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Qualitative behavior of a class of second order
nonlinear differential equations on the halfline

by SVATOSLAV STANEK (Olomouc)

Abstract. A differential equation of the form (q(t)k(u)u’)’ = F(t,u)u’ is consid-
ered and solutions u with «(0) = 0 are studied on the halfline [0,00). Theorems about
the existence, uniqueness, boundedness and dependence of solutions on a parameter are
given.

1. Introduction. In [6] the differential equation

(1) (k(wu)" = f(t)',

where k, f € CO(Ry), Ry = [0,00), was considered and the author gave suf-
ficient conditions for the existence and uniqueness of nonnegative solutions
u such that u(0) = 0, u(t) > 0 for ¢ > 0. This problem is connected with
the description of the mathematical model of the infiltration of water. For
more details see e.g. [3]-[5]. Special cases of (1) were considered in [1], [2],
[4] and [5]. In [7] the differential equation

(2) (a(O)k(u)u')" = ft)h(u',

where q,k, f,h € C°(R,), was considered and sufficient conditions for the
existence, uniqueness and boundedness of nonnegative solutions of (2) on R
were given. Simultaneously the dependence of solutions of the differential
equation

(3) (@Ok(u’) = AfOh(u)u’,  A>0,

on the positive parameter A was studied.
In this paper we consider the differential equation

(4) (g@®k(wu’)" = F(t,u)d,
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where ¢ € C°(R,), k € C°(R), F € C°(Ry x R), which is a generalization
of (2), and study solutions w of this equation on Ry such that u(0) = 0.
We give assumptions under which any nontrivial solution of (4) is either
strictly increasing or strictly decreasing on R, and discuss the existence,
uniqueness and boundedness of solutions. In the last section we consider the
dependence of solutions of the differential equation

(4)) (q)k(uw)u) = AF(t,u)u’, X>0,

on the positive parameter A\ and study the boundary value problem (4)),
lim; o0 u(t,A) = a (€ R—{0}). Our theorems imply all results of [6] and [7].
The proofs of existence theorems are based on the Tikhonov—Schauder fixed

point theorem, on the iterative method and on the monotone behavior of

some operators. The proofs of uniqueness are different from the ones in [6]
and [7].

2. Notations, lemmas. Consider the differential equation (4), where
q, k, F satisfy the following assumptions (R = [0,00), R_ = (—00,0]):
s

(Hy) qe C°%Ry), q(t) >0 for t € (0,00), f o) < 00}
0

(Hs) “(R), k(u)u >0 for u € R,u#0;

(Hs) f )ds<oo j)‘kf)ds<oo,
0

f(ssds:oo, j?kS)ds:oo;

(Hy) FeCR, xR), fi(t)hn(v) < F(tu) < fo(t)ha(u)

for (t,u) € Ry x R, where
fi € C°(R,), 0 < fi(t) for t € Ry, f; is decreasing on R ,
h; € C°(R), hi(u)u >0 for u € R and

?TQ

+

H;(u) := f h;(x) dz is strictly increasing on R ,
0
0
Ti(u) :== f h;(x) dx is strictly increasing on R_ (i = 1,2);
b(x) G
H d d
(Hs) (‘)[Hz(ilf) x <00, T(@) x <00,
fHZ(x) x =00, () r=o00 (1 ,2)
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By a solution of (4) we mean a function v € C°(Ry) which is continu-
ously differentiable on (0, 00) and such that «(0)=0, lim;_o, q(t)k(u(t))u'(t)
=0, q(t)k(u(t))u'(t) is continuously differentiable on (0,00) and (4) is sat-
isfied on (0, 00).

Remark 1. It follows from (Hy) and (Hs) that £(0) = 0, h;(0) = 0
(1=1,2), and F(t,0) =0 for t € R;. Therefore u = 0 is a solution of (4).

LEMMA 1. Let u(t) be a nontrivial solution of (4). Then either u'(t) > 0
n (0,00) oru'(t) <0 on (0,00).

