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1. Introduction. Let k be an integer > 2. Trifonov and the author
(cf. [3], [4], [15]) have recently made improvements on the gap problem of
finding an h = h(z) as small as possible such that for z sufficiently large,
every interval of the form (z,x + h| contains a k-free number. Although
one expects such h to exist with h as small as clog? z for some constant
¢ (K. McCurley and A. Zaccagnini, independent private communications),
the best result to date is that one can take h = cz'/(2¥+1 Jogz. This was
established recently in the case k = 2 by Trifonov and the author [4] and for
general k by Trifonov [15]. One can generalize this problem by considering
an irreducible polynomial f(z) € Z[z] and ask for an h = h(f(z), x) as small
as possible such that for z sufficiently large, there is an m € (z,x + h] for
which f(m) is k-free. Necessarily, one needs to require that

(1) ged(f(m), m € Z) is k-free.

The gap problem mentioned above then corresponds to the case that f(z) =
z. The general problem was considered by Cugiani [1] and Nair [9,10] and
is related to work of Nagel [8], Ricci [12], Erdés [2], Hooley [6], and Huxley
and Nair [7]. In particular, Nair [10] showed that if & > n + 1 where n is
the degree of f(z), then one can take

(2) h= an/(2k—n+1) ]

This result generalized (and slightly improved) a theorem of Halberstam and
Roth [5] which stated that for every & > 0 and for h = x/(?))+=there is a
k-free number in the interval (x,z + h]. We note that if £ > n + 1 and the
greatest common divisor of the coefficients of f(z) is 1, then (1) holds (cf.
[11]). An improvement on (2) follows from the work of Huxley and Nair [7
(take t = k—g+1 in Theorem A)]. Their work implies that if £ > n+1 > 3,
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then one can take
(3) h = cmn/(2k7n+2) )

One can further reduce h by a power of logx. A direct application of the
techniques in [15] do not improve on (3). The purpose of this paper is to
show that one can in general do significantly better than (3) by employing
different methods. Our methods here will be based on establishing some
polynomial identities which are reminiscent of polynomial identities used by
Huxley and Nair [7]. We shall also make use of divided differences which
were initially used for such problems in the work of Trifonov [13, 14] (also,
see [3]). Our result is

THEOREM. Let f(z) € Z[z] of degree n with f(z) irreducible. Let k be
an integer > n + 1 satisfying (1). Let r be the greatest integer satisfying
r(r — 1) < 2n. Then there is a constant ¢ = c(f(2),k) such that for x
sufficiently large, there is an integer m € (x,x + h] for which f(m) is k-free
where

h = cxn/(2k—n+r) )

Observe that since 7(r + 1) > 2n, one may replace r above with (-1 +
V/8n 4 1)/2 or with v/2n — (1/2). Thus, we have increased the denominator
in (3) by > v/2n — (5/2). One can again reduce h by a power of log x in our
results, but we do not concern ourselves with this reduction. We note that
with h as in the Theorem, one can obtain asymptotics for the number of
m € (z,z + h] for which f(m) is k-free. Asymptotic results were obtained
by the previous authors in their works. Also, we do not consider the case
that k < n; however, the material in this paper is presented in such a way
that the techniques can easily be applied to such k. Given an irreducible
polynomial f(z) of degree n, Nair [9] obtained estimates for the smallest &
such that if (1) holds, then there are infinitely many integers m for which
f(m) is k-free. To obtain his results, he necessarily considered k& < n. The
results of Huxley and Nair [7] give a slight improvement on that work. More
specifically, they show that for some values of n, one can reduce the smallest
k permissible in the work of Nair [9,10] by 1. Our methods do not improve
further on this application of the results in [7], so we do not emphasize
results related to £ < n. We note, however, that some improvement on the
gap problem for k£ < n can easily be obtained from the methods here, and
that the larger k is, the better the resulting improvement.

2. Preliminaries. We will make use of the following notation:

f(2) is an irreducible polynomial in Z|z].
n is the degree of f(z).
k and m will denote positive rational integers with k satisfying (1).
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z is a sufficiently large real number (depending on f(z) and k).

h = h(k, f(2),x) is such that lim,_, . h = co.

p is a fixed root of f(z).

K =Q(p).

R is the ring of integers in K.

{wi,...,w,} is a fixed integral basis for K over Q.

01,...,0y, denote the homomorphisms of K which fix the elements of Q.

FE will be a fixed element in R.

N(u) = Ngjo(u) = [T—; 05(u) (where u € K).

||| denotes the size of an element u in K (||u|| = maxi<;<n |o;(u)]).

¢, c1,Ce,. .. and implied constants, unless otherwise stated, are positive
constants depending on f(z) and k. Constants other than ¢ are independent
of c.

w is primary means that ||ul] < c¢1|N(u) where ¢ is a constant (cf.
[9]). This differs slightly from Nair’s use of the word “primary”, but it is
sufficient for obtaining our results.

J denotes a subinterval of (z,z + h].

S denotes the set of u € R such that w is primary and such that
there is a v = v(u) € R and a rational integer m = m(u) € J for which
uFv = E(m — p).

Sy(a,b) = {u € Sy:a'™ < ||lu| < b/},

S(CL, b) = S(z,m+h] (CL, b)

LEMMA 1. Let T' > 0. Let
Nip(z)=[{m:z<m <x+h, f(m) is k-free}|,
P(x)=|{m:x<m<x+h, p|f(m) for some prime p > T},

’1/n

and
o(p*) = {7 €{0,1,...,p" =1} : f(j) =0 (mod p*)}].
Then
B o(p*) h
Ni(z) = hl;[ (1 — > - O(W) + O(n(T)) + O(P(x))
and

P(r) < maxz 1,

where the mazimum is over all E from a fixed finite set of algebraic integers
in K and the sum is over all pairs (u,v) with u, v € R, u primary, |lu| >
coTV/™, and uFv = E(m — p) for some rational integer m € (z,x + h.

