. Substituting x = ¢(y) in Cauchy’s formula gives

—n 1 dx L [oy) dy
Res(/7",0) = 2mi [ fr(z)  2mi j{ g b -

Both Res(f~") and b,, can be obtained as polynomials in as, ag, . . ., a, with
coefficients in Z by purely formal operations. As we see, these polynomi-
als are equal, whence (36) follows for all fields and irrespective of conver-
gence.

Assume now that w = p/q, where p,q € K|x] are co-prime, is superspe-
cial and that there is a pole of order k at 0. In K[[z]] D K(z) we have an
expansion

l/w:xk(ck—l—ck+1x—|—...), cp #0.
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Without loss of generality we take ¢, = 1. Then there is an f(x) € K[[z]]
such that

Tw=f* f=x+a®+...
and f has an inverse
p(y) =y +bay? + ...

By (36) the assumption implies that b, = 0 for all n = 0 mod k. If { denotes
a primitive kth root of unity we can express this by

k
> e(¢Fy) =0.
k=1
k

Writing z,, := ¢(("y) we obtain Zﬁzl x, = 0 together with w(x,) =y~ ".
If the pole in question is at an arbitrary place w, then x, — w replace the
Ty, glving

k

(37) Z x = kw.

k=1

The z,, are zeros, though not necessarily all zeros, of

g(x) == zp(x) +q(z), z:=y";

the rest will be called zgy1,...,Tn.
K{[y]] L
e AN e
K(y) K(z1,...,2k)
AN e
K(z)
|
K

By Gaufi’s Theorem and because p,q are coprime g is irreducible over
K(z). Let L denote the splitting field of g, N its degree over K(z) and Tr
the trace operator of L over K(z). Since w € K and

N n
Tra, = — , forallk=1,....n,
rr n/;{;x or all K n

(37) implies

k n n
kNw:Tr(ZmK>:k%ny, Zwl,:nw.
v=1 v=1

k=1
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If g is normalized into g*, the (monic) minimal polynomial of the z,, then
> _, @, is the second highest coefficient of —g*; hence w is uniquely deter-
mined by our function w. Moreover, changing from w to 1/w affects g* only
by substituting 1/z for z, which does not change the coefficient in question
because it is in K, supposing that w had any pole at all. As w and 1/w
together have at most one pole the theorem is proved.
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