ANNALES
POLONICI MATHEMATICI
LVIIIL.1 (1993)

Some subclasses of close-to-convex functions

by AbAM LECKO (Rzeszéw)

Abstract. For a € [0,1] and 8 € (—m/2,7/2) we introduce the classes Cg(a) defined
as follows: a function f regular in U = {z : |z| < 1} of the form f(z) =z + Zzozl anz",
z € U, belongs to the class Cg(a) if Re{e??(1 — a?22)f'(2)} > 0 for z € U. Estimates
of the coefficients, distortion theorems and other properties of functions in Cg(a) are
examined.

1. Denote by U = {z € C : |z| < 1} the unit disk in the complex plane C.
Let P denote the class of functions p of the form p(z) = 1+p1z+p222+...,
z € U, which are regular in U and have a positive real part. Denote by {2
the class of functions w regular in U such that w(0) = 0 and |w(z)| < 1 for
z € U. A regular function f in U is called subordinate to a regular function
F in U if there exists a function w € {2 such that f(z) = F(w(z)), z € U.
We write then f < F or f(z) < F(2),z€ U.

DEFINITION 1.1. A function f of the form

(1.1) f(2)=z+a2® +.. . da2"+..., z€U,
regular in U belongs to the class Cg(a), a € C, § € (—7/2,7/2), if
(1.2) Re{e®®(1 — a?2%)f'(2)} >0, z€U.

We also set

Cla) = U Gse).
pe(-m/2,7/2)

If @ = |ale?, § € [0,27), and f € Cs(a), B € (—7/2,7/2), then the
function g(z) = e~ f(e'2), €U, belongs to Cs(|a|). Thus we may assume
that « is real. By (1.2) it is sufficient to take « from the interval [0, 1] because
the assumption |a| > 1 implies that Cg(a) = 0 for all § € (—m/2,7/2).
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Hengartner and Schober [4] established that the inequality

(1.3) Re{(1-23f'(2)} >0, z€U,
characterizes the class of univalent functions f of the form
fR)=az+a®+...4a2"+..., a1 €C, |a|=1, z€U,

with the normalization

liminf Re f(z) = inf Re f(2), limsupRe f(z) = sup Re f(z)

z——1 zeU z—1 zeU
which map U onto domains convex in the direction of the imaginary axis.
This class was denoted by C'V5(i). The condition (1.3) implies that Re f/(0)
= Reay > 0.

Following the definition of a-spiral functions (Spaéek [10]) and functions
close-to-convex with argument 5 (Goodman and Saff [3]) we introduce in
(1.3) the factor e’ = f/(0). Therefore for 8 € (—n/2,7/2) we distinguish
the class $-CV5(i) of functions f of the form (1.1) regular in U defined by
the inequality
(1.4) Re{e®(1 —22)f'(2)} >0, z€U.

Thus for o = 1 and fixed § € (—7/2,7/2) we have Cg(1) = 5-CVa(7).

Of course, if f € B-CVa(i), B € (—7/2,7/2), then the function g(z) =
e f(z), z € U, belongs to 0‘72(2) Conversely, if f € C’%(i), then there
exists 3 € (—m/2,m/2) such that the function g(z) = e~ f(2), z € U,
belongs to S-CV5(i).

For o = 0, (1.2) yields a univalence condition found independently by

Noshiro [9] and Warschawski [12]. The class of functions that satisfy this
condition:

(1.5) Re{ef'(2)} >0, =z2€U,
is usually denoted by P’(() and the functions are called of bounded rotation

with argument J.
Notice that (1.2) can be written as

Re{a?eP(1 - 22)f'(2) + (1 — a?)eP f'(2)} > 0.
Taking v = a2, a € [0, 1], we see that the left hand side of (1.2) is a convex
combination of the left hand sides of (1.4) and (1.5). This method of defining
new classes of analytic functions is due to Mocanu [8] who introduced the
a-convex functions. This concept was used by many authors. For example,

in [1] the classes H(«), with « real, of functions f of the form (1.1) regular
in U are defined by the inequality

Re{(l —a)f(2) +a(1+z‘§lll((§))>} >0, zel.

The class Cy(a) was examined in [6].
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2. In this section estimates of the coefficients of functions in Cg(«) are
obtained.

THEOREM 2.1. If f € Cg(ar), @ € [0,1], B € (—7/2,7/2), then f is
univalent in U.