The proof of Lemma 1 can be found in [9], so we omit its proof here. We
take T = hy/logx. Thus, the error term involving 7(T"), which represents
the number of primes < T, is < h/+/logx. To estimate P(z), we divide the
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interval (z,z + h] into subintervals of length H. Our goal will be to find an
upper bound on S;(t,2"t), say U, which is independent of the subinterval
J C (x,x + h] with |J| = H and independent of E. It will then follow that

h
(4) |S(t,2"t)| < < + 1)U.
H
Then we will use the fact that
P(z) <> [S(2"eyT, 20y T)).

=0

This idea for bounding P(x) can be found in [7], [9], and [10].

Our next lemma provides us with the means to estimate S;(t,2"t) and,
hence, the right-hand side of (4). Again the result is a consequence of [9].

LEMMA 2. Let J C (x,z + h|. Let B > 0 and t > 0. Suppose that for
every u € Sy(t,2"t), there are < 1 numbers o with ||o|| < B for which
u+ o€ Sy(t,2"t). Then

t

Bn

With s an integer in [1, k£ — 1] and with
H = Cgt(k_s)/n

1Ss(t,2"t)| < +1.

for some constant cs, Nair [10] showed that one can take

B = C4$—1/(2s+1)t(k+s+1)/(n(25+1))’
for some constant c¢y. Huxley and Nair [7] obtained improvements on the
results in [10] by showing that Nair’s choice of B above can be used with

H = C5t2s(k—s)/(n(25+1))xl/(25+1) ,

for some c5. In this paper, we will pursue the ideas of Huxley and Nair a little
further and show that if we decrease Nair’s choice of B by a small amount,
we can increase his choice of H by a considerably larger amount. Their
work was based on constructing polynomials with some good approximation
properties, and likewise we will need to develop similar polynomials.

3. Some polynomial identities. The work of Halberstam and Roth
[5] was based on a particular polynomial identity which was later generalized
by Nair [9]. The polynomials which occurred in Nair [9] were not given
explicitly until the work of Huxley and Nair [7]. The following lemma follows
from the latter (though our polynomial Qs ;(u, @) is expressed differently).
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LEMMA 3. Let s be a non-negative integer < k — 1. Let

=0

Qs,i(u, ) = (k+s) ZS: <8> ((%_j)!oﬂus‘j :

s! = j) (k+s—j)!

and

Then Ps j(u, o) and Qs k(u, @) are homogeneous polynomials in Z[u,a] of
degree s which satisfy

(5) (u+ )" Py g (u, @) — u*Qq ik (u, @) = Gy i (u, ),
where G i (u, ) is a polynomial of degree k — s — 1 in the variable u and,
hence, divisible by o*+1.

The polynomials in Lemma 3 will play a major role in the arguments of
this paper; we, therefore, present a proof of Lemma 3. Our proof will differ
from that given by Huxley and Nair. It is easy to verify that Pjx(u, )
and Qs x(u, @) are homogeneous polynomials in Z[u, a] of degree s, so we
only concern ourselves with establishing (5). For convenience, we ignore
for the moment concerns about our polynomials being in Z[u,a] and seek
first to construct Ps j(u, o) and Qs x(u, o) in Q[u, o] which are homogeneous
polynomials of degree s and which satisfy (5). To motivate the argument,
we assume first that we have polynomials satisfying (5). By differentiating
the equation

(u+ )" Py (u, @) — Qs v (u, @) = G (u, )
with respect to the variable u, we obtain (5) with
Pa(u, @) = (k + 1) Popr1(u, @) + (u+ @) Py (u, @),
Qs,(u, @) = (b + 1) Qs 41 (u, @) + uQf i1 (0, )
and
Gsp(u,a) = G/S’,H_l(u, Q).

In other words,

i((u + a)k+1PS,k+1(u, a)) = (u+ a)kP&k(u, a)

du
and
d
%(UkHQs,kH(Ua 04)) = Ust,k(% a) .
Hence, we want
1
(6) Py jpt1(u, ) = f (u+ @)* P, (u, @) du

(u+ a)ktl
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and
(7) Quer1 (,0) = ——r [ Qy i(u,0) du,

where the constants of integration (which may depend on «) are chosen so
that the right-hand sides above are homogeneous polynomials in Q[u, o). We
are not making claims yet that the constants can be so chosen. The point
here is that if an identity like (5) is to be possible, then the above must all
be possible. We are therefore motivated to use (6) and (7) to construct our
polynomials.

uk

We have not yet defined Py (u, ) and Qg i (u, ), but it is convenient
to do so. We define

Prr(u,0) =u*  and  Qpr(u,a) = (u+a)”.
Thus,
(8) (u+ )" Py p(u, @) — uF Q1 (u, ) = 0.

