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1. Introduction. It is well-known [1, 7] that with every quadratic

field extension F[z] : F, 22 = g, there is associated an exact triangle of
W (F)-modules

W(F)

The residue homomorphisms associated with any discrete valuation v on F
induce the morphisms of this diagram to an exact triangle of group rings

W(k)[I/2I]
/

D W (k)25 j

AN
W (k)[['/2I]

where £ and k; are the residue fields and I" and I the value groups of v
and its extension (or extensions) v;.

Using this technique we obtain several exact triangles for the Witt groups
of the function fields of algebraic curves and of quadratic number fields. The
first ones generalize the well-known exact sequences of Milnor and Scharlau
while the second the exact sequence of the Witt groups of the field of rational
numbers. Such exact triangles make it possible to reduce the problems
concerning the Witt rings of function fields or quadratic number fields to
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the Witt rings of the residue fields. Moreover, they provide us with some
new reciprocity properties.

Acknowledgements. The author would like to express his gratitude
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preparation of the manuscript.

2. Notation

2.1. Homomorphisms of Witt rings. We consider the Witt rings over
fields as defined in [2, 4, 7], i.e. W(F') is the Grothendieck ring of nondegen-
erate bilinear forms on vector spaces over the field F' modulo the hyperbolic
forms. We recall the basic facts.

Every field homomorphism ¢ : K — L induces a ring homomorphism
of Witt rings ¢* : W(K) — W(L). If L/K is a finite field extension then
every nongero K-linear map s : L — K induces a transfer homomorphism
s« : W(L) — W(K), defined by the rule: if  is the class containing a
symmetric L-bilinear form b: W x W — L then s, is the class containing
the symmetric K-bilinear form s o b: W x W — K. In this paper we shall
consider the transfer map of the quadratic extension K[,/g]/K induced by
the map s,5(1)=0, s(,/g) =2 (we assume char K #2):

s« W(K[\/g]) = W(K), s.({a))=0 foraecK,
s«({ay/g+ b)) = (2a)(1,a*g — b*) fora,b€ K, a#0.
We recall that (aq,...,a,) denotes the class corresponding to the quadratic
form a1 T + ... + a,T2.

The so called residue homomorphisms are other examples of mappings
of Witt rings. Let v: K — I'U{oo} be a discrete valuation on the field K.
Then V = {a € K : v(a) > 0} is a discrete valuation ring with maximal

ideal m = {a € K : v(a) > 0}. Any generator 7 of the ideal m is called a
uniformizer of the valuation. Obviously the value group I is generated by

the weight of F=Z-v ~=um).

Every element of K may be uniquely written as a product 7*a, where k € Z
and a € V \ m (obviously v(r*a) = kv). The first and second residue
homomorphisms are defined as follows:

o W(K) = W({V/m), i=1,2,

ik oy _ J (@ ifk+iisodd,
0" -a) = {0 otherwise,
where @ is the image of a in the residue field V/m.
We remark that the residue homomorphisms are just group homomor-

phisms. But together they define the ring homomorphism (see [3], §7, [7],
Ch. 6, §2)
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0=0"+7-0*: W(K) - W(V/m)[I'/2I
where W (V/m)[I'/2I'] is the group ring and 7 is the image of the gene-
rator ~;
o((r* - a)) = @) -7, k=kmod?2.
We consider I'/2I" as a multiplicative group; 72 = 1.

Moreover, we remark that the above ring homomorphism and the second
group residue homomorphism depend on the choice of the uniformizer .
Therefore we fix uniformizers for all valuations we consider.

2.2. Morphisms of triangles of abelian groups. We recall the following
concept:

DEFINITION. The space-diagram

w2

A2 — BQ
/e /B
Aq lfm BN B, lﬂz
N s
A3 = Bs

is a morphism of triangles if w;’s commute with «;’s and G;’s:
i+1 fori=1,2,
1 fori=3.

