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The Turan—Kubilius inequality for integers
free of large prime factors (II)

by

T1 Zuo XUAN (Beijing)

1. Introduction. An arithmetic function f(n) is said to be additive if
it satisfies f(ab) = f(a)+ f(b), whenever a and b are coprime integers. For
such a function we define

k
Az) = Z f(l';)

prF<z p

kY2
and B(z) = Z ‘f(gk”
pF<zx

The Turan—Kubilius inequality states that

Y If(n) = A@@)f < c1zB(x)

n<x

for some absolute constant c;, uniformly for all complex-valued additive
functions f(n) and real x > 2. (For the relevant literature on the Turdn—
Kubilius inequality, see Elliott [4]; in particular Chapter 4.)

Let P(n) denote the largest prime factor of n if n > 1, and P(1) = 1.
Let S(z,y) ={n |1 <n <z P(n) <y} In 1982, Alladi [1] obtained a
Turan—Kubilius inequality for integers n which have no large prime factors.
More specifically, he showed that the inequality is valid uniformly for all
strongly additive functions f(n) and n € S(z,y), where x, y satisfies x > 20,
and exp{(logz)?/?} < y < x. In [8], we further extended this range to
y > (logz)'*e.

In the present paper we derive a Turdn—Kubilius inequality for (general)
additive functions f(n), where n € S(z,y).

We require uniform asymptotic estimates for ¥(z,y), where

z,y)= Y, 1=I[Sxy)l.

n<z,P(n)<y
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Recently Hildebrand [5] showed that the asymptotic formula

11 @(z,y) :a:g(u){l-}—()(log(u_}—l))}’ _loga

logy ~logy’
holds uniformly in the range
(1.2) >3,  exp{(logyz)®?+t} <y <ux,

where ¢ > 0 is fixed, log,z = loglogz and the function p(u) is defined as
the continuous solution of the system

oluy=1 (0<u<l),
ug'(u) = —o(u—1)  (u>1).
For a smaller range, (1.1) has been established by de Bruijn [3].

More recently, Hildebrand and Tenenbaum [6] showed that the asymp-
totic formula

(1.3) W(x,y):a;%{lJrO(i)%—O(loiy)}

holds uniformly in the range x > y > 2, where

C(s,y) = H(l —p 57!, Res>0,

p<y
o(s,y) =log((s,y),
8k
d)k(say) = @qb(s,y) ) k> O)

and a = «a(x,y) is defined as the (unique) solution of the equation
(1.4) d1(a,y) +logz =0.
Let £ = £(u) denote the unique positive solution of
ef=ut+1  (u>1)
and £(u) =0 (0 < wu < 1). By the definition of £(u) we readily deduce that
&(u) =logu + logou + O(1).
Finally, we let

S
,Bzﬁ(ﬂf,y)zl—lo(gu;, Bk:ﬁ<pl];7y)a

We now state our main result.

log x
u = .
log y

THEOREM 1. For a complex-valued additive function f we define

k o k
09w T Lo

pF<z,p<ly
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and

kY|2 o k
@f(x’y): Z |f(p )‘ Q(U—lgp )

k
pF<z,p<ly pro(u) logy

Then for all such f and x, y satisfying

(1.6) >3, exp{(logz)/*}<y<ua,

we have uniformly

(1.7) > 1f(n) = Hy(z,y)]> < O(2,y)0f(x,y).
nesS(z,y)

In addition, there is wug > 1 such that for all u > ug, the < in (1.7)
can be replaced by

< (I1+0(1), asz — o0, if f >0,
— 1 (2+0(1)), as x — oo, for all other f.

In Theorem 1, we generalized the result of Alladi [1] to general additive
functions. From the examples in Section 6 we see that the generalization is
in a sense non-trivial.

From the proof of Theorem 1 in Section 3 we know that the exponent
1/2 in the lower bound of (1.6) is best possible.

The function H¢(x,y) in Theorem 1 can be replaced by

Hi(zy)= Y f") Q<u 1ngk>.

pro(u)“\"  logy

pk<z,p<y
In other words, we have the following

COROLLARY 1. For all complez-valued additive functions f(n) and x,y
satisfying (1.6) we have uniformly

> () = He(z,y)? < ¥(x,y)0(x,y).
nes(z,y)
The dual of the last inequality is

THEOREM 2. Let {a,} be any sequence of complex numbers. Then for
x, y satisfying (1.6) we have uniformly

log p*
pFo(u) \"" Togy ?
Z % Z an — % Z n
logp pFo(u)
pF<z o u — neS(z,y) neS(z,y)
P<y logy prln

<Ulry) 3 laal,

neS(z,y)

where pF|n means that p* divides n (p prime), but p*+1 does not.