Proof. Let u be a solution of (4), u # 0. Then
t
(5) q(®)k(u(t))u'(t) = f F(s,u(s))u/(s)ds for t € (0,00).
0
Assume there exist 0 < t; < ty such that u'(¢1) = u/(t2) = 0, v/(t) # 0 for

t € (t1,t2). Suppose v/ (t) > 0 on (t1,ta). If u(t) > 0 (resp. < 0) on (t1,t2),
then

ffl(s)hl(u(s))u'(s)dsg fF(s,u(s))u'(s)ds (=0)

ty

< [ hlshalu(e)a(s) ds,

which contradicts

to u(tz)
f fr(8)hi(u(s))u'(s) ds > fi(ta) f hi(s)ds >0
t1 u(t1)

to u(tz2)
(resp. [ fals)ha(u(s))(s)ds < folta) [ ha(s)ds <0).
ty u(ty)

Therefore u(§) = 0 for a € € (¢1,t2) and then u(f) < 0 on [¢1,£) and

£ &
[ F(s,u(s)'(s)ds < [ fa(s)ha(u(s))u'(s)ds < fa(& f ha(s)ds <0,
t t1 u(t1)
which contradicts 0= ftﬁ F(s,u(s))u’(s)ds. We can easily check that u/(t) <
0 on (t1,t2) is also impossible.
Assume v/(7) = 0 for a 7€ (0,00) and v'(t) # 0 for t€ (0,7). If u/(t) > 0
(resp. v/(t) < 0) on (0,7), then u(t) >0 (resp. u(t) < 0) on this interval and

u(T)

[ Fs,u(s)d(s)ds > ffl Vha(u()) (s)ds > fi(7) [ hi(s)ds >0
0

0
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(resp. fF(s,u(s))u’(s)dsZ ffg(s)hg(u(s))u'(s)ds
0 0

u(T)
> fo(7) [ hals)ds > 0),
0
which contradicts 0 = [ F(s, u(s))u'(s) ds.
This proves u(t) # 0 on (0,00) and since u € C*((0, 00)) we have either
u'(t) > 0 on (0,00) or v/(t) <0 on (0,00). m
Remark 2. It follows from Lemma 1 that u€.4,UA_ for any nontrivial
solution u of (4), where

A ={ue C°(R,) :u(0) =0, u is strictly increasing on R},
A_={ue C°(R;):u(0) =0, u is strictly decreasing on R }.
Set

Wi(u) = f k(s)ds forueRy, W_(u)= f k(s)ds forueR_.
0 0
Obviously, W is strictly increasing on R4, and W_ is strictly decreasing
on R_.

LEMMA 2. If u is a solution of (4), u # 0, then u is a solution of the
integral equation

t u(s)
(6+) u(t) = W;l( f q(ls) f F(u™(z),z)dx ds)

or the integral equation

t 0
(6-) u(t) = w1 ( - f q(ls) f F(u™(z),z)dx ds)
0 u(s)

in the set Ay or A_, respectively. Conversely, if u € A., ¢ € {+,—}, is a
solution of (6), then u is a solution of (4) and u # 0. Here W' and u™*
denote the inverse functions to We and u, respectively.

Proof. Let u # 0 be a solution of (4). Then u € Ay UA_ by Remark 2
and (5) holds. If u € Ay (resp. u € A_), then

W (u(t)) = q(ls) Pz, (@) () da ds
1
(s

OHP‘-
DHM

5)

£

F(u™'(2),2)dxds

)

I
S |
L
O%
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for t € Ry and w is a solution of (64 ) or (6_) in A4 or A_, respectively.

Conversely, let u € A., € € {+, —}, be a solution of (6.). Then u(0) =0,
u € C°(R,), u is continuously differentiable on (0, o),

u(t)
(7) lim q(t)k(u(t))u'(t) = lim f F(u='(s),s)ds =0

t—>0+ t—>0+

and (q(t)k(u(t))u'(t)) = F(t,u(t))u'(t) for t > 0. Consequently, u is a solu-
tion of (4) and u # 0. =

Remark 3. It follows from Lemma 2 that solving (4) is equivalent to
solving (64) and (6_) in A4 and A_, respectively.