We shall use two operations on morphisms of triangles of abelian groups:
the direct sum of morphisms of one triangle to other triangles:

Bi ow; = wj o ay, jz{

Az Suig @D Bi2
/al /‘@ Bia
A laz % @B@l @D B2
KX‘? '\@ Bi,3
A3 % @ B’i,3
and the sum of two morphisms of two triangles to one triangle:
Ay A, 22 By
Son @ af /B
Al @All J/OQQS@; m Bl LBQ
o @ aj '\ﬁs
As @ Ag M Bs
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Note. We denote by the same symbol a group homomorphism defined
on a summand of a direct sum and its canonical extension to a group ho-
momorphism of the direct sum.

3. Main results. Our first theorem is a generalization of the results of
[5, 6, 8]. Let v: FF — I' U{oo} be a discrete valuation on the field F' and
let k be its residue field, char k # 2. We choose a uniformizer 7. We shall
consider the quadratic extensions F'[z] of F', where

=g, geF\F? g=1", ucV\m.
There are three cases to be considered:

Case A: n = 2m and u is a square. The extension of v is unramified
and there are two valuations v; : F[z] — I3 U{oo}, i = 1,2, extending v to
F[z]. The value groups and the residue fields are the same as for v:

L=I ki=k i=12.
Let §; be the image of z/7™ in k;. Obviously

01 = —02 and 512 =U.

Case B:n =2m and u is not a square. The extension of v is unramified;
there is only one valuation vy : F[z] — I'1 U{oo} extending v to F[z]. The
value group is the same as for v but there is an extension of the residue field:

n=r>r, k =k, z=1.

We denote by i* and 5, the morphisms of Witt groups corresponding to the
field extension k[Z] : k.

Case C: n = 2m + 1. The extension of v is ramified; there is only one
valuation vy : F[z] — I't U{oo} extending v to F[z]. The residue field is the
same as for v but there is an extension of the value group:

n=r-3, k=k.

We let the uniformizer of the extended valuations be 7w in the unramified
cases (A, B) and z = 2z/(27™) in the ramified case (C).

THEOREM 1. The following diagrams are morphisms of exact triangles
of W(F')-modules:
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wE) 2 W (k)[[/2I]
s 2 St
Do,
W (F[z]) lu —g) D W (k;)[I'/2T] Ju,w:o
\z‘* ” \69 id
W) 2 W (k)[I'/2I]
where t(ay,a2) =™ - (D () - a;), in Case A,
1170 2) BN W (k)[I/2I)
/5 /A" B
WEE)  |ase 2w Ja-m
. &
wE) L W (k)[I"/2T]
in Case B;
wE) -5 W (k)[I"/2T]
/s T
W (F[z]) l<1,—g> O W(k) [y /20] l<1>—<u> 5
g N
wrE) -5 W (k)[[/2T]

where I(o+ 8-5) = a -+ (1) - 8 and Te(a+ B-7,) = (1) + () -7) - -7
for a,p € W(k), in Case C.

Remark 1. In the unramified cases (A, B), if m is even (i.e. n =
0 mod 4) then the above morphisms of exact triangles split into the direct
sum of two morphisms induced independently by the first and the second
residue homomorphisms.

Some simplifications are also possible in the ramified case (C), for exam-
ple the following diagram is a morphism of exact triangles:

ai

/5 . S @m et
W(F[z]) l(lv—g) — W(k)
N N
W(F) — 0

where 7 =1 or 2.
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Remark 2. In the unramified cases (A, B), if m is even (i.e. n =
0 mod 4) then the sum 92 + id induces a morphism of exact triangles:

8%+id
Em—

/‘WFNNW@ . W (k)
S« Pt 5 t
2 D (9;+id;)
WP & @ Wi, Janao = ®wi) |
’ y*ea@id ’ ,\@ id
wEewr) 2 W (k)
in Case A;
W(F) & W (k) itid, W (k)
/5 D5 o e
W(F[z]) ® W(k[z]) l<1,—g>@<1,—u> O W k[z) lu,_u)
’\i*@;* - 1\;*
W(F) & W (k) g, W (k)
in Case B.