332 T. Z. Xuan

We omit the proof of this result, which is almost the same as that of
Theorem 2 of Alladi [1].

As in [8] we shall further extend the range in Theorem 1. We now
introduce some notations. Let y be fixed and put a,, = a(y*,y) and

y e (o, y)
Qg y/ 27T¢2 (aua y)

for w > 1 and p*(u) =1 for 0 < wu < 1. Then formula (1.3) becomes

(1.9) U(z,y) :xg*(u)<1+0(i> +0<1°§y>>.

By part (ii) of Theorem 2 in [6], we see that

N 1 log(u+1
(1.10) 0" (u) = o(u) exp {O(u + gl(ogy) + uR6> } ,
where R, = exp{—(logy)3/°~¢} for 0 < e < 1/2.

(1.8) o (u) = 0" (y*,y) :==

THEOREM 3. For a complez-valued additive function, we define

k (6] k k
(111)  Hi(my) = > G Q*<u_1gp)(1_pa<w/p W)y,

k %
o, prer(u) logy
f (") ( 10gpk>
1.12 Or(x,y) = o lu——"—|.
(1.12) F (x,9) Z o (1) log 4
pF<z,p<y

Then for all such f and x, y satisfying

1
(1.13) T > T, (log x)2+5 <y <exp { ogT } ,

logyx
where € > 0 is fixed, we have uniformly
(1.14) > 1f(n) = Hf (z,9)]> < ¥(2,)6f (2,y).

nes(z,y)

Let

Ty = Y f*) Q*<u_10gp’“>.

k %
p"'Sw,pSyp o"(w) logy

COROLLARY 2. For all complez-valued additive functions f(n) and x,y
satisfying (1.13), we have uniformly

neS(z,y)
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2. Some lemmas. To prove Theorem 1 we need the following lemmas.

LEMMA 1. For u>1 and 0 <t < 1, we have uniformly

o(u— t) = o(u)et® (1 + o(i)) .

Proof. This is a slightly stronger form of [1, Lemma 3]; for the proof
see [7].

LEMMA 2. For u>1 and 0 <t < wu, we have uniformly
(2.1) o(u—1t) < o(u)e*™(1+O(u=13)).

Proof. By Lemmas 2 and 3 of [7], we have uniformly for v > 1 and
0<t<u?3,

22) o= = ot {tew - S+ T (1+0(L)).

By the definition of &(u) we have
P S 1
(2.3) g<u)_u£—u+1_u(1+0<§(u))> (u>1)

and
" _ _53(65(52*2£+2)*2)
(24) f (u) - (565 —ef + 1)3

__;2<1+o<§(1u) > (w>1),

which implies that &' (u) > 0 and £’ (u) < 0 for w > 1. From this and (2.2),
(2.1) follows for 0 < ¢ < u?/3.

We now turn our attention to the case u*3 <t < u — 1. By (3.9) of
Alladi [1] we have

(25) ofu) = 1/ £ r—uetr+1(ew) (1 Lo <1>> 7

2 U

where

This implies

2o LD (1o 1)) e eotruny.
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where
)
(2.7) F(u,t) = u(u) — (u—t)&(u —t) + ” dv .
£(u)
From (2.3) and (2.6) we have in the range considered
(2.8) ¢ (;‘(;)t> < Vuexp{F(u,t)}.
Thus to obtain (2.1) in the case u?/3 <t <wu—1, it suffices to show
(2.9) F(u,t) < t&(u) — 53¢ (u).
Let

Glu,t) = Flu, 1) — t(u) + 326 (u).
By (2.7), (2.3), (2.4) and the definition of £(u) we find that (92/9t?)G(u,t)
<0, (0/0t)G(u,t) < 0 and hence G(u,t) < 0 for ¢t > 0. Thus (2.9) follows.
Finally, we consider the case u — 1 <t < w. It is well known that

Q(U) — 6—u§(u)+u+0(u/ log u) )

This implies (2.1).
The proof of Lemma 2 is complete.

LEMMA 3. For u > ug (ug is a sufficiently large absolute constant),
0<t<s, s> %u, t + s < u, we have uniformly

(2.10) o(u)o(u —t —s) < p(u—t)o(u—s).
Proof Ift < /uand t+ s <u—1, from (2.2)-(2.4) we have

o(u—t) = o(u)e® (1 + o<t + t2>> .

u

Lemma 2 implies
o(u—t—s) < o(u—5)e*™) < o(u — s)e*™

From these two estimates, (2.10) follows for 0 < ¢ < /u.
Ift>uandt+s<u-—1, welet

P(u,t,5) = o(u)e(u —t —s)/(o(u—t)o(u — ).
By (2.5) and (2.3) we have
(2.11)  P(u,t,s)

B (1+0<u_1_8))ﬁiﬁﬁ)ﬂ?&iig exp{F(u,t,5)}

< wexp{F(u,t,s)},
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where
F(u,t,s)
= (u—1)§(u—1)+ (u—5)&(u—s) —uf(u) = (u—1t—s)§(u—1t—s)
§lu—t=s) o 4 §u=s) v _ 4
+ f dv — f ” dv .

cu—ty £(u)

Thus to obtain (2.10) in the case considered it suffices to show
(2.12) F(u,t,s) < e t€®)

Let G(A\) = F(u, M, As) + A\%ts€’(u), 0 < A < 1. We proceed as in the proof
of (2.9) to get G(A) < 0 for 0 < A < 1. From this, (2.12) follows.