Proof. For o = 0 this is shown in [9] and [12].
Let now « € (0, 1]. The function

(2) 1 1 1+ az
a(z)=—1lo :
4 2 21— az
is convex and univalent in U. Moreover, if f € Cg(a), where B (—7/2,7/2),
then

zeU, ¢u0)=0,

e ei,@f,(z) —ReleB(1 — a222) (2 ~
R{ cp;(z)} Re{e'” (1 )f'(2)} >0, eU.

This means that f is close-to-convex and univalent (see [5]).

THEOREM 2.2. If B € (—7/2,7/2), a1, as € [0,1] and a1 # as, then
Cplan) € Cplaz) and Cglaz) € Cplar).

Proof Let 0<ag <oy <1.
1°. Let f be the solution of the equation

2

) 1
21) P —a22)f () = 1*% cosB+ising, zeU,
— Z

where € (—7/2,7/2). Of course, f € Cg(a1) and by (2.1) we have
2

(2.2) Arg{eiﬂu—agzz)f'(z)}:Arg{G“ cosﬁ—i—isinﬂ)l_a%zg}

— 22 1—ajz?

1—a3z?

1+ 22 -
:Arg{1+j2 COSﬁ+iSinﬁ}+Argl_a222,

- 1

where 2z € U, Arg(e’’) = 3 and Arg1 = 0.
Let now z = e, t € (0,7) U (7, 27). Then

14 22 .cost

1— 22 sint

and
1+ 22 ¢
(2.3) te cosfB+isinf =1 C,icosﬁ—&—sinﬁ :
1— 22 sint
For fixed 8 € (—m/2,7/2) we can choose ty € (0,7/2) such that
t
(2.4) €05t cosB+sinf8>0.

sin t()
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Set zg = e'’o. From (2.3) and (2.4) we have

1 2
(2.5) Arg + Zg cosB+isinfp = T
1— 2z 2
On the other hand, if z = e, where ¢t € (0,7) U (, 27), then
(2.6) 1—a3z2? _ 1+ a?a — (a2 +a3)cos2t . (a2 —a2)sin2t
' 1—a?z? 1 —2a2 cos 2t + af 1 —2a2cos2t+af

The real part in (2.6) is positive for all ¢ € (0,7) U (m,27). Moreover, if
ag < oy and t € (0,7/2), then the imaginary part in (2.6) is also positive.
In particular, this holds for ty. Therefore (2.6) yields

1 —a2z? T
2.7 0< Arg ——270 « |
(27) rgl—a%zg 2

Using (2.5) and (2.7) we conclude that
2

1 1 — a2
(2.8) T < Arg +Z(2) cos 3 +isin g +Arg7a§z
2 1— 22 1— o2

2
0
%

Let now (z,), n € N, where 2z, = m,e', 0 < r, < 1, be a sequence
that converges to zg. Then there is an ng € N such that for all n > ng

inequalities (2.8) are satisfied with z, in place of zp. Finally, by (2.2) and
(2.8) for n > ng we have

g < Arg{e®P(1 —a222)f'(z,)} < 7.

This means that f & Cg(az).
2°. Let now f be the solution of the equation

_ .2

iB 2.2\ ¢/ _ < .
e’ (1 — a5z )f(z)—mcosﬂ—i-zsmﬂ, zeU.

Obviously, f € Cs(ag).
If z=¢" t € (0,m/2) U (n/2,3m/2) U (37/2,27), then
2

int
: cosﬂ—i—isinﬂ:i(— Smcosﬁ—i—sinﬁ).
c

2.9
(2.9) 14 22 ost

For fixed 8 € (—7/2,7/2) we can choose ty € (0,7/2) such that
sint
0st
If we set zg = e'*, then from the above and (2.9) we have

1—22
2.10 A 0
( ) rg{1+23

cosB+sinf <0.

cosﬁ—i—isinﬁ} = —

[NCRIE
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For as < a; and t = tp the imaginary part in (2.6) is negative with as in

place of «; and vice versa. Therefore

1— a2z m

11—«

Hence and from (2.10) we conclude that
%
2
0

—7r<Arg{1+Z

Thus for z € U near to zy we have
— < Arg{e®P(1 —a?222)f'(2)} < —= .
This means that f ¢ C(a;) and ends the proof.
Now we find coefficient bounds for the class Cg(«).