Set
Kj(u) = f 153(2) ds forueRy,
0
Vi(u) = lefj(é))ds forueR_, j=1,2,
and
_ [ hs) o rods
b= O
WO=h0) [ 5 wo= [ J;(()’
0 0
P (t) = Kfl(kl(t))v P4(t) = Kil(kz(t))
p-(t) = (), B_(t) =V, (Ia(t)) forteR,.
Obviously, lim,, s Kj(u) = 00, lim,—,_ o Vj(u) = 0o (j = 1,2) by (Hs).

LEMMA 3. If u € A, is a solution of (6¢), € € {+,—}, then

(8) Pe(t) Sult) <p(t)  for teRy

and
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94)  ulta) —u(ty) > fi(ta) Hi(p (1)) f(;(iz)

ty

xmax{k(z) : p4(t1) <z <P (t2)}]7  forue Ay and 0 <ty < ta,
99) ult) —ults) 2 ~Rl) B 1) [ 1

t1

x[max{—k(z):o_(t2) <z <P_(t1)}]* foruc A_ and 0<t; <t,.

Proof. Let u € A4 be a solution of (64). Then (cf. (Hy))

u(t)

A [ mls)ds < a@k@®)'@) (= [ F(s),5)ds)
0

hence
O ONRY
o 0 §<0 H1<s>d> ’
RO (T RS 0N ot e 0.0
o0 2<0 H2(s)ds> for t € (0,00),
and integrating (10) from 0 to ¢, we obtain
FhG) k)
S = ] g = ),
0
Lods w(t) k(s) B
f2(0)6qu)2 6[ (5] 4 = Ka(u®)
Consequently,

Let 0 < t; < to. Then

Wi (u(ta)) = Wi (u(ta)) = o0
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and since
u@ﬁ—umizké¢w4mw»—w;wm»m

where & € (u(t1),u(t2)) C (¢4 (t1), @, (t2)), we see that (9 ) is true.
Let u € A_ be a solution of (6_). Then (cf. (Ha))

—fa(t) th Jds < a(Oku)d' () (= [ Fu™(s).s)ds)

u(t) 0

0) [ ha(s)ds

u(t)

qt)g( T2 >/’

> ds for t € (0, 00),

0 (fﬂ® ) (00
u(t)

and integrating the last inequalities from 0 to t, we obtain

hence

Consequently,
p(t) <u(t) <@ _(t) forteR,.
Let 0 < t; < ty. Then

W_(u(ta)) — W_(u(ty)) = — f F(uY(z),z)dxds

71
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0

f ha(s)ds
p_(t1)
2 ds

= —fa(t2)T2(P_(t1)) f q(s)’

> — fa(t2) ch(l::)

and since
u(ty) — u(tz) = —(1/k(&)) (W-(u(t2)) — W-(u(t1))),
where £ € (u(t2),u(t1)) C (¢—(t2),®

(¢
Set Ko = {u € Ac : pc(t) < u(t) < p.(t) for t € Ry, u satisfies (9:)},
and define T, : K. — C°(R,) by

1)), we see that (9_) is true. m

t

(T = w2 ( ] (1

O\A

da:ds) ee{+,—-}.

LEMMA 4. T, : K. — K. for each € € {+,—}.

Proof. We will prove T} : K; — K4 (the proof of T_ : K_ — K_ is
very similar and will be omitted). Let u € Ky. Setting

alt) = qué)!m*() ) da ds — Wi (4 (1))
t u(s)
80 = [ o5 [ P @) deds - W)
0 0
for t € R4, we have
/ 1 u(t) . /
o) = o5 f Flu (), @) de — k(4 (£) 2 (t)
1 u(t) »
=l ] Fe@ 7)dr — fi(t) (g4 (1))]
1 e ) e+(1)
z@[ Of fu(w™ (@) (x) dx — f1(2) Of ha () de|
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u(t)
)= 5 J P @) de— ki, (0)7 )
)
=75 [ F(u™ (x),2)de = f2(0) Ha(. (1))
1 u(t) _1 P4 (t)
W[ f fa(u z)dz — f2(0 f ha(z
0
u(t)
g(lf — F2(0))ha(a) dr < 0
0
for t € (0,00). Since a(0) = 3(0) =0 and &/ (t) > 0, #'(t) < 0 on (0,00), we
have a(t) > 0, B(t) < 0 and consequently,
(11) ( ) < (Tyu)(t) <@, (t) forteRyanduec K.
Let 0 <t <t9 and let u € K 4. Then
to u(s)
Wa(T o)1) = Wol(T)(t) = [ 5 [ Pl (o)) dads
t 0
to 1 u(s)
> ) f Ji(u™" (@)1 (z) dz ds
t 0
> f -’; 18 Hi(u(s)) ds