Remark 3. The residue ring homomorphism 9 is the composition of the
homomorphism associated with the field completion induced by the discrete
valuation and the isomorphism of the Witt ring of the complete field and the
group ring over the residue field. Hence the above theorem may be restated
in terms of the Witt rings of the completions of the fields F' and F[z], and
the corresponding homomorphisms.

Next we consider the quadratic extension F'[z] of the field of rational
functions in one variable: F' = K (z), char K # 2. We assume that
2 =g(x)

where g is a square-free nonconstant polynomial; i.e.

g(x) = c-gi(z) ... g(z)
where g; are pairwise different irreducible monic polynomials and c is a
nonzero constant. Let P (respectively P;) be the set of all valuations v
on the field F' (respectively F'[z]) which are trivial on the ground field K
(vjx = 0). The field extension F[z] : F' induces the mapping

X:Py— P, x()=vp.

We split the set P into the disjoint union of three subsets A, B and C
according to the type of extension. Namely, v € A (respectively € B or € (')
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if the extension of the valuation v to F[z] is unramified and split—case A
above (respectively unramified and nonsplit—case B, or ramified—case C).

We fix uniformizers of the valuations in the following way:

For all v € P except the one placed at infinity, we let 7, be the unique
monic irreducible polynomial such that v(m,) > 0 (i.e. 7, is the generator
of the ideal v=1((0,00)) N K[z]). For a uniformizer of v,, we take 1/x.

For unramified v € P, (x(v) € AUB) we put 7, = 7y (,). In the ramified
case (x(v) € C) we put m, = z if x(v) # vo and, when degg = 2m + 1,
Ty = 2/ if x(v) = voo.

We remark that the set C' is finite:

| E if deg g is even,
#C = {k:—i—l if deg g is odd,

and its elements correspond to the polynomials g; and, when deg g is odd,
to “the point at the infinity”.

In the following we denote by K, the residue field of the valuation wv.
The valuation v is called simple if K, = K.

Our next two theorems describe the exact triangles which are general-
izations of the Milnor exact sequence (see [2, IX.3]).

Let vy, v be any simple valuations of the field K (z) (i.e. v; = v Or
degm, = 1). We recall that the mapping

Apy v, = 811;1 o @ 9 :W(K(@)-WK,,)e G W(K,)
vEP\{vz2} vEP\{vz2}
is a group isomorphism. We remark that the inverse of Ay, ,,, for vo = v,
can be effectively computed using the filtration of the Witt group W (K (x))
induced by degrees of factors of coefficients (see [2, p. 266]). For other v,
we first have to apply a projective transformation of the field K (x).

We denote by A/Ulm the “extension” of A,, u,:

Aoy = @ 08 D 0 :W(EK@)— & WEK)e @ W(K,).

x(v)=v1 x(v)F#v2 x(v)=v1 x(v)F#v2

Moreover,

Trv : @ W(K’U’) @ W(Kv’) - W(Kv) @ W(Kv)

x(v)=v

is the transfer mapping (considered as a group homomorphism) associated
with the valuation v € P in Theorem 1. Let

tr,: @ W(K,)— W(K,)

x(v')=v
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be its (second) component:

(05 ({(2))-) ifve A v(g)=0mod4,

tr. = 4 Sx if ve B, v(g) =0mod 4,
Y 9%((g)) - if veC, v(g)=1mod4,
id ifveC, vig)=3mod4.

THEOREM 2. The following triangle of W (K )-modules is exact:

D WE)eWEK,)e & WK,
X(w)=v1 X () 01,02

W(FL) LGC\%JU<L—9>A 2
'\i* A_l

O WK

veC\{v1,v2}

where vy, vy are two different simple valuations of the field F = K(x) and
one of them is voo; ©* is induced by F C Fz]; and

A=Ay v, A= A~v171,2, tr= €@ tr,®Tr, .

V#£VL,V2

THEOREM 3. If the degree of the polynomial g is odd (degg = 2m + 1)
then the following triangle of W (K)-modules is exact:

D W(K.)

veEP,

W (F[z]) J@iw@ © 9 (1L-g)A

vEC\{voo }

D W(K,)

velC
where i* is induced by F C F[z] and
A=Ay v, A= &2, tr=@ tr,.

veEP, veP

We remark that the exact triangle from Theorem 3 is closely related to
the exact sequence obtained in [6].

