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The asymptotic distribution of the number of summands
in unrestricted A-partitions

by
D. V. LeEg (Nottingham)

By an unrestricted A-partition of n we mean a solution in non-negative
integers a; of

1) S ah =,
=1

where A = {A1, Ao, ...} is an infinite multiset of positive integers. Much work
has been done, see for example [5], on statistical aspects of the restricted
partitions with a; < 1, but little appears to be known about the distribution
of the number of summands in the solutions of (1) in the unrestricted case
beyond the theorem of Erdés and Lehner for the case A = N, which shows
in particular that if all solutions of (1) are equally likely, then the random

variable
2 1/2 oo
7r<3> ;ai/nlmlogn

converges in distribution to unity as n — oo. For further details, see [4].

In the paper of Loxton and Yeung [7], there is the following question
communicated to the authors by Erdds: “Does there exist f(c) such that
the number of partitions of n into squares in which the number of summands
is less than en?/3logn is asymptotic to f(c)pa(n)?” Here pa(n) is the total
number of partitions of n into squares.

As we shall see, the answer to this problem is

0, ¢c=0,

ra={1 20
and a more appropriate question is obtained by replacing cn?/?logn by
en?/3, when the corresponding f (¢) is continuous. We shall derive the equiv-
alent of f(c) for a wide range of sets A, including N and the set of squares.

We denote by P4(n) the number of solutions of (1), and let Ay be the
multiset consisting of A together with k& copies of unity. As a prerequisite
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for the proof of our theorem, we must have asymptotic formulae for P4(n)
and Py, (n) of a particular form; these are shown to exist, with certain
restrictions on A, by Meinardus in [8] and by Ingham, Auluck and Haselgrove
in [6] and [2]. The former result can also be found in Chapter 6 of [1]. We
state a suitable version of the latter result.

THEOREM (Ingham, Auluck, Haselgrove). Let A be a multiset as above.

Nn)= > 1

7

If

satisfies
N(n) = Aa"'n* + R(n),

where a, A >0 and, as u — o0,

f Rq(}v) dv =alogu+b+o(1),
0
and the elements of A have no non-trivial common factor, then
(2)  Pa(n) ~ {27(1 + )}~/ 2eb D~ (0-1/2) p=1/2+(a=1/2)/ (1)
x exp{(1 + 1/a)Mn®/(e+1}
as n — 0o, where
M = {A'(a 4+ 1)¢(a + 1)}/ (@D

If Meinardus’s theorem applies also, then the quantities A and « above
are equal to Meinardus’s A and «. Now we can state our theorem.

THEOREM. Suppose A = {A1,Aa,...}, A1 < Ao < ..., satisfies the con-
ditions of the theorem of Ingham et al. (or the conditions of Meinardus’s
theorem); suppose also that 1 € A or there is no \; such that A\{\;} has
all its elements divisible by a non-trivial common factor. Then if « =1 (so
that necessarily S" \; * diverges), we have

V2l S ) e
)\igizl/Q =

tends in distribution to one, and if 0 < o < 1 (so that Y. \;* converges),
then

M a0
i=1
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converges in distribution to the random wvariable with moment generating

function
o

[T —=z/x)7"
i=1
Hence if the \; are distinct, the limit distribution has distribution function

(3) F(z) :1—2{ H(1—Ai/xj)*1}e%w, ©>0),
R

provided the sum in (3) converges for x > 0.

Proof. We consider the auxiliary generating function

oo

g ()= H(l — o)7L

i=1

The coefficient of z,, in g (x) is

RIS

partitions i=1
Eai >\z =n

Let k£ be a fixed positive integer and let [1,ls,... be non-negative integers
with 37, 1; = k. Let

D =r(r=1)...(r=1+1), >0, r©®=1.
Then

> [l

partitions =1
Zai AZ =N

is the coefficient of z"™

v =11 (2 ) o @

=1

o0

IlahiA
H 1_1)\ I;+1 "

aj=az=...=1 z:l

Therefore we have

oo [e.e] oo
l;
> [ = (Hlﬂ)PA/ (n _ sz) ,
partitions =1 i=1 i=1
Zai)\i:n
where A’ is the multiset obtained from A by adjoining I; copies of \; for
each i. We cannot apply the theorems previously mentioned to obtain an
asymptotic formula for P4/ (n), since A" is not in general independent of n.
In order to progress, we must restrict the choice of the I; so that I; = 0 for
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all 7 such that
Ai > ng = n T Ju(n),

where w(n) — oo slowly; we shall determine the permissible rate of growth
of w(n) later. We now show that, under this restriction,