> fi(t2)Hi(p4(t1))

= a
w | %
S—

and
Wi ((Thu)(t2)) = Wi ((Tru)(t1)) = k(E[(T1u)(t2) — (Tu)(t1)]
< [(T4)(t2) = (Thu)(ty)] max{k(u) : 4 (t1) < u<p,(t2)}
(here £ € ((T4u)(t1), (T4u)(t2)) C (p+(t1), P4 (t2))), hence
(12)  (Tyu)(tz) — (Tyu)(t1)

12

> fi(t2)Hi(p+(t1) [ qc(iz)[max{k(w o (t) Su< T (0)} T

From (11) and (12) it follows that T u € K, therefore T, : K4 — K4
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3. Existence theorems

THEOREM 1. Let assumptions (Hy)—(Hs) be satisfied. Then a solution
u € Ac of (4) exists for each e € {+,—}.

Proof. By Lemma 2, u € A. is a solution of (4) if and only if u is a fixed
point of the operator T.. We will prove that under assumptions (H;)—(Hs) a
fixed point of T exists. The existence of a fixed point of T_ can be proved
similarly.

Let X be the Fréchet space of C°-functions on R with the topology of
uniform convergence on compact subintervals of R;.. Then K} is a bounded
closed convex subset of X and T, : K1 — K (see Lemma 4) is a continuous
operator. It follows from the inequalities (0 < t; < ta, u € Ky)

to u(s)
0 < Wi((Tyu)(tz2)) = Wi ((Tru)(tr)) = q(ls) [ Fw™(x),z)dzds
t1 0
to 1 u(s) » - ' i
< S [ AT @@ deds < 2ORE0) [ o

and from the Arzela—Ascoli theorem that T (K, ) is a relatively compact
subset of X. According to the Tikhonov—Schauder fixed point theorem there
exists a fixed point uy of T4. m

THEOREM 2. Let assumptions (H1)—(Hs) be satisfied and suppose that
(Hg) F(-,u)sign(u) is decreasing on Ry for each fized u € R.

Then there exist solutions us,ve € A. of (4) for each € € {+,—} such that
ue(t) < we(t) fort € Ry. Moreover,

(13) ue(t) <wu(t) <wv.(t), teRy, ee{+, -},
for any solution u € A; of (4) and

(14) u(t) Zv(t), t>0,

for any two different solutions u, v of (4).

Proof. Let assumptions (H;)—(Hg) be satisfied and let u € A4 be a
solution of (4). Define sequences {u,} C Ay, {v,} C A4 by the recurrence
formulas

'LL[O] = £+, ’U,[n+1] = T+(u[n}) s
W=7, o =T ),

for n € N. Then u[(t) < u(t) < vl%(t) on Ry by Lemma 3 and ul(t) <
ull(t) < ol%(#), w0 () < oll(t) <vlO(t) on Ry by Lemma 4. Since «, 5 €
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Ay at) < B(t) for t € Ry implies

ﬁj

0
t B(t)
gw;l( [ wl(x),x)dxds) — (TLB)0)

on Ry and T, : K4 — K4 by Lemma 4, we deduce
uO () < W) <. < ulP(t)
< L<at) << < <o) <ol
for t € Ry and n € N. Therefore the limits lim,, oo u™(t) =: uy(t),
lim,, o0 0™ (t) =: vy (t) exist for all t > 0, u, (t) < u(t) < wvy(t) on Ry and
using the Lebesgue dominated convergence theorem we see that u4, vy € Ky
are solutions of (64 ) and thus also solutions of (4) by Lemma 2.