Finally, we consider the case u — 1 < t+s < u. We put t; =t — a,
s1=s8—b,witha>0,b>0,anda+b=1. Then t; +s1 <u—1, and

olu—t) = o(u—t1), olu—s)=o(u—s1),
since p(u) is decreasing. By the above result in the case t + s < u — 1, we
obtain
o(u)o(u —t1 — s1)
o(u—t1)o(u — 1)
The proof of Lemma 3 is now complete.

< 1.

P(u,t,s) <

Remark. Foru > ug, 0 <t <s< %u, by Lemma 4 of [1], we have

o(wo(u —t—s) < o(u—t)o(u—s).

If 1 <u < g, we have o(u — t)/o(u) > 1, since o(u) is decreasing, and
o(u—t—s)/o(u—s) <1, by Lemma 2. So we have p(u)o(u —t — s) <
o(u —t)o(u — s) in the ranges considered.

Collecting the above estimates yields
o(w)o(u—t—s) < p(u—t)o(u—s) foru>1,t>0,s>0andt+s<u.

Let

Hiz,y) = Z kl Q<u_logpk>.

<, Pre) logy
LEMMA 4. For x, y satisfying (1.6) we have uniformly
(2.13) H(z,y) = li(ué(u)) —logyu + logyy + O(1) .
Proof. By Theorem 3 of [1] we have

! —logp>:1' ~1 1 o
gmu)@(“ 2P ) — i(ug(w)) ~ logyu + logy + O(1).
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By Lemma 2 we get
k
Z - 1 Q<u _ logp ) < Z %g(logp)&(u)/logy < 1.
pF<z,p<y,k>2 pre(u) logy p<y ’
Thus (2.13) follows.

LEMMA 5. For any fized positive integer a and x, y satisfying (1.6) we
have uniformly

(2.14) Z 1g<u logp’“><logpk>a<<u'

. _
i, Pre(w) logy / \ logy

Proof. By Lemma 2 and the prime number theorem, the left-hand side
of (2.14) is

< Z le(logp)é(u)/logy <10gp>

p<y p logy

Yy a
< [ ctos2)ct/1os <10g Z> dz
2

logy ) zlogz

&(u)
f w1 dw < u,
nlog 2

1
§(u)?

<

where n = £(u)/logy.
LEMMA 6. For z, y satisfying (1.6) we have uniformly

/ k oo pF
(2.15) Z p{“(;u))g<u _ logp > < \/6f(z,y) (logz) ™3

logy

where Z/ denotes a sum over integers p, k with the restrictions p* < x,
p <y and k> (logz)/(3logp).

Proof. Applying the Cauchy—Schwarz inequality, the left-hand side of

(2.15) is
< @f(x,y){zllg<u logp’“>}1/2.

pro(u)“\"  logy

By Lemma 2, the last sum is
< Zp—koeko(logp)ﬁ(w/logy < (logz)™3,
p<y
where kg = [logz/(3logp)]. This provides the desired estimate.

LEMMA 7. For x, y satisfying (1.6) we have uniformly

" k l 1 k 1 l
1g) 3" L) (R TR 0y toga)
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where Z” denotes a sum over integers p, q, k, | with the restrictions p*q' <
z,p<y,q<y, and k > (logz)/(3logp) (or I = (logx)/(3logq)).

Proof. By Lemmas 3 and 6, the left-hand side of (2.16) is

< Hy(z,y)\/O5(x,y) (logz) ™"

The Cauchy—Schwarz inequality and Lemma 4 give
(2.17) Hy(z,y) < /6 (2, y)(u +logyy) ,

which completes the proof of Lemma 7.

3. Proofs of Theorem 1 and Corollary 1. We may suppose without
loss of generality that f > 0. If f is any real-valued additive function, we
define an additive function f;(n), j = 1,2 by

A" = {f@’“) if £(p*) > 0,

0 otherwise,

N A k
folph) = { fh) i FR) <0,

0 otherwise.