2.2
cosﬁ—i—isinﬂ} +Arg7§'zg <
1 — a3z

THEOREM 2.3. If f € Cs(a), « € (0,1), B € (—7/2,7/2) and f is of the

form (1.1), then, for all k € N,

2k

1—
(2.11) lagk| < ( cos 3,

1—a?)k

(212) \ang\ S

2cos 8+ (1 — 2cos B)ak — a2(F+1)

(1—-a?)(2k+1)
Proof. By (1.2) there exists a function

q(z):cosﬁ+isinﬁ+2qnz”, zelU,
n=1

such that Reg(z) > 0 for z € U and
(2.13) eP(1—a?22)f'(2) = q(z).
Then for § € (—m/2,7/2) the function

1 . "
p(z) = (q(z)fismﬁ):1+p12+p222+...+pnz + ...

cos 3

belongs to P. Moreover,

(2.14) Gn = pncosB, mn€EN.

Equating coefficients in (2.13) we have

(2.15) 26'i’8a2 = q1, ei5(3a3 —a®) =¢qa, ...,

ePl(n+ Va1 — (n—1)ala,_1] = qn -

It follows from (2.14) and (2.15) that

(n —1a2a,_1 + e #p, cos 3
n+1

(2.16) Uny1 =

)

zeU,
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If n =2k —1, k € N, then from (2.16) we have

2.17 _ P eos BN )
(2.17) a2k = ok Za D251 -
j=1
Hence using the known estimates |p,| < 2, n € N, we obtain
2k

o £ a1
e = (1—a?)k

cos 3.

If n =2k, k € N, then (2.16) yields
a®F + e~ cos 3 Zle 2= p,
2k +1 )

(218) A2k+1 =

Hence

a2k 49 cosﬁZle o2(k=3) _ 2cos B+ (1 — 2cos B)ak — a2(k+1)
2k +1 B (1—a?)(2k+1) ’

for k € N. This ends the proof of the theorem.

lask 1] <

The bound in (2.11) is sharp and achieved by the function f, g3, o €
(0,1), B € (—mw/2,7/2), which is the solution of the differential equation
1+2

eP(1—a®2?)fh 5(2) = s cos B +isinf3,

l.e.

_ig| cosp 1—a?22 1+4a? 1+ az
fa,/g(z):€ ﬂ{l_a2<1og ( - log

1—2)2 2 1—az

1 1

+ ¢sin 8 — log taz , zeU.
2a 1—-az

For the third coefficient a3z we get the sharp bound

Equality is attained when py = 2¢*’ in (2.18). This gives the extremal
function g, @ € (0,1), 8 € (—n/2,7/2), which is the solution of the
equation

; 14872,
iB1 _ 2.2\, _ilTez ..
e”(1—a’z%)g, 5(2) = i, cos 3 +isinf,
ie.
e~ cos 3 , ,
_ i3/2 i3/2
9a,8(2) = m[‘la@ log(1 — €'/%2)
+ (@ — eP?)2log(1 + az) — (a + €/2)? log(1 — az)]
- 1 1
+ie” P sin f— log +az) zelU.
2a 1—oaz
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It is not known if the bounds for odd-numbered coefficients a,, n > 5, of
functions f € Cg(a), for 3 # 0, are sharp. If § = 0, then the estimates are
sharp and are the same as in Corollary 2.4 below.

COROLLARY 2.4. If f € C(«a), a € (0,1), and f is of the form (1.1), then
1 — a2k 9 _ 2k _ o20k+1)
—_— d < , keN.
(1 — a2)]€ an |a2k:+1| = (1 _ 042)(2k + 1)
The above results are sharp. The function
1 1-a?22 1+a? 1+ az
" = 1 - 1
fao(2) 1—-a? < ©8 (1—2)2 2 8

is extremal for all coefficients.

Observe that the formulas (2.16), (2.17) and (2.18) for the coefficients
also hold for &« = 0 and o = 1. Therefore we can also obtain estimates in
these two cases. For o = 0, from (2.16) we have

(2.19)  |ag| <

U. 0,1
), seviaco,

e Pp,_1 cos B
n )

ay = n € N.
This formula gives the well known result:

COROLLARY 2.5. If f € P'(), B € (—7/2,7/2), and f is of the form
(1.1), then

2
(2.20) lan| < —cosfB, mneN.
n
In particular, for 8 =0,
2
(2.21) lan] <=, neN
n

(see [7]).