Let u,v € A, be different solutions of (4). First, suppose there exists a
t1 > 0 such that u(t) < v(t) for t € (0,¢1) and u(t1) = v(t1). Then

0 =Wy(v(t1)) = Wi (u(t1))

ty 1 v(s) u(s)

= [ ol JFeT @ de = [ R @), de] ds
0 0 0
t u(s)

> fi[ J (P (@),2) = P(u™ (2),2)) de] ds
0 0

and since (cf. (Hg)) F(v~1(z),2) — F(u='(x),2) > 0 for = € [0,u(t;)] we
have necessarily F(v=1(z),z) — F(u=!(x),z) = 0 for = € [0,u(t;)]. Then

Wi(v(ty)) — Wi(u(ty)) = ji f F(v z),x)drds >0,
0

which contradicts W (v(t1)) — Wi (u(t1)) = 0.
Secondly, assume there exist 0 < t; < to such that u(t1) = v(t1), u(tz) =
v(t2), u(t) # v(t) for t € (t1,t2), for example assume
u(t) >ov(t) fort e (t1,ta).
Then u/(t1) > v'(t1), v/ (t2) < v'(t2) and
(15) 0 < q(ta)k(u(t))(W'(t) — o' (t1)) — q(t2)k(u(tz)) (u'(t2) — v'(t2))
u(t1)
= [ P w)0) - PO (@), )] d

u(t2)
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On the other hand, since wu(ts) > wu(t;) and (cf. (Hg)) F(u=t(z),z) —
Fv™Y(z),z) > 0 on [u(t1),u(t2)] we have

u(t1)

[ [Fuw(x),2) - Fo™ (2),2)]dz <0,

u(tz)
therefore in virtue of (15), u’(t1) = v'(t1), u'(t2) = v'(t2) and F(u=!(z), z)—
F(v™(x),2) =0 for « € [u(t1),u(tz)]. Then
(16) 0= (W+(U( 2)) = Wi (u(t1))) = (Wi (v(t2)) = Wi (v(t1)))

to u(s)

= f f ~(x),z)dxds

v(s)
and since Hy(u(t)) — Hy(v(t)) > 0 on (1, t2),

ta 1 u(s) . ta 1 u(s)
t‘lf q(s)v({; Fu " (x),z)dxds > fi(t2) t{ q(s)v({) hi(z)dx ds
=f1(tz)f ()~ F(o(o)) ds > 0,
which contradicts (16). Hence u(t ) v(t) for t € (0,00). For ¢ = — the

proof is similar. m

4. Bounded solutions
THEOREM 3. Let assumptions (H1)—(Hs) be satisfied. Then

(i) any nontrivial solution of (4) is bounded (on Ry) if and only if

fooo ds/q(s) < oo
(ii) any nontrivial solution of (4) is unbounded (on Ry) if and only if
o0
fo ds/q(s) = oo.
Proof. We will prove our theorem for ¢ = + (the case € = — is similar).
First observe that either [ ds/q(s) < oo or [~ ds/q(s) = oo .

a) If [° ds/q(s) < oo then by Lemma 3 any solution of (4) is bounded.
b) Let [, ds/q(s) = oo and u € Ay be a solution of (4). Then u # 0,

W (u(t))

£

t u(s) t s

1 1
= f— f x)dxds > —_
g qls) o 5 a(s)

)
fr(u™ () hy(x) dx ds

O\J

and since 0Z( [ f1(u=(2))h1(x)dz)'>0 on Ry we see lim;_ o0 W (u(t))
= 00, hence lim;_, o u(t) = co.
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Let v € A4 be a solution of (4). Since w is strictly increasing on R4 (by
Lemma 1), u is either bounded or unbounded on R;. Accordingly, either
Jo~ ds/q(s) < oo or [;% ds/q(s) = oo by (b) and (a) above. =

5. Uniqueness theorems. Let assumptions (H;)—(Hs) be satisfied. By
Theorem 1 equation (4) has at least one solution in A, and at least one
solution in A_. Since u = 0 is also a solution of (4), we see that under
assumptions (Hy)—(Hs) equation (4) admits at least three different solutions.
In the next theorems we will give sufficient conditions for the existence of
just three different solutions of (4).