Motivated by the above, we integrate both sides of this equation with respect
to u. Observe that with the change of variable v = u + « and a suitable
choice of constants of integration

f(uﬂ—a)kPk,k(u, a)du = f(u+a)kuk du = ka(v—a)kdv

k , : _;
0(—1)J <k> 7 [ v dy

J

J

= |

k 1 A A
> () <J> e Lt oI
7=0
This last expression is divisible by (u + «)**! so that after integrating the
first term in (8), we can rewrite it in the form (u + )" Py x4 1 (u, @) for
some Py y1(u, ) € Qu, . Similarly, after integration, we can rewrite
the second term in (8) in the form u**1Qy x11(u, ). In other words, after
integrating in (8) and replacing k with k£ — 1, we are led to

9) (u+ )" Py_1 o (u, @) — uFQp—1,5(u, @) = G_1,x(u, a),

where

k—1
Pi_1 g (u,a) = Z(_l)j <k B 1) La]’(u +a)ki L,

par i Jok—j -1
k—1
k—1 1
— Jo k—i—1
Qr—1,k(u, @) < i >2k—j—1 u ;
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and Gp_1x(u, ) is necessarily a polynomial depending only on a. It is
not difficult to determine Gj_1 x(u, ) explicitly, but observe that since
Py_1.1(u, @) is of degree k—1 in u, it is not divisible by u* so that (9) implies
that G—1 k(u, ) # 0. Also, the left-hand side of (9) is a homogeneous
polynomial of degree 2k — 1 so that Gi_1 x(u, ) must be also.

We now continue by repeatedly integrating both sides of (9). It is easy
to check that after a total of k — s integrations (replacing k by k — 1 after
each integration), one is led to (5) with

Pyy(ma) = 31y <5>

=0 J
X ! o (u+ )7
(2s—j+1)(2s—7+2)...2s—j+ (k—29))
and
~ (s 1 Joys—d
@t =3 () g rme vy mm e

J=0

The polynomials thus constructed are in Qu, a]; after multiplication by
(k+s)!/s!, we are left with polynomials in Z[u, «]. The resulting polynomials
can easily be rewritten in the form given by the lemma.

COROLLARY. Let Ps (u, ) and Qs k(u, ) be as in Lemma 3. Then
Qs.i(u, ) = Ps (u+ a, —a) .

This simple Corollary will be useful in the remainder of this section. It
is also motivated by the fact that if one replaces a with —a and then u with
u+ « in (5), then one is left with an equation which is similar to (5).

The polynomials Ps (u, o) given by Lemma 3 here are the same as those
obtained from Lemma 2 of [7] with e = f = s and = o/(u + «). Observe
that (5) implies that for j € {0,1,...,s}, the coefficient of a*~7u**J in
(u+ @)k Py 1. (u, @) is the same as the coefficient of a*~Ju/ in Qg x(u, ). In
particular, (5) and Psj(u, ) uniquely determine Qs x(u,«). This implies
that if we obtain Q; x(u, ) from Lemma 2 of [7] in the same manner that we
obtained P j(u, v), then we must get the same Q5 1 (u, &) given in Lemma 3.
Hence, from the work of Huxley and Nair [7] we get

(k—s+j—1! (2s=j)!(s\ ; o
(k—s—1)! 4 <,>a(u—i—a) )

Qur(u,0) =>

j=0 J

The Corollary of Lemma 3 implies that P; i (u, &) = Qs x(u+ o, —a). Thus,
we obtain the following new expression for P; i (u, a).
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LEMMA 4.

(k—s+j—1 2s — s=j
Ps’k(u,a)zz_:(—l)J< (k—sil)') ( s! J) <]>a]u

Before continuing, we give a brief description of what our immediate
goal is. For the moment, fix s as in Lemma 3. Let r be a positive integer.
We seek next to find r + 1 polynomials Py,..., P. in Z[u, aq,...,a,] which
cause the expression

P Py P,

10 —t—+ ...+
(10) uk o (utaq)F (W4 a1+ ...+ ap)k

to be small in absolute value. One of course can find such P; which cause
the expression to be 0. In addition, however, we will want to choose the P;
so that at least one of them is non-zero and so that they are each themselves
fairly small in absolute value. We will also wish to view u as being large
in comparison to the «;. Lemma 3 corresponds to the case in which r =1
with Py = Ps p(u, 1) and P, = —Q 1 (u,q). It was observed by Huxley
and Nair [7] that by increasing the size of r to 2, it is possible to decrease
the maximum size of the P; in Lemma 3 without altering the relative size
of the expression in (10). The main idea in this paper is centered around
this idea of Huxley and Nair. We will choose r to be considerably larger in
order to decrease the maximum size of the P; in (10). We will do this at the
cost of increasing the size of the expression in (10), but the factor we will
be increasing this expression by will be considerably smaller than the factor
we will be decreasing the size of the P; by. This latter fact will enable us to
get the results mentioned in the introduction.

For simplicity in notation, we momentarily fix s and define
P(u,a) = Py p(u,o0) and  Qu,a) = Qsx(u, ).

We consider the following array:

P(u,a1) P(u,a14az2) P(u,a14+as+asz) ...
P(utai,—aq) P(u+taq,a2) P(utaq,as+as) ...
P(utai+ag, —a;—az) P(utag+az, —a) P(utai+asz,asz) ...
P(utait+ag+as, —a;—as—as) Plutai+as+as, —as—a3) P(utai+astas, —asz)...

so that if f; ; is the element in the ith row and jth column, then

f‘,{ (u+Z§‘iaz,—Z§;§-al> ifj <i—1,
Z’]_

) , <
( Zl 1 al,zg:i Oél) if j > d.
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We form our choice of polynomials P; in (10) by considering a divided dif-
ference to approximate an (r — 1)th derivative of £P(u, a)) with respect to
a. To obtain P;, we make use of elements from the (i + 1)th row above and
the first 7 columns.