(4) PA/(n—iziAi) HA “Pa (n)(1+0(1),

where o(1) depends on the [; only through k. Observe that if jq, ..., ux are
positive integers and f(m) is a non-decreasing function of m, then

p1—1 pr—1

'S 3 (o Zu—zb>

=1 b1=0 br=0
k
Sf(m chm)
i=1
k pn1—1 pr—1 k k
<IInt X 30 (m = e+ b)),
i=1 1= bk =0 i=1 i=1

whence if f(m) =0 for m <0,

(5) f[u[l > f(m—ibi)

bi,..., b
m—Xb; >0

Clye.sCh
m—c;pu; >0
k k k
<[[w" > f<m+ZMi—Zbi>~
i=1 b1,...,bk i=1 i=1

By hypothesis and the result of Bateman and Erdés [3], Ps(m) is non-
decreasing for m sufficiently large, say m > d. Thus by (5), for m =
n— 221 l;\;, which satisfies m > n — kng ~ n, we have

ﬁ)\;“{ > Pa(m- f: bi) — O(m*)}

bi,.-.,bg
m—%b;>0
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< Z PA<m— Zk:ci)\ﬁ)
i=1

Cl;..-,Ck
mecz-Aji >0

o k
S 20 = =t

since there are O(m*~1) solutions of 0 < m—Zle b; < d in positive integers
bi,...,bx. Here \;,..., )\, are the elements A\; with multiplicity ;. Clearly,

Z Py (m — Zk:bz> = Py, (m)
br,.br i—1

and

so we deduce that

H)\ Py, (m)(1+0(1)) < Py (m)

<H)\ 1PAk<m+Zl/\> 1+ 0(1)),

because Py, (m) > Pj(m) and, by (2), log{Pa(m)/mF1} ~ (1 + 1/a)
x Mm®/(@+1) Tt is easily seen that the theorems of Ingham et al. and
Meinardus apply to Ag; for the former, N(n) corresponding to A becomes
N(n) + k for n > 1, and for the latter D(s) and g(7) corresponding to A
become D(s) + k and ¢g(7) + ke~ 7. We obtain in particular
PAk. (m + Z lz)\z) n71/2+(a71/2+k)/(a+1)

Py (m) - (n— 3 Lh)—1/2+(@=1/2)/(a+1)

X exp {(1 + a*I)M[nO‘/(O‘“) - (n - Zli)\i) a/(aﬂ)] } ;

and since
0o/ @) _ (n _ fng)e/e+d) o XK
a+1w(n) ’

we see that

(m—l—Zl A) Py, (m)(1+0(1)),
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where o(1) depends on the /; only through k. Now (4) follows from (6).

Hence
> T =TT (57 ) Pt +om,
partitions =1
Eai)\i:n
and

() o

<z ! >M Fpk/ (k) (1 4 o(1))

(7) E(ﬁa&»‘”)

)\l

Il
::18 i

by the theorem of Ingham et al. or Meinardus, where o(1) depends on the
l; only through k.

We now prove by induction on k that, provided I; = 0 for ¢ such that
>\i > Ny,

(8) E(ﬁd) :E(ﬁag“))(uou))
=1 i=1
as n — o0o. Let

_ B(TTa®) — B(TTa) .
E(il;[lal ) E(zl;[lal>

Then
o (e.0] )
©) R=>" > (ITen)E(T]ar).
d=1  j1,j2,-.- i=1 i=1
0<5:<l;
E(li—ji)=d

where cj, is the coefficient of 77¢ in the polynomial r(). Observe that
[1:2, ¢j; is bounded in terms of k, for

< (l - 1) (I — 1y <12
Ji—1

|Cji
3

for j; > 1, and so
oo
[ lei| < (maxi;)* < k.
=1

The claim (8) is trivial if £ = 0, so we assume that £ > 0 and that (8) holds
for all ji,jo,... with Y%, j; < k, j; < ;, when [; is replaced by j;. Then
by (7), (9) and the induction hypothesis,

w{e(I1)} |
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af T (e o

—v7
S(li—ji)=d

k

< A3 M/t 3T H{?Z,Aﬁ —al}

d=1 J1,g2;e-
E(ll—]l) d

. Agzn—dw{ Y

l>0

k
< A3 3 0O e 050 ()} = O(1fuo(n))
d=1

where Ay, As and A3z depend only on k.
Hence if I; = 0 for i with A; > no,

(10) (Ha )=H (LN )Mk 4 (14 0(1)),

where, again, o(1) depends on the /; only through k. We have

E{(iai/nl/(l+a))k}=E{ 3 ( " )ﬁagi/nk/uw)}

Il ...
15025
Y=k

= E{ 3 < F > f[ag/nk/(ua)}

l1,1lo,...
(0 1502,

+ zk:E{ 3 ( & ) f[lag/nk/(ua)}

= n li,la,...
= FE1 + Es,

say, where Z(d) denotes a sum over all [y, [y, ... such that Y [, = k and

Z l,=d.