Next we show how to generalize the Scharlau exact sequence (see [2,
IX.4]). We recall that the mapping

AU17U2 S (81212 + idW(KUQ)) : W(K(x)) S W(sz) - W(KUI) S2] @DW(KU) )
ve

where vy, v are simple valuations, is a group isomorphism. We remark that
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the inverse mapping is
A W(Ky,) & W(Ky,) & @ W(K,) = W(K(z) ®W(Ky,),

’U#U2
A (o, 8,7) = A, (@)@ (B+e-s(7)),
where s is a sum of transfer mappings as defined in [2, IX.4], and e = —1 if

Vg = Vs and 1 otherwise.

THEOREM 4. The following triangle of W (K )-modules is exact:
® WE,)eWK,))e D WK

x()=veo X(0) #vo
/5
WFE)e @ WK, Lecng}avu,—gm .
x(v)=vo
A
D WK,
veC\{veo }

where vy is a simple valuation of the field F = K(x) of type A or B, and
Vg # Voo when deg g #Z 0 mod 4; i* is induced by F C F|z]; and

A= Avoo,vo D (830 + idW(KvO))> A~ = AVUOO,UO b @ (612) + idW(KU)) R

x(v)=vo
tr= & tr,®Tr, .
VH Voo
Theorem 2 has a number theoretic analogue. It is well-known that the
mapping
A=j"e @ 0 W(Q - WR)e @ W(E,),
pEP peP
where P is the set of all prime numbers and j : Q@ — R is the canonical
imbedding, is a homomorphism of Witt groups (see [2, 4, 7]).

Let g be a square-free integer, g Z 5 mod 8. We consider the quadratic
extension Q[,/g] of the field of rational numbers. Let j; be the extensions
of j.

For g > 0 we have to consider two imbeddings

i QI =R, AG) >0, f(VG) <0.

For g < 0 we choose one,

js : Qly/g] — C.

We split the set P into the disjoint union of three subsets A, B and C.
We say that the prime number p belongs to A (respectively B, C) if the
extension of the p-adic valuation is split unramified (respectively nonsplit
unramified or ramified). We remark that p belongs to C if and only if p
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divides g or p = 2 and g = 3 mod 4. Let P, be the set of all extensions of
p-adic valuations to Q[,/g].

We let the prime number p be a uniformizer of the p-adic valuation on
Q and apply, for p # 2, the same notation as before.

For p = 2 we define the transfer map try in the following way: If g =
1 mod 8 then the 2-adic valuation splits and we put

tro : W(Zo) @ W(Zs) — W(Zs2), (a,8)— a+p.
If g =0 mod 2 or g = 3 mod 4 then the extension is ramified and we put
trog =id : W(Za) — W(Zs) .
We remark that W (Zs) = Zs. Moreover, for g > 0 we put
tro : W(R) & W(R) — W(R), (a,8) — (/)(a—B);
and for g < 0,
troo = 0: W(C) — W(R).

THEOREM 5. The following triangles of Witt groups are ezxact:

WR)aW(R)e @ W(K,)

veP,
/A
W(elya) | 2o0m0arte
W*A_l
D W(F,)
peC
for g positive, and
W€ e @ WK,
veEP,
/A
W (Qlya)) L?ﬁ“v—”“f
,\i*A—l

D W(F,)

peC
for g negative. Here i* is induced by Q C Q[\/g], and

jieise @ 9, forg>0,
A vEP

A= tr =troo ® @ tr, .

J3 @ 919333 for g <0, peP
vely

4. Proof of Theorem 1. The crucial point of the proof is to consider
the completion F' of the field F with respect to the discrete valuation wv.
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We remark that the polynomial 22 — g describing the field extension F[z]/F
may no longer be irreducible after completion. This happens in Case A
(unramified, split extension), since ¢ is then a square in F. In the other
cases the above polynomial remains irreducible.