As an example, we consider the case r = 2. We take
Po=fiz—fi1, Pr=—(fe2—f21), and Po=f32—f31.
By the definition of f; ; and the Corollary to Lemma 3, in this case we get
Py=P(u,a1 + as) — P(u,1), Py =—Pu+ai,a2)+Q(u,aq),
and
P, =Q(u+ ar,az) — Q(u, a1 + as).

Observe that P(u,«) and Q(u,«) are polynomials of total degree s in u
and «a and of degree s in the variable u whereas Py, P;, and P; are of total
degree s in u and « but only of degree s—1 in u. If we clear the denominator
in (10) and rearrange terms, we obtain

(u+ a1)k((u + a1+ a2)kP(U7 oy + o) — qu(u, a1 + az))
— (u+ag +a2)?((u+ 1) P(u,a1) — " Q(u, ay))
—uF((u+ a1 4+ a2)"Plu+ ar,a2) — (u+ a)*Qu + ar, az)) .

By Lemma 3, the above is a polynomial of degree at most 2k — s — 1 in
the variable u. Viewing a7 and as as small compared to u, we get that
the expression in (10) is of order < max{|ay|, |az|}2*F u~(+s+1) With
r=1, Py = Psp(u,a), and P, = —Q; x(u, ), Lemma 3 gives that (10) is
< Jag |2yt We will not distinguish yet between the relative sizes
of the |a;| so that the bounds we get on the expression in (10) for the cases
that » = 1 and r = 2 are the same. Thus, we have decreased the maximum
size of the P; without altering the bounds we obtain for the expression in
(10). This corresponds then to the role of the polynomials constructed by
Huxley and Nair in [7, Lemma 6].

For general r, we proceed as follows. Consider ¢ and j with 1 <i<r+1
and 1 < j <r. Set

a if1<1<i—2,
ag—{al—i—alﬂ ifl=4-1,
Qi ifi<l<r—1,
and
o if1<i<j-2
of =S aptap, ifl=j5-1,

L ifj<i<r-—2.
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Define
(
Aij = Az? = H (af, +ofipr + .o+ ag),

1Sll Slz S’I"—Q
where the superscript will be used for later purposes. In the next section,
we will also need to distinguish between different values of A;; obtained
from different choices of aq, ..., a,; we will write 4; ; = A; j(a1,..., ) for
such purposes. One easily checks that

_ A i<y,

Let
(13) Pioy= (=1 (1) A4 i fi
j=1

The definitions of Py, ..., P, given by (13) are simply divided differences of
+ P(u, ) which approximate the (r—1)th partial derivative of £P(u, a) with
respect to a. There is an aspect of these definitions which is very important
to us. Although the (r — 1)th derivatives are taken with respect to «, the
degreee of the polynomial with respect to w is decreased by r — 1. To see
this, observe that as a polynomial in u, the coefficient of u*~7 in P(u, )
is a polynomial of degree < j in «; in fact, it is a multiple of a’/. Hence,
the divided difference above will result in the coefficients of u*, ..., u%~ "2
being 0. In other words, each P; is a polynomial of degree at most s —r + 1
in u.
From (13), we get

1
=1 (u+a1+...+ai_1)’f

r+1 r
ZZ 1)yiti-1 Aijfij
’U,+051+...+O[Z‘,1)k

=1 j=1

r+1i—1 A f )
+ z+J 1 1,7J%,J )
;]21 u+a1+...+ai_1)’f

Observe that in the first double sum on the right-hand side above, the range
on ¢ may be restricted to 1 < ¢ < r since when ¢ = r 4+ 1 the inner sum is
vacuously 0. Also, (12) implies that

r+1i—1

)i Aijfi
ZZ o u+041+-j--—]|-04i—1)k

i=1 j=1
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r r+1

Y (it Aji-1fiy
. k
=50 (u+oq+...4+ai—1)
_ ZZ )it Ajifiv1,
(u+ar+...+a;)k
j=11i=j
_ ZZ 1)+ Aijfiv
P (u+oaq +...+a )k

From the Corollary to Lemma 3 and (11), we now get

r+1 P L
14 § -
( ) — (U+041+...+Oéi_1)k

B ZZ )it Aijfij B Aijfiv
(u+or+...+ai—1)F (utor+...+aj)F

=1 j=1

= s (u+a1+...+ai_1)k

_Q(’U,‘i‘al +...+Cti_1,(li+...+aj)>
(u+oq +...+aj)k '
Note that the left-hand side of (14) is the expression in (10). To get an

estimate on this expression, we use the definition of the A;; and apply
Lemma 3 to the right-hand side of (14). We arrive at

LEMMA 5. Let r and s be integers with 1 < r < s+ 1< k. Let B and
t be positive real numbers with B < t*/™. Suppose that lu| < tY/" and that
laj| < B for1 < j < r. Define Py,...,P, as in (13). Then each P; is
a polynomial of degree at most s —r + 1 in u and of total degree at most
s+ ((r—1)(r —2)/2) in the variables u,aq, ..., .. Furthermore,

Py Py P,

— t 5T z

u (u+ aq) (u+ag+...+a)

< B2stl +((r—1)(r—2)/2)t—(l~c+s+1)/n’

where the implied constants depend on r,k, and s.

Next, we examine P, more closely. We first obtain a lemma which will
help us in this regard. Let [ be a non-negative integer, and consider the
expression

E = Z Arprjlaj+ o+ ...+ ar)l.
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FE is a polynomial in aq,...,«, and can be viewed as a divided difference
which is divisible by

H (g, +ag41 4.+ ayy).
1<l <l2<r-1

It is easily checked that the remaining factor is 0 if [ < r — 1 and a homo-
geneous polynomial of degree [ —r + 1 if [ > r — 1. In the latter case, the

next lemma asserts that whenever 22:1 ej =1l —r+1withe,...,e, non-

negative integers, the coefficient of aj'a5? ... aS" in the remaining factor is

negative.