(2
Ai>ng

We have by (10) that

(11) E, =kM™* Zﬁ)\;“(l +o(1

(0) i=1

35
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and since

{114

(0) i=1

<o 8 Hajm 2 of

l1,l2,... i
Sl =k—d Ai>ng
1;=0if X\; >no

o0
< 3 XM a0 00 g (1) (n/ D n)}
li,lo,... i=1
Yli=k—d
1;=0if X;>ng

k—d
< k:!( 3 1/)\i> MU= d) (= d (1)) /(1) 4y ()4 (1 4 o(1))

K
i <0

we have the bound

(12) Egg(k!)22< 3 1/)\i)k_d

d=1 7
Ai<ng

x M~k d)p=d(=a)/(te) 4, ()4 (1 4 o(1)) .

If « < 1, and so > 1/\; converges, we have E5 — 0 as n — oo provided
we choose w(n) so that w(n) = o(n=*)/(1+2))  Hence by (11),

T B (Miai/nl/(Ha))k} kY T = ki
=1

I1,la,... i=1
Sli=k

where 7, is the coefficient of z* in the power-series

oo

gle) =] —a/2)7",

i=1

and so if MY a;/n/(+) converges in distribution, g(z) is the moment
generating function of the limit distribution. Since (1 — z/A;)~! is the
moment generating function associated with the distribution function

(13) 1—eMN%  £>0,

the product

m

(14) [Ja—a/x)™"

i=1
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is the moment generating function of the sum of m independent random
variables with the distributions (13) for 1 < ¢ < m. Since the product
converges to a function continuous at zero, g(x) is a moment generating
function for a proper distribution function and M )" a;/ nt/(+9) converges
to this distribution. The necessary probability theory can be found in [9],
Chapter 6, especially Theorems 6.2 and 6.16. If the A\; are distinct, then the
partial fractions representation,

m

(15) [ —a/x)" Z{ TT = ri/r) }(1—:@/&)—1,
i=1 i=1  j=1
J#i

shows that the distribution associated with (14) is

m m

1=> T —=x/x) e, z>0.
i=1 j=1
i#i

This converges to

for z > 0, provided

hmsupH 11— X/ N7V <,

71— 00 —1
ki
and so the second part of the theorem is established.
If « =1, then by (11) for k =1,
—1
lim MEl{ 3 1//\,} —1,
Ai%ﬂo
and by (12) for k =1,
1 —1
lim MEz{ 3 1/)\Z-} < lim (M{ Y 1/)\2-} w(n)) ~0,
Aiﬁino M%no

provided w(n) grows sufficiently slowly that

dm fem/ 30 uap=o

(2
Xi<n'/? Jw(n)
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Similarly, for k = 2,

nllnéoMzEl{ Z 1/>\,-}72

)\iSZno
:nlin;o{2[ S+ Y 1/AZ-A]}/( 3 1/>\i)2}
/\iﬁino /\i,g\jéno Aiﬁino
= {[( 52 )+ 2]/ (2 ) -1
Ai%no Aiéino /\i%no
and
nleréoMzEg{ 3 1/)\i}72:nli_}rr;oO<w(n)/ 3 1/)\i> ~0.
N £no Ao
Hence, for
(16) Yn:M{ 3 l/Ai}_liai/nlm’
Aléno i=1
we have

lim FY,, =1 and lim varY,, =0,

n—oo n—oo

and so Y, converges in distribution to one. We have thus shown that
DRTEY
i
Ai<ng

is asymptotically independent of w(n) provided w(n) grows sufficiently slowly.
It follows that for any f(n) increasing to infinity and any wi(n) and wy(n)
tending to infinity sufficiently slowly compared to f(n),

> 1/ ~ > 1/
A< F(n)fwr (n) A< F(n) fws(n)

If we take f(n) = n'/?wi(n) and arrange that wo(n)/wi(n) — oo, we see
that we may replace ng in (16) by n!'/2. When we note that

M = {AT(2)¢(2)}'/? = {An®/6}'/2,
we have the first part of the theorem. m

ExaMPLES. (a) A = {1,2,3,...} = N. Meinardus’s theorem applies
with D(s) = ((s) and g(7) = e~ 7/(1—e~ 7). Ingham’s theorem applies with
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R(n) = [n] — n. In either case, we have &« = A =1 and

S /A~ (1/2)logn,
>\i S?RI/Z
whence the first part of our theorem gives the result of Erdés and Lehner.

(b) A a union of arithmetic progressions, A = {m € N:m = by, b,...,
or by mod k}, (by,ba,...,b;, k) = 1. Meinardus’s theorem applies with

l
= Z k=5¢(s, b /k)

and
l

g(r) =Y e T /(1—e*T).
i=1
Ingham’s theorem applies with
R(n) = U[n/k] —n/k} + cn,

where ¢,, of the b; belong to congruence classes modulo k with representatives
in the interval ([n/klk,n]. In either case we have a =1, A =[/k and

> /A~ (1/2k)logn,
)\iSi'll/2

whence by the first part of our theorem,
m(2k/31)/2(n'/? logn)~ Zal

converges in distribution to one.