More generally, let G be any field extension of F', and j: F' — G.

Case 1: The equation z> — g = 0 has solutions in G, say z, z2. Let
Jji : F[z] — G be the canonical imbeddings j;(z) = z;, i = 1, 2.

PROPOSITION 1. The following diagram is a morphism of exact triangles
of W(F)-modules:

wE) W(G)
par é i Y (=)
W (F[z]) J<1,—g> = W(G) e W(G) l<1,—g>o
N * \@id
17403 QA W(G)

Proof. We check the commutations.

(i) j*os, = Z?:1<zi> - j¥. We check this on the generators of the W (F)-
module W (F|[z]):

(1) =0, S e in(1) = 3 () = 0;
i=1 i=1
§ os((z =) =7 ((2) - (1,9 = ) = 2)(1,9 — ),
D )iz =a) =) (zi)(zi =) = (g —cz1,9 — c22)
=1 i=1

= (29) (1,9 — g¢*) = (2)(L, g - *).
The other commutations are obvious.
(ii) jf ot* = j*.
(iii) j* is a ring homomorphism hence it commutes with multiplication.

Case 2: The equation z*> — g = 0 has no solutions in G. We consider
the field extension G[z] : G, 22 = g. Let js : F[z] — G[2], j3(2) = z, be
the extension of j. The exact triangle of a quadratic extension is functorial,
hence:

PROPOSITION 2. The following diagram is a morphism of exact triangles
of W(F')-modules:
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W) s W(G)
S5 ) /s
W (F[z]) J<1,—g> L W(G2) l<1,—g>
W(F) - W(G)

This completes the proof of Theorem 1 since the residue ring homomor-
phism is a ring isomorphism for complete valuations when the characteristic
of the residue field is different from 2 (see [3, 7]). We only have to notice
that in the nonsplit cases (B, C) the transfer mapping has been changed
hence we have to multiply it by a proper scaling factor (namely ™). We
check the formula for the trace mapping in Case C. It is enough to consider
the generators (1), (1) - 7;:

Tr((1)) = 905.((1)) =0,
Tr(1) -7,) = 0 5.((3) = D 0 5, <<27’:m>)

" 2qm

=0((2: g ) L)) = (1) + (@) ) 7"

5. The Snake Lemma. The crucial point of the proofs of Theorems
2-4 is to consider the direct sum of morphisms of exact triangles and to
construct a snake type homomorphism from the cokernel to kernel side.

LEMMA 1 (The Snake Lemma). Let A;, B;, ker; and coker; be abelian
groups, and «;, B, wi, T, j; and j_ be group homomorphisms such that the
following diagram is commutative:

0 — ker3 J—3> Ag & Bg I 0
| as | Bs
0 — key, 25 A4 2% By 5% coker; — 0
Ja 1 B
0 — Ay % B — 0
| a2 | B2
0 — ker3 j—3> Ag & Bg I 0
| as 1 Bs
0 — kery 25 A4 2% By 5% cokery; — 0
Ja 1 B

0 — Ay — By, — 0
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Moreover, suppose that the horizontal and vertical lines are exact, the As/Bs
sequence splits and j_ is the left inverse of j3. Then:

1) the sequence
0— cokery Lkerg LI ker; — 0
is exact, where
(@) = j-oazowy o fi(m (a),
8(a) = 51 (a5 0 js(a)) -
2) the triangle

By
/wl
Ay ljoagowgloﬁl
o 0j3
ker3

1S exact.

Proof. First we show that v and § are well-defined functions. Let
a = m(b). Then 7 *(a) = b+w;(A;). Hence (since azoa; = 0 ) we obtain
jooazowy o fi(m (a)) =j-oazowy o fBi(b+wi(Ar))
=j_oag(wy o B(b) +ai(Ar))
=j_(agowytoBi(b) +azoai(Ar))
=j_oagzow,oB(b).
Therefore v does not depend on the choice of b.

Since j; is injective we have to show that ag o js(a) belongs to its image.

Indeed,
wioazojs=fzowzojs=0,
and the kernel of wy equals the image of j;; hence ¢ is well-defined.
Next we prove the exactness.