The estimates (2.20) and (2.21) can be obtained from (2.11) and (2.12)
by putting o = 0. The following functions are extremal for the classes P’ ()
and P’(0), respectively:

fop(z) = lim0 fap(z) =e PFl—e P2 —2cosBlog(1 —2)], z€U,
foo(z) = lim foo(2) = =2 —2log(1 —2), =2€U.

Moreover, inequalities (2.21) are satisfied in the class C'(0) and equality
holds for fy . The bounds (2.21) can be obtained from (2.19) by putting
a=0.

For o =1, from (2.17) and (2.18) we have

keN.

_' k
B cos B o 14e P cos 3375 p2j
—— ) P21, Gopp1 =

e—i
Wk = T 2% + 1 ’
=1
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These two formulas yield the following result due to Hengartner and Schober
(see [4], Theorem 3):

COROLLARY 2.6. If f € 3-CV,(i), B € (—7/2,7/2), and f is of the form
(1.1), then

(2.22) lase] < cos 3,
2kcos B+ 1

2.2 < .

(2.23) lagky1] < %1 keN

In particular, for g =0,
(2.24) lan] <1, neN.

The function

_ _—ip|_% isin 142
f1,5(2) O1(1_)1(111]“’0475(,2) e 1_Zcosﬁ—l— 5 logl_z ,

g€ (—m/2,7/2), z € U, makes (2.22) sharp. On the other hand, if 3 # 0,
then (2.23) is sharp only for £ = 1 and for the function

(2) e~ cos

2)= ——

LA 2(1 — eih)

[4e78/2 10g(1 — 'P/22)

. . e~ 0 1
(1= €22 10g(1 + 2) — (1 + €7/2)%log(1 — 2)] + 262 sin B log T
—Z

z €U (see [4]).
If 8 =0, then (2.24) is sharp and equality is achieved by the function

. z
fl,O(Z):ggnlfa,O(z)—E, zeU.

Moreover, the estimates (2.24) hold for the class C(1) and f1o is extremal
in this case.

3. Now we give some distortion theorems for the class Cg(a).

THEOREM 3.1. If f € Cs(a), a € [0,1], B € (—7/2,7/2), then

exp | arsh 2r cos
31) |1F()] < \/1+r4—|—27“20082ﬁ+27“cosﬁ: P 1—1r2
' - (1 —a2r?)(1 —r?) 1—a?r? ’
o ar sh 2r cos 3
<o [ —
(32) |f'(2)] > \/1+T4+2r26052ﬂ—2rcosﬂ: P 1—r2
' - (1+a?r?)(1—1r2) 14 a?r?
and
+ 1+ 0" +20%cos 283 + 20cos 3
3.3 f(2) < do,
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(3.4) T+ 21— &)

r /14 0% +20%cos283 —2p0cos 3
sele [V y
0
forzeU, |z| <r<1.
Proof. By Lemma 5 of [4] equation (1.2) may be written as

6_2iﬂw z
(1-a22) () =

where w € (2. Thus
(3.5) f(2)

Moreover, we have
1+e 2Pw(z) 1+e 282
<
1—w(z) 1—=2
In view of (3.6) and by Theorem 2.3 of [11],

zeU,

B 1 1+e28w(z)
10222 1-w(z)

(3.6) , z€eU.

(3.7) |1+ e 2p2| — |1 4+ e~ 2B|r |1 e~ 2w (2)
' 1—r2 | 1-w(?)
e+ L4 ey
- 1—1r2 ’

where z € U, |z| <r < 1. Now, the upper and lower bounds (3.1) and (3.2)
follow from (3.5) and (3.7).

The estimates (3.7) are sharp and in view of (3.6) are realized by the
function
14 e 2Pz

) 6U7
1—2z “

po(z) =

at two points zg and z; of modulus r. Let zy = rei® () and z; = rewl(ﬁ),
where 0 < r < 1, 6o(f3), 01(5) € [0,27), give the lower and upper bound in
(3.7) respectively. Now, we denote by h, g, a € [0,1], 8 € (—7/2,7/2), the
function which is the solution of the equation (3.5) for w = wy defined by

wo(z) = —ieB® s 2 eU.

The function h, g is extremal for the lower estimate (3.2) and equality is
attained at the point z = ir.