LEMMA 6. Let r > 1. Given the notation above,

E:—( H (all—i-...—i-oqz))E’,

1Sl1 §l2§r—1

where E' =0 if | <r—1 and otherwise E' is a homogeneous polynomial in
Zlag, ..., o) of degree I — r + 1 having positive coefficients.

If I < r—1, the result is clear. To prove the lemma, we suppose that
I > r—1. We use induction on r. The case r = 1 is easily seen to be
true. For r = 2, E = —(a1 + az)! + ab, and the result follows by applying
the binomial theorem and factoring out —a. For j € {1,...,7}, A,y isa
polynomial which is independent of .. Since the product on the right-hand
side above is independent of o, E and E’ have the same degree with respect
to a,.. Hence, E is of degree at most [ — 1 in «,.. For r > 2, we consider the
coefficient of o’ in E where i € {0,...,1 —1}. It is

T

. I .
Z(—l)’Ar+1,j (l> (0 +ajpn+...+ap )™

j=1
[
= (> H (Oél/ +al/+1+...+0é7__1)

Yo<idra
r—1

X (—1)]14;-(0(]‘ + Qg1 +...+a,~,1)l_z_1,
j=1

for some polynomials A; in Z[ay, ..., ar—1]. We clarify here that the A, ;

occurring above are AQL ;- It is easily checked that A;» = Ag{l) for 1 <
7 <7 —1, and the lemma follows.
From (13), we have
P. = (—1)T Z(—l)jAT+17jP(U +oar+...tap, - — Q1 — . — O[T) .
j=1
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We write
S

P(u,a) = Z(—l)lalozlus_l )
1=0
where by Lemma 4, a; > 0 for each [ € {0,1,...,s}. Thus, from Lemma 6,
we get

T

o= (1) Y (1Y Ay

j=1
X Z(Zl(@j tajirt o) (utar o)
1=0

S
= (—1)r2al(u +agp+... 4 a)
1=0

r

X Z(—l)jAr+17j(Oéj + 541 +...+ OJT)I

= (—1)T+1( H (o, +...+ a52)>

lsll SZQST—I

X Zal(u+a1 oot a) TR

1=0
where E] = 0 if | < r — 1 and otherwise E] is a homogeneous polynomial in
Zlo, . .., op) of degree [ — r + 1 with positive coefficients. The next result
follows.

LEMMA 7. Let r be an integer with 1 < r < s+ 1, and let P, be defined
as in (13). Then

PT:(_l)r-i-l( H (all+...+al2)>L(u,a1,...,o¢T),

1§l1§l2§7’71

where L(u,aq,...,q,) is a homogeneous polynomial in Z[u, oy, ..., a,] of
degree s — r + 1 with positive coefficients.

Lemmas 4 and 7 are considerably stronger than we require. To obtain
Lemma 7, we needed that the coefficients of P(u,«) alternate in sign as
above rather than the full strength of Lemma 4. Furthermore, we will use
only the fact that L(0,0,...,0,,) # 0 rather than the full strength of
Lemma 7.

4. Further preliminaries. We return now to our discussion at the end
of Section 2. Fix E as in Lemma 1. Fix J C (z,z + h] with |J| = H, where
H is a real number > 1 to be specified momentarily. Let y € J. Recall
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the notation m(u) in the definition of S;. For any u € S;(¢,2"t) and any
o€{o,...,on}, we get

[(m(u) —o(p) —yl < H +lo(p)| < H.
Thus,

a5 ~mwool) v +0< 1 ): z +O<H>.

o(u)* o(u)* o))~ o(u)F Py

Note that the above holds for any u € S;(t,2"t). We will make use of

LEMMA 8. Let d be an integer > 2, and let ¢1,...,¢pq be any d functions
from R into the real numbers having the property that for each o € R, there
is a ¢; with 1 < j < d such that |¢j(o)| > 1. Let r be a positive integer, and

a1,...,0 € R. Then there exist non-negative integers i(0), ..., i(r) with
i(0)<i(l)<...<i(r) <7 and a ¢ € {¢1,...,¢q} such that

|¢)(Oéi(j)+1 + Qi(5)+2 +...+ ai(j+1))‘ > 1 fOT’ all j S {0, ey — 1} .

Proof. To see why Lemma 8 holds, we consider a double induction on
d and r. Suppose that d = 2. Since there is a ¢; with 1 < j < d such
that |¢;(a)| > 1, one can easily handle the case that r = 1. Suppose we
know the result is true with » > 2 replaced by » — 1 (and d = 2). Let
r" = (r +2)!, and consider a1,...,a,» € R. For each j' € {0,...,r + 1},
we can find ¢%, € {¢1, 2} and non-negative integers i(j’,0),...,i(j',r — 1)
with i(j/,0) <...<i(j,r—1) < (r+1)! and

|65 (i )+ o001 F Qi+ etz -+ Qg > 1
for all j € {0,...,7 —2}. Observe that if 1 < j1 +1 < jo < r+1 and
% # ¢, then since we are in the case d = 2, either
|¢3’1 (QiG1 r—1) 441 (r 111 T Qi 1) s (e 1)1 T+ e Qi 0 (rr 1)) | > 1

or

\425;-2 (ai(jl,r—l)+j1(r+l)!+1 +04i(j1,r—1)+j1(r+1)!+1 +.. ~+O‘i(j2,0)+j2('r+1)!)’ >1.