(i) 6 oy = 0. Indeed,
wi(az 0wy 0 B1) =PBr00B =0.
Hence the image of ay ow, 1o By is contained in the image of j3 and
jiodoj_oazowy offi =azojzoj_casowy of
:agoagowgloﬂlzo.
Since j; is injective,

§oj_oagowstofB =0.
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(ii) kerd = im~y. Indeed, let ¢ € ker§. We shall show that there exists
d € coker; such that v(d) = ¢. We have as o j3(c) = j1 0 d(c) = 0. Hence
there exists ¢; € Ag such that as(c1) = js(c). Moreover,
Baows(c1) =wszoas(cy) =wsgojs(c) =0.
Thus there exists co € By such that (1(c2) = wa(cr). We put d = m1(c2).
Then
Y(d) = yomi(ca) =j_oagowy ' of(co)
= j-oaz(c1) =j-ojs(c) =c.
(iii) 0 4s onto. Let ¢ € ker;. Then
ai o ji(c) zwgl owgoaoji(c)=wy ofowioj; =0.

Hence there exists ¢; € A such that as(c;) ). Moreover,

= ji(c
B3 ows(c1) =wioag(cy) =wioji(c) =0.
Thus there exists ¢ € By such that fGa(c2) = ws(c1). We put
d=j_(c1 —azow;(c)).
Then
wy(c1 — agowy H(cz)) = ws(er) — Palc2) =0,
thus ¢; — ap o wy *(cg) belongs to the image of j3 and
71(8(d) — ¢) = azjaj—(c1 — az owy ' (e2)) — j-(c)
= (az(e1) = j—(¢)) —azoazo wy'(c2) =0.
Since j; is injective, 0(d) = c.

(iv) v is injective. Let ¢ € coker; and 7(c) = 0. We shall show that for
every b € B; such that m1(b) = ¢ there exists d € A; such that wq(d) = b.
We have

j—(ag 0wyt o Bi(b)) =~(c) =0
and
wa (a2 sz_l 0 1(b)) = B2 o ws sz_l 0 f1(b) = P20 P1(b) =0.

Hence ay o wgl o f1(b) = 0 and there exists ¢; € A; such that ay(c;) =
w5 ' o B1(b). Then

Bi1(b—wi(c1)) = (waoar —Prowr)(c1) =0.

Thus there exists co € Bz such that [5(c2) = b — wi(c1). Since ws is onto,
there exists ¢ € Az such that ws(c3) = ca. We put d = as(es) + ¢1. Then

w1(d) = wiaz(cz) +wiler) = Bs(e2) +wiler) =b.

This completes the proof of the first assertion of the lemma. The second
is a direct corollary of it.
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6. Exact triangles associated with algebraic curves. We remark
that from the assumption that the polynomial g(z) is square-free we know
that for a valuation v € P there are only three possibilities:

0 ifve AUB\{vx},
v(g) =11 ifveC\{v},
—degg ifv=1v.

Hence for all valuations v € P other than v, the induced morphisms of
exact triangles split as in Remark 1. To prove Theorems 2-4 one has to
choose a proper set of morphisms to obtain a diagram as in the Snake
Lemma.

Proof of Theorem 2. We consider the direct sum of the follow-
ing morphisms: the ones induced by the second residue homomorphisms
forve AUB\ {v1,v2}:

wE) W(K)
/s o 2 tr,
WEE)  faee YU @ Wi [
" x(v')=v B
W(F) R W (K)

W(F) B, W(K)
s . )
W) Jm» (k)
& N
W(F) — 0

and the morphism induced by both residue homomorphisms (as in Theo-
rem 1) for v;.