THEOREM 4. Let assumptions (Hy)—(Hs) be satisfied. Moreover, assume
that

(H7) There exists an € > 0 such that:
() [F(t1,w) — Flts, 0)] < Lty —to] ming b (w)], oo () } for (¢, )
€ [0,e] x [—e,¢] (i =1,2), where L > 0 is a constant,
(ii) the modulus of continuity v(t) (:= sup{|q(t1) — q(t2)| : t1,t2 €
[0,€], |t1 — ta| < t}) of q on [0,¢] satisfies

lim supy(t)/t < o0

t*>0+

(Hsg) The function F(t,u) locally satisfies a Lipschitz condition on (0, 00)
x (R —{0}) with respect to t.

Then equation (4) admits just three different solutions.

Proof. Assume uj,us € Ay are solutions of (4) and assume on the
contrary u; # ug. First, we will prove wu;(t) = uz(t) on an interval [0, ],
b > 0. Setting A; = limy—oc u;(t) and w; = u; L(j=1,2), wesee 0 < A; <
00, w; : [0, A;) — Ry are continuous strictly 1 1ncreasmg functions and

w(x) = k:(:c)q(wj(ﬂz))[ [ Flw(s), s) ds]_l for z € (0,4;), j=1,2.
0

- fk(s)q(wj(s))[ fF(wj(t),t)dt}ilds for z € (0,4;), j=1,2,
0 0

and thus for z € [0, min(A4;, A2)) we have

z -1

(17)  wi(2) = [ (a aws (2))k(s)| [ Flwa(t),t)dt| ds
0 0

9” q(wl(s))k S — F(w dtds.
+0ffosF( Ddt [ F T dtof (w1(t),1))
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Let € > 0 be as in assumption (H7) and set a = min{u;(¢),ua2(e)}, X(x) =
max{|wi(s) — wa(s)| : 0 < s < z} for z € [0,a]. Suppose X(z) > 0 for
€ (0,a]. Then (cf. (H7))
|q(wi(2)) — g(wz(2))] < y(X(2))  for € [0,d]
and using (H7) and (17) we have

’Y(X(S))k(s)

|wy (x) —wa(x)] < f T Fu(wn () (Ot ds
o >>k<s> - 5
+L af T o ) (0t [T 1 (a0 ) 6/“ Jwa (t) — wi(t) |7 () dt d
W(X( ) Ki(z) _
< A6 Ki(z)+ LX(x) 720 max{q(t) : 0 <t <e}
for 0 <z < a. Hence
X(z) < (B ( ( ) +CX(2)Ki(z), z€[0,q],
where B=1/f(¢), C = max{q(t) : 0 <t < e}, and therefore
W) (@) = (/B - CRi@), € (0.4,
X(z) ’

Then (cf. (H7))
. (X(2))
xlir& X () K@) =0,
which contradicts lim,_o, (1/B)(1 — CK;(x)) = 1/B > 0. This proves
u1(t) = us(t) for ¢ € [0,b] with a positive number b.

Secondly, assume [0, ¢] is the maximal interval where wu; (t) = ua(t). De-
fine Y(t) = max{|ua(s) —ui(s)] : ¢ < s < t}, a(t) = min{u(t),u (t)}
B(t) = max{uq(t),uz(t)} for t > ¢. Then Y(c) = 0, a(c) = F(c), 0 <
B(t) — a(t) <Y(t) > 0 for t > c. From the equality (¢t > ¢)

W (uz(t)) — Wo(ur(t))

£ o2l u1(s)
= f@[ f F(uy(x),z) dx — f F(ul_l(a;),a;)d;r} ds
c u1(c) usz(c)
it follows that
t uz(s)
W)W () = [ [ [ (s @).2) = Flug (@), de
c u1(c)