Then we have

(f(n) = Hy(z,y))* < 2(f1(n) = Hy, (2,9))* + 2(f2(n) — Hp, (2, y))?

and so the desired estimate for f follows from that for f; and fs. Similarly
if f is complex-valued, we obtain the result by breaking it into its real and
imaginary parts.

By the additivity of f(n), (1.1) and Lemma 1 we have

sy X sw- ¥ seh{e(Ge)-v())

neS(z,y) p*<z,p<y

= W(z,y)Hy(z,y) <1 + O(%))
+O(R1) + O(Ry),

k k
=Wy Y f(p)g(u log p )WGSSD

A _
ek P o(u) logy

k o k
Ry = U(z,y) Z ];(p ) Q<u log p )p_’g’“

o
p*<z,p<y,k>ko 8Y

where

(ko = [log z/(3logp)]). Applying the Cauchy—Schwarz inequality we get
(3-2) Ry < ¥(2,y)/6y(x,y) (logz) "



338 T. Z. Xuan

By Lemma 6 we have

(3.3) Ry < ¥(2,y)\/Of(x,y) (logz) .
From (3.1)—(3.3), (2.17) and (1. ) we further have
(34) We= ) {f(n) = Hy(wy)}?
neS(z,y)
= > P -2Hwy) > [0
neS(z,y) nesS(z,y)

+ (x, y)Hf(x y)2
= Y fn) - ¥(z,y) H(x,y)?

n€S(z,y)
+ O(¥(x,y)Of(x,y)(logz) ™).
We also have

63 X rPms X sera]e( ) v

neS(z,y) pFel<z

p<y,q<
x x
_lp<pkql+1’y) +Lp<pk+1ql+1’y>}
9 K x T
% o))
k<w,p<y
Put logp*/logy =t, logq'/logy = s,

Bla/p*y) =B, Bla/dy) =0, B/0d),y) = Bu.
By (1.1), and Lemmas 1 and 7 we obtain

86 W= 3 IO oy g
ol

( Wy fp fotw) 24T
pim—

+ 0 (z,y)0f(z,y)(logx)~%)
=W, +O(R3)+O(E), say,
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where Y°° denotes a sum over integers p, q, k, [ with the restrictions p <y,
q <y, k<logz/(3logp) and | < logz/(3logq).
We first consider the case u > ug. By Lemma 4 of [1] we get

3.7) W<z Z f(p o ) o(u —t)o(u — s)

o(u)?
* k Holu—t)o(u—s
O(u‘/(x,y)z f(Ppggl(Q)Q( Q()f)(Q )

X((p—ﬁk _ p—ﬂkz) + (q_/Bl _ q—ﬂkz))>

< W(z,y)Hy(2,y)*(1 + O(log(u + 1)/ logy)) + O(R4) ,  say.
It is easy to prove that

slo
p—ﬁk _p—ﬁkl < p—ﬁk< gp) .

ulogy
From this, applying the Cauchy—Schwarz inequality and Lemma 5 we have

(3.8) Ry < ¥(z,y)(logx) "' \/Of(2,y) - \/uBs(z,y) < E.
Similarly, we have

(3.9) Ry < ¥(z,y)(logx) " Hy(x,y) - /Os(z,y) < E.
From (3.6)—(3.9) and (2.17) we obtain

(3.10) Wi < ¥(w,y)Hy(2,y)* + O(E),

where E is defined as in (3.6).
We next turn to Wa. In view of (1.1) and (1.6), we get

(311) Wa < > A" <ky>

pk<z,p<y

f2(*) log p* log(u +1)
=¥ y)pk<mp<yp o(u )Q(u_ logy > <1 +O< logy >>
= ¥(z,y)6s(z,y) + O(E).
Collecting (3.4), (3.5), (3.10) and (3.11) yields
(3.12) W < ¥(z,y)6;(2,y)(1 + O((log z) 7)) .

Now we turn our attention to the case u < wug. From the remark of
Lemma 3, we have

o(u)o(u —t —s) < o(u —t)o(u —s).
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By the same argument as before, we have
W < ¥ (z,y)0f(x,y) .
The proof of Theorem 1 is now complete.

Remark. In (3.4) there is an error term O(¥(z,y)Of(x,y)(u + log,y)
X (log(u+1)/logy)), where the factor O(log(u+1)/logy) comes from the er-
ror term in (1.1), which is best possible. From this we see that the exponent
1/2 in lower bound (1.6) is best possible.