We obtain the following commutative diagram of homomorphisms of
W (K )-modules with vertical and horizontal lines exact:
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@ wk) = wr) Lwmppewk)e @ WK, —0

veC\{vy,v9} vEAUB\{vy,va}
bis L
ker — WFE) = @ WE)OWE) S B W(K)
x(v)=v1 x(v)#vy,v2
lS* ltI’
0 — W) 2 W(EKe)e WK s @ WK,) —0
v#V],v9
l (1,—9) l m!
. !
P WEK) L WE) SWE)eWE,)S P W) —0
veC\{vy,v9} veEAUB\{v1,v9}
! Lt L
ker W) S D W(K)eWE) e P WK
x(v)=v1 x(v)#v1,v9
ls* ltr
0 — W(F) S W(Ke)oW(Key)® @ WK, — —0
v#V],Vv9

where A (respectively A, Aw) is the direct sum of the second residue homo-
morphisms for v € P\ {va} (resp. v € P\ (C U {wva} \ {v1}), x(v) # v2)
and the first residue homomorphism for vy (resp. v1, x(v) = v1); and 7', tr
and m’ are compositions of the corresponding mappings of the second exact
triangles (the targets).

Since A is a group isomorphism the kernel of A’ is isomorphic to the
direct sum

b WK,
veC\{v1,v2}

and the homomorphism r is given by the restriction of the inverse mapping
of A to the subgroup

{ote & WK S {0}
veC\{v1,v2} veP\(CU{va}\{v1})

of the direct sum
W(Ky,,)® @ W(K,).
VF#V2
Obviously the direct sum of second residue homomorphisms
® o
veC\{v1,v2}

is a left inverse of r.

Proof of Theorem 3. We consider the direct sum of the following
morphisms: the ones induced by the second residue homomorphisms for
v € AU B; the ones shown in Remark 1 with i = 2 for v € C'\ {vs}; and
the one shown in Remark 1 with i = 1 for v = v.
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We obtain the following commutative diagram of homomorphisms of
W (K)-modules with exact lines:

@ wWkE,) -~ WwWFE L @ WE) — 0

veC l l UGAUBJ/
ker — W(F) & @ WK
vEP
ls* ltr
0 — WEF) S P WK, — 0
veEP
\L<1779> © lm/
O Wk, — WEFE = @ WK) — 0
vel l l . UEAUBl y
ke  — W(FED) 2 @ W(K)
veEP,
ls* ltr
0 — W(F) S OWE,) — 0
veP

where A (respectively A/, A) is the direct sum of the second residue homo-
morphisms for v € P, (resp. v € P\ C, v € P\ {vx} and the first residue
homomorphism for v, in the last case); and ¢/, tr and m’ are compositions
of the corresponding mappings of the second exact triangles (the targets).

Since A is a group isomorphism the kernel of A’ is isomorphic to
PB,cc W(K,), and r is the restriction of the inverse of A to the subgroup

WKe)e & WEK,)s & {0}
vEC\{voo } vEP\C

of
W(K,.)® @ W(Ky).

VH Voo

Obviously 9, _ @ Doccr (v 02 is a left inverse of r.

Proof of Theorem 4. We consider the direct sum of the follow-
ing morphisms: the ones induced by the second residue homomorphisms
for v € AU B\ {vg,vs0}; the ones shown in Remark 1 with ¢ = 2 for
v € C\ {vs}; the morphism induced by 97 +id (see Remark 2); and when
Vo 7 Voo (T€SP. Vg = Vo), the morphism induced by both residue homomor-
phisms (as in Theorem 1) for v, (resp. the one induced by the first residue
homomorphism for v = v).
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We obtain the following commutative diagram of homomorphisms of
W (K)-modules with exact lines:

D WK WE) D WK e WK e B WKL) — 0

veC\{voo } vEAUB\{voo }
1 Lae L
ker —WEFE) D B WE)eWE)NS P WK
X(v)=vo0 X(0)#v00
lS* ltr
0 e W(F) D W(Ke) @ W(Kueo)® @ W(K,) —0
VF#Vo
L (1,-g) L
B WK WE) 2 W(Ke) @W(Kox)® B W(Ks) — 0
veC\{voo} vEAUB\{voo}
! Lo L
ker L W(F[2]) 2 (W(K) e W(K,) & @ WKy
X(v)=vo0 X(0)#v00
is* ltr
0 s W(F) D W(Kus) @W(Keo) ® @ W(K,)  — 0
VFVoo