(c) A the set of squares. Meinardus’s theorem applies with D(s) = ((2s)
and g(1) = >0, e’7. One way to see that g(r) satisfies the required
condition is as follows. If, as Meinardus, we put 7 = y + 2mwix, where y and
x are real, then for y > 0,

(17) g(y) —Reg(r) = Z e " Y(1 — cos(2mn’z))

n=1
[{log 2/y}"/?]

> N )2,

n=1 n=1
cos(2mn?z)<0 cos(2mn?x)<0

Nvgk

As was first shown by Weyl [10], if = is irrational the sequence (n’z),>1
is uniformly distributed modulo one, and so, given n > 0, the number of
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summands in (17) is at least (3 — n){log2/y}'/? for sufficiently small y.
Hence for z irrational,

(18) 9(y) —Reg(r) > 1(log2)!/2y~1/2

for small enough y. Finally, g(7) is continuous for y > 0, since in any
half-plane y > a > 0, the sum in the definition of g(7) converges uniformly.
Therefore (18) holds also for rational x, and we may take Meinardus’s € to

be 1/2.
Ingham’s theorem applies also, since we have R(n) = [n'/?] — n'/? and

u 1/2  1/2 1
lim {fv[v]dv2logu}

U— 00
] v

U /2 /2] - n_ (4D 1/2] 1

= Jim [ ; de—nhfgoZ f
1

n

= lim > {2—(2r +1)log(1 +1/r)} :nlggoZou/r?)

n—oo
r=1 r=1

exists. We have A = a = 1/2. Our theorem now says that
o0
M Z a;/n*?
i=1

converges in distribution to the distribution

F(a)=1- 1im S { L=/ e,
r=1 =1
o
and since
0 0 .9
1—7? j2 = T ! ]—
]Hl( 7 H (r—7) 7’+]) HH (7 =) +7)
J#T
L (r=1)2r (2r)! _
:_lTl(T :_1T1_2
(=1) (2r —1)! rl2 (=1) ’
we have
F(z) = Z (=1)" T 2 >0

By the result of Jacobi and Gauss, given for example on page 23 of [1],

o1 — e
m=1
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Hence if the factor logn is removed from his original question, Erdés’s dis-
tribution function f(c) satisfies

fle) =F(Mc),
where, since I'(3) = /T,
M = (VR
In particular the distribution given by f(c) has mean
Lad/3{4/¢(3)}¥3 =1.49...
and variance

0304 /¢(3)14/3 = 0.89...

(d) A the set of k-th powers, k > 2. By similar reasoning as in (c), the
theorems of Meinardus and Ingham apply. Note that for k > 2,

o] r—1 k [e’e] -k
_ . _ J _ J
—r kZIOg\l—rk/jk]:r k210g<rk_jk)+r k Z log(jk_rk>
j=1 j=1

= Jj=r+1
JFr

o k
§r_(k_1)k:logr+r_k E <.kr k>,
. VA A
1

j=r+

and for j > r, j¥71(j — 1) > r* whence

o0 o
—rF Z log|1 — ¥ /5% < r=*Dklogr + Z /51 =0
j=1

= J=r+1
G
as r — 0o. Hence
oo
Mzai/nk/(kJrl)
i=1
has a limit distribution of
1= {TIa =75 e, w0,
r=1  j=1
J#T

where
M = {k710(1 + 1/k)C(1 4 1/k) R/ D

By the Weierstrass product form for the reciprocal of the gamma function,
[T -/ = J] 1/ra - on),
o

=1
oF=1
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and so
[T -4/ = tim { T] 10— en)(1 - b/t
E« @"g=1
=k J[ ra-er lim (1 —/r) (1 — )

o"=1,0#1

o"=1,0#1
(_1)r—1
:Tk H r—or).
0
0" =1,0#1

In particular, for k¥ = 4 we have the distribution function

o0

4mr 4
1— -1 r—1 —rtx
Z( ) sinh(m")e
r=1
We remark that (15) leads to the identity
s = 4drr
1— 4\—1 — -1 r—1 1— 4\—1
T[T - o/ = S0 s =
when k£ = 4, and the identity
1 _ —1 — l 2 T 1 ’I" . 2\—1
[T0 /)" = lim Z o/r?)

when k& = 2. This last identity shows that ((2n) is a rational multiple of
¢(2)". As an example, comparison of the coefficients of 22 on either side
gives

St Y 1 =2) (-1t

r=1 1<r<s<oo r=1
which is equivalent to 1((2)? + £¢(4) = 2(1 — 2/2%)((4), whence ((4) =
2 ~(9)2
5C(2)%
5
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