In either case, one deduces the result in Lemma 8 (for example, in first case,
take i(j) = i(j1,7)+71(r+1)1if0 < j <r—1andi(r) =i(j2,0)+j2(r+1)).
Hence, we obtain that ¢} = ¢} forall ji,js € {0,...,r+1}. For simplicity,
suppose this common value is ¢;. Observe that we can take ¢ = ¢; in
Lemma 8 for the case d = 2 if

|1 (i0,r—1)+1 + Qior—1)42 + - F Q-+ 1))| > 1

Therefore, we can suppose that

|p2(i0,r—1)+1 + Qa0 r—1)+2 + -+ + Qi r—)+r+1)1)| = 1
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and similary that

|P2(Qi(j7 r—1) 457 (r1) 141 T Qa7 r—1) 457 (r+1) 142
o QG D+ 1)) > 1
for each j' € {0,...,r}. It follows that we can take ¢ = ¢2 in Lemma 8
completing the case d = 2.
Assuming Lemma 8 holds with d > 3 replaced by d — 1, general result
follows by induction upon considering

¢’,(a):{¢j(04) ifj<d-2,

! max{|¢4—1 ()], [pa(a)[} if j=d—1.

More specifically, we can find non-negative integers i(0), ..., i(r) with ¢(0) <
i(1) <...<i(r)<r'=(r+2)!...land a ¢} € {¢7,...,¢)_,} such that

|¢(Odi(j)+1 + Oéi(j)+2 + ...+ ai(jJrl))‘ > 1 for all j € {O, ey (’I” + 2)' — 1} .
If 7 < d—2, we are through. If j = d—1, then the result already established
for d = 2 completes the argument.

Divide the complex plane into disjoint quadrants @1, ..., Q4 defined by
Q1 ={a+bi:a=b=0 or botha>0andb>0},
Q2={a+bi:a<0andb>0},
Qs ={a+bi:a<0andb <0},
Qi={a+bi:a>0and b<0}.
We will use Lemma 8 with d = 4n and

oir1(a) ifoiii(a) € Qj,

Dairi(a) = {O wle) othei"_w(isg, ’
where i € {0,...,n — 1} and j € {1,2,3,4}. Since for every o € R, there
isao € {o1,...,0,} such that |o(a)] > 1 and a j € {1,2,3,4} such that
o(a) € Q;, the conditions of the lemma are met. We now fix v’ € S;(t,2"t).
Let r and s be integers with 1 <r < s+ 1 < k. We will show that for B
appropriately chosen, there are < 1 numbers o such that ||o/|| < B and
u + o € S;(t,2"t). We may therefore assume that there are at least

by aj,a) +ag, ..., o +...+a,,. Observe that ||a] +...+a’| < B for each
J€{1,...,r"} and that ||} +aj,,+...+a}|| < 2B whenever 1 <i < j <.
By Lemma 8, there exist i(0),...,i(r) with 0 < i(0) < i(1) <...<i(r) <7’
and a ¢ € {¢1,..., ¢4} such that if
Qi = a;(j)ﬂ —|—a;(j)+2 +...+a;(j+1) for all j € {0,...,r — 1},
then
|p(cj41)] > 1 forall j€{0,...,r—1}.
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Since each ¢(a;) is necessarily in the same quadrant of the complex plane,
so are any sums composed of the ¢(a;)’s. In particular, for some ¢’ €
{o1,...,0n},

(16) Jo'(ai+ ...+ ;)| >1 forallie{l,...,r} and j € {i,...,r}.
We fix o as above and u = v’ + o) +... + o). Thenu+or+...+a; €
Sy(t,2"t) for each j € {1,...,r} and |joy + i1 + ... + ;| < 2B for
1 <i<j<r. Forevery o/ € R with ||o/|| < B and v’ + o’ € S;(t,2"t),
there is an a with |la|| < 2B and u+ a1 + ...+ o, + a = v’ + /; thus, it
suffices to show that there are < 1 values of & € R such that ||a| < 2B
and u +aj + ...+ a, +a € Sy(t,2"t). Let a,41 denote any such a. Let
Py, P1, ..., P. be any algebraic integers in K. Then either

T

(17) Zv(u+a1+...+aj)Pj:0
j=0
or there is a o € {01,...,0,} such that
T
(18) ‘J(Zv(u—f—al—l—...—i—aj)]:’j)‘21.
j=0

Suppose for the time being that (17) does not hold, and consider any o €
{o1,...,0n}. Then (15) implies that
'
(19) U(ZU(U—FOQ—F—FO(])PJ)
§=0

T

o(E)Ym(u+ar+...+a;) —o(p))

= olut+oq+...+a;)k o(Fy)
_ o(E)y —o(P;) O<maX0<j<rk{/|:(Pj)|}H)
j:OU(u—i—oq—i-...—i—aJ) t

T

= U(E)yg(zo (u+ ay +P.j. s aj)k) - O<maxogj§;k{/|:(Pj)|}H) '

Observe that if B > /" then the upper bound on |S;(t,2"t)| in
Lemma 2 will be dominated by the number 1. Now, suppose that B < t!/”.
We consider P; for j € {0,...,r} as in (13). Then Lemma 5 implies that

) r(r—1)/24(s—r+1)/n
fax {lo(P)[} < B t :