where A (respectively A/, A~) is the direct sum of the second residue ho-
momorphisms for v € P\ {vp} (resp. v € P\ (CU{w}), x(v) # vg), the
first residue homomorphism for v (resp. v and x(v) = vo) and 93 + id
(resp. 02 +id, D, (v)=vo (0% +1d)); and i, tr and m’ are compositions of
the corresponding mappings of the second exact triangles (the targets).
Since A is a group isomorphism the kernel of A’ is isomorphic to
Docc\fvy W(Ky), and 7 is the restriction of the inverse of A to the sub-
group
{0} D W(K,)® & {0}
vEC\{voo } veEP\(C\{vo})
of

W(K,._)® GEBPW(KU).

Obviously @vec'\ (0o} 02 is a left inverse of r.

7. Exact triangles associated with quadratic number fields. In
number theoretic case one cannot avoid characteristic two.

If ¢ = 1 mod 8 then the 2-adic valuation splits. Let v; and vy be its
extensions.

LEMMA 2. The following diagram is a morphism of exact triangles of
Witt groups:



w(Q)
s
W(Qlya)) l<17—g>
-
w(Q)

where tra(a, §) = a+ (.
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03
—2 W(Z2)
/trg
b B0y,
W(Zs) & W(Zs2) (1,1)=0
\EB id

Proof. We apply Proposition 1 for FF = Q and G = Q. Then we
observe that the ring residue homomorphism commutes with addition and
multiplication and take its second component.

If g =3 mod 4 or g =0 mod 2 then the extension v of the 2-adic valua-

tion is ramified.

LEMMA 3. The following diagram is a morphism of exact triangles of

Witt groups:

w@ W(Zs)
/5* . /id
W(Qlya) ju,—m O Wz j
7" \
waQ - — 0

Proof. Let N() denote the norm of an element of Q[,/g]:
N(a+by/g) = a® — bg.

The second residue homomorphism 92 may be described in the following

way:
02((c)) = B2((N(e)) = {(<)1> iEN(e) = 442+ 1),
Hence
020i* =0,

95 0 5.((a +by/g)) = 03((2b)(1, ~N(a +by/y)))

|

0 if N(a+by/g) =420+1),
(1) if N(a+by/g)=2-4F@20+1),

= 02({a+ by))

Note. We omit the case when the extension of the 2-adic valuation is
nonsplit and unramified (this happens when g = 5 mod 8).
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The proof of Theorem 5 is similar to that of Theorem 2. We consider
the direct sum of the following morphisms: the ones induced by the second
residue homomorphisms for all p-adic valuations; and the morphism induced
by the completion of the archimedean valuation on the field of rational
numbers Q, 7 : Q — R.

We obtain the following commutative diagram of homomorphisms of
Witt groups with exact lines:

®WE,) - WQ 2 WwWRe @ WE) — 0

peC peEAUB
! Lo L
ker — W(Q[y/9g)) 2 We P W(K,)  — coker
veEP,
ls* ltr
0 — WQ = WRe@WEF) — 0
peP
1 (1,-9) / Lm’
®WE,) > WQ S WRe @ WE) — 0
peC pEAUB
! L L
ker — W(Q[y/9g)) 2 We P W(K,) - — coker
vEP,
ls* ltr
0 — WQ = WRe®WEF) — 0
peP

where A (respectively A’ AN) is the direct sum of the second residue homo-
morphisms for p € P (resp. p € AU B, v € P,) and the homomorphism j*
(resp. j*, }), for g > 0 we have W = W(R)@® W(R) and j= Jji @ js, while
for g <0, W =W(C) and j= ja;and @', tr and m’ are compositions of the
corresponding mappings of the second exact triangles (the targets). Again,
the kernel of A’ is isomorphic to @, W(Fy), and r is the restriction of
the inverse of A to the subgroup

0o @ W(F,)e & {0}

peC pEAUB
of W(R) ® @,cp W(F,). Obviously @, 95 is a left inverse of 7.

peC “p
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