Proof of Corollary 1. We may suppose without loss of generality
that f > 0. We have

where
_ f*) logp*\ 5,
o A= pkg%sy Pk@(ﬂ)'g(u ~ logy )p "

By (3.1)-(3.3) and (3.14) we have
1
> s = (140D ) ) A,
neS(z,y)
As for W of (3.4) we obtain similarly
(3.15) W:= > {f(n)- H(z,y)}’

neS(z,y)

= Y fA(n)-¥(z,y)H(z,y)’

nesS(z,y)
+ 20 (2, y) Hy (2,y) Az, y) + O(¥ (2, y)0f (z, y)(log z) ) .
In view of (3.5), (3.10), (3.11) and (3.13) we have

(3.16) > f*(n)

neS(z,y)
< U(w,y)Hy(x,y)* — 20 (2, y) Hy (x,y) Az, y)
0w, y) Al y)? + ¥, )65 (2,y)(1 + O((log ) ~9))
Applying the Cauchy—Schwarz inequality we have

1 log p*
(3.17) Alz,y)® <6s(w,y) > — Q(u— oLP >p‘2ﬁk-

o, P o(u) logy

Denoting by X' the sum on the right-hand side of (3.17) we may write
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(3.18) L= > + > + >

p<Y,k<E(u) pF<zp<Yk>E(u)  pF<z,Y <p<ly
=X+ 2+ 23, say,

where Y = exp +/logy. By Lemma 2 we have

(319) 2 < Z k1+2€(k+2)(logp)§(u)/logy<1 4 0(11/3))
p<vk<e( P u

=1 1
<2 s (1+0(n))
p k=1

=Co(1+O0(u™?), say,

where } denotes a sum taken over all prime numbers.
It is easy to prove that

Yo+ Yy <ut.
From this and (3.17)—(3.19) we obtain
(3.20) A, 5)? < Co(1+ O(u=/%)8y(z,y) .
Combining (3.15), (3.16) and (3.20) completes the proof of Corollary 1.

Remark. For strongly additive functions, Alladi [1] obtained a Turan-
Kubilius inequality for S(z,y). The result can be deduced from Theorem 1,
the argument is almost the same as that of Corollary 1.

4. Preliminaries to the proof of Theorem 3. In order to prove
Theorem 3, we need some lemmas.

LEMMA 8. For x >y > 2 and 1 <d <y we have uniformly

11
W(fl y> = U(z,y)d V) (1 + O< + Ogy>> .
u' oy

Proof. See [6, Theorem 3.

LEMMA 9. For v >2,0<t <wu, y >y and y > u't® where yo is a
sufficiently large absolute constant, and € > 0 is fixed, we have uniformly

0" (u—1) < 0" (u) exp{t(l — ) log y} -
Proof. We first consider the case t < u — 1. By (1.8) we have

6 I s e S )

where

(4.2) F*(u,t) := (uay—t — uay, — tay—¢ +t)logy + d(ay—t,y) — d(aw,y) .
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From (1.4) we have

(4.3) o1(ay,y) +ulogy =0.
Differentiating (4.3) with respect to u and using Lemma 4 of [6] then yields
(4.4) o, = —logy /2 (0w, y) <0,

hence «, in decreasing, so that a,,/a,—¢ < 1. By Lemma 4 of [6] we have

$2( s y) /P2 (u—1,y) < U?(u,t),
where U(u,t) = 1 if |t| < u/2, and = \/u, otherwise. From this and (4.1)
we get
o (u—1t)/0"(u) < U(u,t)exp{ F*(u,t)}.

By (7.19) of [6] and (4.4) we have
()

log y
where R. = exp{(—logy)3/°~<}.

Therefore to prove the lemma for ¢ < u — 1, it suffices to show

(4.6) F*(u,t) <t(1—ay)logy + 3t%allogy  (0<t<u-—1).

By the same argument as in the proof of (2.9), and using Lemma 4 of [6],
(4.6) is derived.
Ifu—1<t<w,by (7.8) of [6] and (1.10) we have

0" (u) exp{t(1l — aw)logy} = o" (u) exp{(u — 1){(u) + O(uR:)}
> exp{u+0<1ogu> +O<bgl(sgl)+uRe>} > 1.

This completes the proof of Lemma 9.

LEMMA 10. For u > ug, t > 0,5 >0, t+s<u—1, and y > u** (¢ > 0
is fized), we have uniformly
0" (u)o"(u—1t—s) <14 O(min(t, 8)> ‘
o (u—t)o*(u—s) u
Proof. Denoting the left-hand side of the above formula by Q(u,t,s),
we have by (1.8),

(4.5) a, = (1+ O(R. + (ulogy)™)),

(4.7) Q(u,t,s) =

where
(4.8) R(u,t,s) =uoylogy + (u —t — s)oy——slogy
— (u—t)ay—tlogy — (u— s)ay,—slogy
+ ¢, y) + ¢(u—i—s,y) = dlau—t,y) = dlu—s,y).-
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It is easy to prove that

(4.9) R(u,t,s) < tsal, logy
and
(4.10) Oyt Qs — Oy Oty—p—s < 0.