Nonlinear equations on the halfline 79

By assumption (Hg) there exist positive numbers g and K such that
|F(t1,u)—F(t2,u)| < K|ty —ta| for (t;,u) € [c, c+eo] x[u1(c), u1(c)+eo]. Set
e = min{eg, 57" (e0 + u1(c)) — ¢}, m = min{u)(z) : c <z < a7 (B(c +¢))}
(> 0 by Lemma 1), M = max{F(u; *(z),z) : a(c) <z < B(c+¢)}. Then

|F(uy ™ (2),2) = F(uy ' (2), 2)| < Kluy ' (2)—uy ' (2)] ac+te)]

and for z € [c, ¢ + €] we have

Juy (ua(2)) — @] = Jup (uz (@) — uy *(ua(2))] = [(ug ) (§)] Juz() — u1 ()]
= (1/ s (Muz(z) = wa(2)] < (1/m)|uz(z) — w(z)| <Y (z)/m,

where ¢ € (a(x),B(z)) and n = u;'(€) € [u;'(a(2)),u; (B(x))] C
[c,a™1(B(c + €))]. Consequently,

[uy (2) — uy ()] < (1/m)Y (uy ' (2))

Therefore (r = max{u5(t) :c <t <c+e})

for z € [a(c),

for z € [u1(c),uz(c+¢)].

(Wi (uz(t) = Wi (ua(2))]
toq - ua(s) B(s)
< f? K f luy * () — uy(x)|dr + fFul )m)dx}ds
c q T ui(e) a(s)
to uz(s)
< [ =K [ (V(u3'(2)/m)de + M(B(s) - a(s))} ds
c q(S) ) u1(c)
< [ q(ls) (rK/m) [ Y (x)de+ MY (s)] ds
| L ods
< fﬁ (Kr(s—c)/m)+ M]Y (s)ds < (Ker/m) +M)Y !q(s)

for t € [e,c+ €]. Since (t € [¢,c+ €])

(W (ua(t)) — Wi (ua(t))| = k(&) |ua(t) —ui(t)],
where £ € (a(t), B(t)) C [a(c), B(c + &)], we have
lua(t) —ui ()| < [(Ker/m) + M|(Y(t)/p) j qcfz)
with p = min{k(u) : ac) <u < B(c+¢)} (> 0), hencec
Y(t) < [(Ker/m) + M)(Y(£)/p) f qd‘; tele et
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Then
Lods

< [(Ker/m)+ M0 /p) [ 5

for ¢ <t < ¢+ ¢, which is impossible. This proves u;(t) = ua(t) for t € R.
The uniqueness of solutions of (4) in A_ can be treated quite analogously. m

C

THEOREM 5. Suppose that assumptions (H1)—(H7) are satisfied. Then
equation (4) admits just three different solutions.

Proof. It is sufficient to prove that under assumptions (Hy)—(H7), u. =
Ve, € = 4, —, where u,, v, are defined in Theorem 2. If for example, uy # vy
then u (t) < v4(t) on (0,00) by Theorem 2. Since assumptions (H;)—(Hs)
and (Hr7) imply (see the first part of the proof of Theorem 4) u (t) = vy ()
on an interval [0,b] (b > 0), we have a contradiction. m

6. Dependence of solutions on a parameter. Consider the differ-
ential equation

(18,) (q)k(u)u") = AF(t,uw)u’, X>0,
depending on the positive parameter \.

THEOREM 6. Suppose that assumptions (Hy)—(Hg) are satisfied. Then
for each € € {+,—} there exist solutions uc(t; X), ve(t; A) of (18)) such that
ue(t; X)) < wve(t; \) fort € Ry. Moreover,

ue(t; A) <u(t;A) <ve(t; ),  teRy,
for any solution u(t; \) € A: of (18)) and
up (A1) <up(tA2),  vp(BA) <vi(tsAz),
u_(t; A1) >u_(t; A2),  v_(t; A1) > v_(t, A2)
forallt e Ry and 0 < A\ < Ag.