Since P; is a polynomial,

o(Pj(u,ou,...,00)) = Pj(o(u),0(ar),...,0(a)),
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and Lemma 5 implies that

r

P Z Pj < B2+l H((r=1)(r=2)/2)p = (k+s+1)/n
— (

utog + ...+ o)k

The idea now is to choose B and H so that (18) cannot hold and, hence, so
that (17) must hold. Observe that y € (z,z + h]. Let
—1)(r—2
w=w(r) = w

2

We consider
B< C6t(k+s+1)/(n(2s+1+w))xfl/(28+1+w)

and
H< C7t(k—s+r—1)/nB—r(r—1)/2

_ C7t7(23+277’)(7"2+2872k737’+2)/(2n(2s+1+w))xr(rfl)/(2(23+l+w)) ’

where cg and c7 are sufficiently small positive constants. Observe that if
r =2, then w = 0 and our choice of B and H is the same as that of Huxley
and Nair given at the end of Section 2. It is easily checked that (19) implies
(18) cannot hold for any o € {o1,...,0,}. Thus, (17) holds.

Observe that (17) holds whenever u € S;(t,2"t) and a1, as,...,q, are
such that u+aq+...+a; € S;(t,2"t) and ||| < 2B foreach j € {1,...,r}.
In particular, we can replace «, by a, + a,41 in (17), and we can replace
ar—1 by ay—1 + o, and a, by a,41 in (17). In other words, we get the
equations

|
—

T

(20) viu+ag+ ...+ o) Pi(u,aq,. .., 0p_1, Q0 + Qpg)
i=0
+o(u+ar+ ...+ ag1) Pr(u,00, . apo1, 00 + 1) =0
and
r—2
(21) vu+ay+ ...+ o) Pi(u,a1,. .., Qp_o, a1 + Qtpy iy 1)
i=0
+o(utar+...+ap) PBoy(u, a1, Qo ey + ey iy )
+o(utor+ ...+ 1) Prlu, a0, ooy, p1 + iy 1) =0
Recall that we are viewing w, o, ..., q, as being fixed and wanting to
show that there are < 1 values of «,41 as above. Since u,aq,...,q, are

fixed, the values of v(u+a1+...+a;) fori € {0,...,r} are fixed. We elimi-
nate v(u+aj +...+a,41) from (20) and (21) to obtain a polynomial which
any a,.41 as above must satisfy. More specifically, we multiply the expression
on the left-hand side of (20) by P,(u, a1, ..., q—2,&r—1+Q;, @p11) and sub-
tract the product of the left-hand side of (21) with P.(u,aq,...,qr—1,0, +
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ay4+1). Call the result M = M(ay41) = M(u,aq,...,0p,,11). Then M is
a polynomial in a,4; which by Lemma 5 is of degree < 2s+ (r — 1)(r — 2).
Momentarily, we shall obtain the exact value of this degree. To show that
there are < 1 choices for «a,1, we observe that «,1 is a root of M so that
it suffices to show simply that M # 0.

Lemma 4 implies that if P = Y} (—1)!aqjalu®!, then we have a; =
(k—11/(k—s—1)!>0. fi=r+1or j=r,then A;; does not depend
ona,;andif 1 <i<rand1<j<r—1,then A;; is a polynomial in «, of
degree r—2 < s—1. Thus, for 0 <i < r—1, we get that P; as defined in (13)
is a polynomial of degree s in «, with leading coefficient (—1)" "5 A; ; ,.ay;
and by Lemma 7, P, is a polynomial of degree s —r + 1 in «, with leading
coefficient (—1)"**(TT;<;, <;,<y—1 (a1, +. ..+ au,))b for some positive integer
b. To simplify notation, we set

Flag,...,ap_1) = H (o, + ...+ auy)
1§l1§l2§’l"—1
and
G(a17"'aar—1): H (Oél+--.+0ér_1)-
1<i<r—1

Then M is a polynomial in a,41 of degree < 2s —r + 1, and the coefficient
of 257"t in M is

r+1
r—1
Z(—l)erlHast(u +oar+... ;)
1=0

XAip10(01, .. 1,00 Fapp1)Fag, .. a2, 0021 + )
r—2
- Z(—l)SHHaSbv(u +oar+ ... )
i=0

1=

XAi—&—l,r(Oél; cey Qp2, Qe F Qi ar—i—l)F(ala s 7ar—1)
—(=1)*Tagbv(u+ag + ...+ )
XAp (a1, 00_9,0p1 + ap 1) Fag,. .. 0021).

To prove that M = 0, it suffices to show that the expression above is not 0.
We collect like terms to rewrite the expression in the form

22 ()ab( I (et tan)

1S11§l2§’l"—2
XY (—1)'Dv(u+og + ... +a;),
=0

and compute D; for 0 < ¢ < r. Observe that
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(23) F(al,...,ar_l):( I1 (all—|—...—i—oal:,))G(al,...,ar_l).

1§l1 SlQST‘_2

In particular, this implies that the product in (23) divides both F(aq,...
cooyap—1) and F(aq,...,ap—9,0,.-1 + o) so that each D; in (22) lies in
Zlag, ..., o). Consider ¢ fixed with i € {0,...,7 —2}. We define

o ifl1<i<i—1,
agz{al—i—alﬂ if | =1,
Qi1 ifi+1<i<r—1,
and
e if1<i<r-—3,
al_{af-i—a;_ﬂ ifl=r—2.

One checks that

H (afl—|—...+a;2))G(a1,...,o¢T_2,ar_1—I-ozT)
1§l1S12§’r‘—2

and

H (agll+...+04;/2))G(O‘17""a7’_1)

1Sl1 Slz ST*2

are each divisible by

1( 11 (a;1+...+ag2)).