We also have o), _, < o, < 0, and hence o, /a),_, < 1. From this, (4.7),
(4.9) and (4.10), we obtain

(4.11) Q(u,t,s) < \Jal,_,_./al,_,exp{tsal, logy}.

Next we will give a relatively sharp estimate for Q(u,t,s). We may
suppose without loss of generality that ¢ > s.

Let
D:={(ts)|[t>s>0,t+s<u—1},
Dy :={(t,s) [t >s,ts>u'3t +5s<u—1},
Dy = {(t,s) |t >s>0,ts <u'/®t < 6u/T},
D3 :={(t,s) | s >0,ts <u*? 6u/T <t<u—1-s},

where u > ug. It is obvious that D = D7 U Dy U Ds.
In the case (t,s) € Dy, we have \/a!,_, . /ol _, < \/u by (6.6) of [6].
From this, (4.11), (4.5) and (2.3) we get

(4.12) Q(u,t,s) < Vuexp{—3u'/3} <u™* for (t,s) € Dy .

In the case (t,s) € Da, by Taylor’s formula, we have /ol _,_./al,_, =
1+ O(s/u). From this and (4.11) we have

(4.13) Qu,t,s) <14+ O0(s/u) for (t,s) € Dy.

Finally, in the case (t,s) € Ds, we have o logy < —Tu/8 by (4.5).
Noting that ¢t > 6u/7, it then follows that

(4.14)  Q(u,t,s) < VEu—t—s)/&(u—t)e /M5 = N(s), say.

Differentiating the above equation, we find

/ —e~(3/4)s 7 3.

N'(s) = N R <§ (u—t—s)+§§ (u—t—s)).
If we assume for the moment that

(4.15) &'(u)+al’'(u) >0 foru>1, a>4/3,

then it follows that N'(s) < 0 for s > 0, hence N(s) < N(0) = 1. From this
and (4.14) we obtain

(4.16) Q(u,t,s) <1 for (t,s) € D3,

and hence the assertion of Lemma 10.
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It remains to prove the inequality (4.15). By (2.3), (2.4) and definition
of £(u) we find

1" / L(g)
§"(u) +a&'(u) = et — )P’ say ,

where

L(§) = e®*(a&? — 2a€ + a) + e5(—€3 4+ 26% + 2a€ — 26 — 2a) + 26 +a.
We also have £(e$ — u) = (€e® — €5 + 1) > 0 for € > 0. To obtain (4.15) it
therefore suffices to show
(4.17) L) >0 forg>0.
A simple calculation gives

LMWE) >0 foré=0, n=0,1,2,
dn
dg—n(L"(f)e’g) >0 foré=0,n=1,23,
d—g(L"(ﬁ)e{) = % (4a€? + 32a€ + 46a) >0  for £ >0.
These inequalities imply (4.17), and hence (4.15). Combining (4.12), (4.13)
and (4.16) completes the proof of Lemma 10.

Let
1 log p*
H*(z,y) = Z — g*<u— .
i, P (W) logy
LEMMA 11. For z, y satisfying
(4.18) T > xo, (log gc)2+E <y<uz,

we have uniformly

U
H*(z,y) = u+logyy + O (bgu) + O(uexp{—(logy)>/°~¢}).
Proof. We may write

H*(Lt,y): Z + Z =21+ 2.

p<y,k=1 pk<lzp<y,k>2

SHPY Y, v

By the same argument as in [1], we have
_ u _ 3/5—¢
Y1 =u+logyy+ O oz + O(uexp{—(logy) H.

By Lemma 9 we obtain

PINS Z p—kau < Zp—2au ]

pF<z,p<y,k>2 p<y
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By (7.8) of [6] we have 1 — a,, < 1/(2 4 ¢/2), for z, y satisfying (4.18) and
xq sufficiently large. This implies Xy < 1.
This completes the proof of Lemma 11.

Moreover, we also need the following results, which can be established
in the same way as Lemma 11.

LEMMA 12. For x, y satisfying (4.18) we have uniformly

1 log p* log p*\ “
Xp = w—
4 2 AON (u 10gy>(10gy s

pk<z,p<y

where a is any fized positive integer.
LEMMA 13. For x, y satisfying (4.18) we have uniformly

' 1 . log p* _3
Xp = Z 0 (u— gy < (logx)™7,

k x
p’“Sw,pSyJDkop 0*(u)

where ko is defined as in Lemma 6.