In the same way we denote by to 3, o € [0,1], § € (—7/2,7/2), the
function which is the solution of the equation (3.5) for w = w; given by

wi(z) =By 2eU.
Then t, g gives the maximum modulus in (3.1) at the point z = r and is

extremal for the upper estimate.
Now we show the estimates (3.3) and (3.4).
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For z € U, |z| = r, the upper bound (3.3) follows immediately from (3.1).
Let now § € U, || = r, be a point such that |f(§)| = min{|f(2)] : |z| = r}.
Moreover, let I = [0, f(§)] denote the closed line segment from 0 to f(§).
Thus for |z| = r we have

F) = 1FOl= [ ldw|= [|f(2)|]dz]
1 17N
> f \/1+Q4+2926082ﬂ—2900s6dg.
0

(1+a?0?)(1 - ¢?)
The estimates (3.3), (3.4) are sharp and realized by the functions h, g and
tas-
COROLLARY 3.2. If f € C(«), a € (0,1), then

1—r 147
3.8 <|f'(2)] <
(3:8) T+nitam) < EIs a5 —aey
1 (1+7)? 1
(3.9) 5 a2 |8 15022 ~ (1- a2)a arctan(ar)}
1—a?r? 1+a? 1+ ar
< < 1 — 1
=1f@)l = 1—az|® (1—7r)2 200 Ogl—ar]’

where z € U, |z| =r < 1.

The estimates (3.8) and (3.9) are sharp. The upper and lower bounds
are achieved when 3 = 0. In this case 6;(0) = 0, 69(0) = 7 and, respec-
tively, w1 (z) = 2, wo(z) = iz. The extremal functions hq,o and t, o have the
following form:

1 1 — a?z2 1+ a? 1+ az
ha70(z):fa70(z):1_a2(10g (1-2)?2  2a IOgl—az) 2et

1
ta,0(2) = (2 log(1 —iz) 4+ @(a —i)?log(1 + az)

1+ a2

1
—M(a+i)210g(1—az)), zeU.

The function t, 0 can be rewritten as

- ; 29y 1—0* 14az
ta,0(2) = T o (2 log(1 —iz) — log(1l — a“2%) — i log T
. L in)? .
=7 —l—ZaQ <log 5_0322 + (1 - 042)5 arctan(aiz)) .

Putting o = 3 =0 in (3.1)—(3.4) we obtain known results (see [7]):
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COROLLARY 3.3. If f € P'(0), then

1—7r , 1+r
(3.10) SIS T
(3.11) 2log(1+7r) —7r <|f(2)] < —2log(1 —7) —r

forzeU, |z|=r<1.
The functions
hoo(z) =—2z—2log(l—z2), z€eU,
and
to,0(z) = iﬂ tao(z) =ilog(l—iz)? —2, z2€U,
are respective extremal functions for the upper and lower bounds.

The next corollary is obtained from Theorem 3.1 by putting a = 0 and
B =1 (see [4]).

COROLLARY 3.4. If f € Cy(1), then

1—7r 1
3.12 —_—<|f <
(3.12) e SO g
1 (147)? r
. — —— < <
(3.13) Slog - <1 <
forze U, |z|=r<1.
The functions
i (1—iz)?

hlyo(z) = 1 i Z’ z E U, and tl,O(Z) = 5 log

are extremal.

In the limit cases as a tends to 0 or to 1, the bounds (3.8) and (3.9) give
sharp results for the classes C'(0) and C(1) that agree with (3.10), (3.11)
and with (3.12), (3.13) respectively.

The lower bound in (3.9) yields
COROLLARY 3.5. If f € C(a), a € (0,1], then f(U) contains the disk

4
1+ a2

1o PV

(3.14) lw| <

1
log — (1 — a?)— arctan o
a

1+ a?
(see [6]).

The constant on the right hand side of (3.14) is best possible and the
function ¢, is extremal.
For the class C'(0) the following result is known (see [2]):

COROLLARY 3.6. If f € C(0), then f(U) contains the disk
lw| < 2log2—1.
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This constant can be obtained from (3.14) by letting o — 0.
If @ = 1, then Corollary 3.5 reduces to the result obtained by Hengartner

and Schober [4]:

[10]

[11]

[12]

COROLLARY 3.7. If f € C(1), then f(U) contains the disk

lw| < 1log2.
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