/
«
r=1 t1<<ip<r—1

In addition, each has a remaining linear factor. The linear factors are a; 11+
...+a, and a;1 + ...+ a,_1, respectively. We easily conclude that

(24) D, = H (g, +... 4+ ,)

1<l <lp<r—1

for 0 < ¢ < r — 2 (where the definition of o] depends on ¢). Similarly, one
can check that (24) holds for i = —1 and ¢ = r and «; in each case defined
as above. Thus, to show that M # 0, it suffices to show that

T

D (~1)'Div(u+ay + ...+ ;) #0.
=0

Analogous to (19), we get that for any o € {o1,...,0,},

(25) J<zr:(—1)iDiv(u Yo ..t ai))

=0
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r

(=D'o(E)(m(u+ar +...+a;) — o(u))
olu+ar+...+a;)F

o(D;)

4 —1)'o(D; - o(D;)|H
- J(E)y; o(u —i-( Oél)-i- ( ) —|)— a;)k + E_%O(|(tk/z‘> '

From (24), we see that the first of these last 2 sums can be viewed as a
divided difference. In particular, we get

(26) ‘ Z J(u (_1)10(D1)
=0

+ap+... )k

= ‘a( H (cu, —}—...—l—al2))‘t_(k+r)/".
1<l <lo<r
In fact, the left-hand side of (26) can be written as the quotient of 2 poly-
nomials in Z[u, a1, ..., .| with the numerator divisible by the product ap-
pearing on the right-hand side of (26). Observe also that each D, divides
the product on the right-hand side of (26). Recalling (16), we take o = o’.
Then

‘a( H (ou, +...+a12))/Dj‘ >1 forevery j € {0,...,r}.
1<hi <l <r
Thus, we get

" (~1)'D; L
§ D;)|t=k+m)/n
0<i:0 (u+ a1+ ...+ aq;)F > |o(D;)l

for every j € {0,...,r}.
Since y € (x,x + h|, we obtain that the right-hand side of (25) will be
non-zero provided that
H< c:;xt*’"/ "
for some sufficiently small constant cg. Conditionally, then, we get M # 0.
We apply Lemma 2 to get the following result.

LEMMA 9. Let r and s be integers with 1 < r < s+ 1 < k, and let
w = (r—1)(r—2)/2. Then there exist positive constants cg and cg such that

if

B = c6t(k+s+1)/(n(23+l+w))xfl/(gerler)

and
H < comin{i+r-00m port0/2 gyriny,
then whenever J C (xz,x + h| with |J| < H,

|Sj(t, 2nt)| < % T t—(k—s—w)/(2s+1+w)xn/(25+1+w) +1.
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5. The proof of the Theorem. In this section, we show how to use
Lemma 9 to prove the Theorem. We consider only n > 2 since the case
n = 1 follows from the work of Nair [10]. We take s = k—n+r—1. Observe
that the condition 1 <7 < s+ 1 < k of Lemma 9 is met provided 1 <r <n
and this follows easily from the definition of 7 in the Theorem. We set

(27> B = Cﬁt(k+s+1)/(n(28+1+w))x71/(2s+1+w) and H=~h.

We now show that the inequality on H in Lemma 9 holds provided that

(28) t < clox(n+r—1)/(2k—n+r) )

With ¢ as above, one easily checks that h < cozt~"/™. We now show that

(29) h < Cgt(kferrfl)/anr(rfl)/Q )

Using the value of B given by (27), we get that the exponent on ¢ in (29) is
k—s+r—1 r(r—1(k+s+1) - r(r—1) 2k —n+r)

n 2n(2s + 14 w) n(4dk —4n+r2 +r)

_@2n—r(r—1))2k—2n+r)
B n(4k —4n+r2 +r) >0

Thus, the right-hand side of (29) obtains its minimum when ¢ is minimal.
Recalling from Section 2 that we are interested in ¢t > T > h+/logz, we
use the definition of h and (27) to obtain that the right-hand side of (29) is
> ¢ h(ylogz)2 where Iy = —r(r — 1)(k + s+ 1)/(2n(2s + 1 + w)) and
where [5 is the exponent on ¢ in (29) given above and, hence, positive. Since
x is sufficiently large, (29) holds.

From Lemma 9 we get

1S(t,271)| < ¢~ (b=s—w)/@s+1tw) yn/@s+itw) 4

if (28) holds. Observe that if u¥v = E(m — u) as in Lemma 1, then |u| <
x/k. Thus, |S(t,2"t)| = 0 unless t < 2™/*. We suppose now that ¢ < x™/*.
It is easily checked then that the first term on the right-hand side above is
> 1. Also, k — s —w > 0. Hence,

|S(CST, Clox(n+r71)/(2kfn+r))’
< T—(k—s—w)/(25+1+w)xn/(?s—i—l—i—w) < (L_n/(Zk—n—l-r) ]

Although our main application of Lemma 9 is that given above, we con-
sider applying the lemma with a different value of r, namely r = 1. It is
necessary, however, to avoid altering the value of A which depends on the
value of r given above. In other words, we consider h = ca™ (2F="+7) with
r fixed as in the statement of the Theorem, and we consider Lemma 9 with
the role of r replaced with 1 and with s = k — n. One easily gets that the
lemma applies and
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|S(010.’L'(n+r_l)/(2k_n+T), OO)’
< (x(n+r—1)/(2k—n+'r))—n/(2k—2n+1)xn/(2k—2n+1) < xn/(2k—n+r) ]

The Theorem now follows.
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