5. Proofs of Theorem 3 and Corollary 2. The proof of Theorem 3
is somewhat similar to the proof of Theorem 1. We may suppose without
loss of generality that f > 0. By (1.9) and Lemma 8 we have

(5.1) > f(n) =W(z,y)Hf (z,y) + O(Rs),
nes(z,y)
where
k 1 k 1 k -1
Rs = ¥(x,y) Z {(f ) 0" (u— o8P )(u— D8P 1> .
L= pher(u) logy logy
pF<z,p<y

Applying the Cauchy—Schwarz inequality and then using Lemmas 11 and 13
and (1.13) yields

(5.2) Rs < W(x,y)\/6f (x,y) {u"H*(x,y)"/* + (£p)"/?}
<L VU(x,y )\/m.
Similarly,
(5.3) Hf (z,y) < /uOf(z,y).
By (5.1)—(5.3) we further have
(54) W= Y {f(n) - Hf (z,y)}’

nes(z,y)

= > Fn) = U(z,y)Hf (x,y)* + OW(x,)6f (z,y)) .

neS(z,y)
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For fixed y, put logp*/logy = t, logq'/logy = s, alz/p*,y) = au_y,
a(z/qdy) = au_s, alz/(p*¢'),y) = au_t—s. By (1.9) and Lemma 8 we have

(5.5) > P <wi+wg,
neS(z,y)

where

Wi =) Y O gt = )1 =)

p q <ac
P<y,q<y

X (1—q¢ “t=)1+0(u—-t—s+1)"1)

e 5 Anfel(e) (i)}

pk<z,p<y

and

Since

(1 _ p_auftfs)(]_ _ q_auftf‘s)
=(l-p ™) (L—qg ™= )+O0(p "t —p * =)+ 0(q " —q "),

by Lemma 10 we have

(5.6) Wi < W(x,y)Hf (z,y)? + O(Rs) + O(Rzr) + O(Rs),
where
pp<13,q<y
Ry =¥(z,y) ;l; ZJ: b Q)f(( ))Q*(u =)o (u—s)(p~ ™" —p M),
p<y,q<y
(@ f(p ) ot (1 — s <s)
Ba=tew) 3 gt 0@y ).
p<y q<y

Applying the Cauchy—Schwarz inequality, and then using Lemmas 11
and 13 and (1.13) yields

(5.7)  Re < ¥(2,9)0f (x,y)(Hf (x,y)*u? + Hf (z,y)(Zp))"/?
<L Y(z,y)0f (z,y) .-
It is easy to prove that

S S
p_au—t — p_au—t—s << p_au—t <> << —.
u u
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Hence R; < Rg. Applying the Cauchy—Schwarz inequality and then using
Lemmas 11 and 12 we have

(5.8)  Rs < W(x,y)0f (x,y)(u > H* (2,9)(£a)"/? < ¥(2,9)6f ().
Obviously,

(5.9) W3 < ¥(2,y)0f (z,y) .-
Collecting (5.5)—(5.9) yields
(5.10) Y. fAn) <) Hf (2,9)° + O (x,9)6] (x,y)).
nes(z,y)

From this and (5.4), the proof of Theorem 3 is now complete.

Proof of Corollary 2. We may suppose without loss of generality
that f > 0. We have
(5.11) Hf(z,y) = 17]’5(37, y) — A" (z,y),

where

k k
A*(CE,y) _ Z f(p ) Q* (U - Ing >p—oc(a:/pk,y) )

L= PR (u) logy
pT=x,pxy

By (5.1), (5.2) and (5. 11) we have

(512) > {f(n) — Hf(z,y)}’

nes(z,y)

nesS(z,y)
+ O (2, )0} (x,y)) -
Now (5.10) and (5.11) imply
(5.13) > fAn) < W(z,y)Hf(x,y)? — 20(x,y)Hf (v,y) A" (2, y)
neS(z,y)
+ (2, y) A" (2,y)* + O(F(z,9)6f (z,y)) -
Applying the Cauchy—Schwarz inequality and Lemma 9 we obtain
* * 1 * —2«
Az, y)? < Of(zy) Y. (u— t)p~ 2t

0
k %
p’“Sw,pSyp o ()

y 1 _
< @f (z,y) Z k+2p(k+2)(1 o)

p*<z,p<y

(7.8) of [6] implies the last sum is < 1, for z, y satisfying (4.18) and ¢
sufficiently large, hence

(5.14) A (z,y) < OF(2,9) -
Combining (5.12)—(5.14) completes the proof of Corollary 2.
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6. Examples. Let
Bn)=>Y_p, Bm)=> ap, Biln)=Y_ p",
pln p*[In p*lIn

where p®||n means that p® divides n (p prime), but p®*! does not.
The functions §(n), B(n) and B;(n) are additive, and they are in a sense
“large” (the average order is 72n/(6logn), see [2]).

PROPOSITION 1. For z, y satisfying (1.6) we have uniformly

s

bata.) = 1) (1+0( 1)),

where 1y (z,y) and 6¢(x,y) are defined as in [1].

and

PROPOSITION 2. For x, y satisfying (1.6) we have uniformly

Hp(x,y) =1li(yet™) (1 O <1>>

u

Op(z,y) = li(y*es™) <1 +0 <1>> :

and

U

where Hy(z,y) and Of(x,y) are defined as in Section 1.

PROPOSITION 3. For x, y satisfying (1.6) we have uniformly

(is))

(6.1)  Hp, (z,y) = zglozy (1 n
1 ylul+1

(62) O (z,y) = Q(u){([u] +1)logy

L (] +1)y“+“/<[“]+1>}(1+0< 1 >)
([u] +2)ulogy logy
where [z] denotes the greatest integer not exceeding the real number x, and
c(u) =D 1 <p<pu 0w — k), and 1 < c(u) < 3.
Remarks. (i) It is easily seen that for 1 < u < (logy)!~*,

ns(y",y) ~ Hp(y",y) asy— oo,
Os(y",y) ~Op(y*,y) asy— oo,

and that for 2 < u < (logy)'~ and y > yo (yo is a sufficiently large
constant),

Hp (y",y) > coHp(y",y) (c>1)
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and

O, (y",y) >y *Op(y".y).
From this we see that the generalization obtained in Theorem 1 is in a sense
non-trivial.

(ii) We emphasize that in the classical case y = z,
ng(x,z) ~ Hg(x,z) ~ Hp, (z,z) asz — oo
and
05(z,z) ~ Op(z,x) ~ Op, (z,z) asx— 0.

We will only prove Proposition 3; the proofs of Propositions 1 and 2 are
similar but simpler.

Proof of Proposition 3. By the definition of Hy(z,y), we have
— 1 log p*
HB1(x7y):{ Z ZQ<U_
g(u) 1<k<u p<y logy
log p*
D SR D O

[ul+1<k<logz/log2 p<zl/k

1
= () 3 .
g(u)( 1+ X9), say

Partial summation and the prime number theorem yield

klo ; klogz\ dz 1
(6.3) ZQ u— 08P :fg u— 208 1+0
logy logy ) logz log y
p<y 2
y
k1 k d
oSl o )
5 logy )|logy =z
:Il+0(12), say .
In the first integral we make the change of variable w = log z/logy and
obtain
1
dw 1
I = fg(u—k:w)y“’<1+0< )),
K w log y
where 6 = log2/logy. Now let us apply integration by parts in such a

manner that y* is chosen as the factor to be integrated, which results in the
appearance of a factor 1/logy. By routine calculations we obtain

h=ou—kt)—2(14+0(-L)) +ofkelezk=1 ),
log y log y u—k+1 log“y
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and similarly,
Y k

I <
2 longu—k‘—i-lQ

(u—k—-1) (E<u-1).

This implies that

iy 5 e o(ovo(i)

1<k<u

To estimate X5, we apply again partial summation and the prime number
theorem to obtain

klogp kal/k k2zl/k
Z ol u— < + ,
log y logz  logzlogy

p<zl/k

so that

This provides the required estimate. Also

clw)= Y olu—k)

1<k<[u]
<14 0(1)+0(2) + ...+ olfu] - 1)

<1+ fg(u)du:1+67<3.
0

It remains to prove the estimate (6.2). We write

1 log p*
@B1($7y):{ Z Zpkg<u_
Q(u) 1<k<u p<y logy
log p*
k —
i Z Z P Q(u logy >}
[u]+1<k<logz/log2 p<al/k

1
= —(2 2 .
Q(U)( 3+ 4)7 say

Partial summation and the prime number theorem yield

klogp
4 k —
G4 2 p Q(u logy )

Py
logy
k d 1
N N A L (TS )
logy ) w log“y

log 2




Turan—Kubilius inequality 351

Using integration by parts we deduce that the right-hand side of (6.4) is
equal to
yk+1

1
— —-k(1+0
(k+1)logy9(u )< <log2y)>
logy  (k+1)w k d
e w w
+O( f k+1 Q<u_logy>w2>

log 2
logy  (k+1)w
e kw k  dw
O " w— — .
" < f ¢ <u 10gy> logy w>
< ( Y so(u—k).

k+1
klogy)
By the definition of p(u), the second error term can be bounded, for k < wu,
by

log 2

The first error term is of order
k41

k g(u _ /-C) logy elk+Dw g, yk—i-l

< L.
1ogyu—k+llog2 E+1 w klog™y

23:m<1+0<10;y)>-

Moreover, we may deduce in the same way as before

L (k1) /k 1
me Y e (vo(in)
1<k Siog o/ log 2 (& T 1) 108 ogx
~([u] + 1)z (2 (D) o 1
- ([u] +2)logx log x )
Thus the proof of (6.2) is complete.

Thus, we obtain
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