Proof. The first part of the statement follows from Theorem 2. Set
pr(tN) = KN OW(0), 24 (6:0) = K3 (Mea(t)
e-(BEN) = VL), Pt A) =V (Na(t)
for t € Ry, A > 0. Since (18)) can be rewritten in the form

<qE\t)k(u)u'> = Ft,uu’,  A>0,

we have (see Lemma 3)

(19)

(20)

(214)  u(ta) —u(ty) > Mfr(t2) Hi (4 (t15 M) ch(lz)

x [max{k(z) : gy (ti;N) <z <P, (to; MY
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for any solution u € A, of (18,) and 0 < t; < t2, and

@) ul) - ulte) 2 - AT (0i0) [

x [max{—k(z) : p_(ta; \) <& <P_(t1;; M)}

for any solution u € A_ of (18,) and 0 < ¢; < ts.
Set Kxe = {u € Az 1 p(t;A) < u(t) < @ (4 A) for t € Ry, u satisfies
(21.)} and define Ty : Ky — C°(Ry) by

t u(s)
1
Taeu)(t) = W1 ()\ — | Flu'(2),2 dazds) ,
(Tru)(t) [ 5 J Fer @
where ¢ € {+,—}, A > 0. Then (cf. Lemma 4) T) . : Ky — Ky .. Next set
0 n—+1 n
WL () = e (6:0), W) = (TaculD),
0 — n+1 n
e (®) = 26N, o) = (Thor D)
fort e Ry, neN, A >0and e € {+,—}. Then the limits

lim uf'L(t) = we(t:A),  lim o)L (5A) = va(t;A)

exist for t e R, A >0, ¢ € {+,—}.
Let 0 < t; <ty and let for example € = + (for the case ¢ = —, the proof

is similar). Then

it A1) <ot A2), Dot A1) <Py(t;A2)
and for each o, f € Ay with a(t) < 8(t) on (0,00) we have

(Taa)) =W (3 [ s [ Pl @) 0) deds
0

(5~ \(2).2) da ds> — (Tau i B)(1).

AN
S
N
>
[\V)
\H_
Q
o
O%
T

and therefore
W ) <ull @), ol ) <ol (1) forte(0,00), neN.
Hence
ug (B A1) <up(t;N2),  vi(t; A1) <wvyp(t;Ae)  fort e Ry

If 7(to; A1) = 7(to; A2) for a tg > 0, where r is either uy or vy, then (r;(t) =
r(t: ) on Ry, j = 1,2)
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< Wy ()\2 Of ) Of F(ry*(z), ) dacds) =ra(to) ,

which is a contradiction. m

THEOREM 7. Let [;° ds/q(s) < oo and let assumptions (Hy)—(Hz) be
satisfied. Then for each a € R, a # 0, there exists a unique Ag > 0 such that
equation (18y) for A = X\g has a (necessarily unique) solution u(t; Ag) with

1tlim u(t; o) = a.

Proof. By Theorem 5 equation (18y) has a unique solution u (t;\) €
A and a unique solution u_(t;\) € A_ for each A > 0 and moreover
the finite limits lim; oo u4(£;A) (> 0) and lim—oc u—(t; A) (< 0) exist by
Theorem 3. Define

gr (V) = lm w(0), g-(\)= fim u_(5))  for A> 0.
Then g4 : (0,00) — (0,00) and ¢g_ : (0,00) — (—00,0). In view of Theo-
rem 6, g4 is increasing on (0, 00) and g_ is decreasing on (0, 00). If for exam-
ple g+ (A1) = g1+ (A2) for some 0 < A\ < Ag, then setting r1(t) = uy(¢; A1),
ro(t) = uy(t; A2) for t € Ry we have 71 () < ra(t) on (0,00), 7, H(t) > 5 (1),
F(rit(t),t) < F(ry'(t),t) for t € (0,94 (A1), hence

g+(M1) = fq(ls) J FOri'(@),)deds
0 0
e 1 r2(s)
< f@ [ F(ry'(@), ) deds = g, (M),
0 0

a contradiction. Consequently, g is strictly increasing, and g_ is strictly
decreasing. To prove our theorem it is enough to show that g, and g_
map (0,00) onto (0,00) and (—o0,0), respectively. We prove for example
that g, maps (0,00) onto itself. First, we see from ¢y (t;\) < uy(t;\) <
. (t;\), where oy, P, are defined by (20), that limy_o, g+(\) = 0 and
limy 00 g+ (A) = 00. Secondly, assume, on the contrary, limy_»,_ g+(A) <
limy_ 5o, g4+ (A) for a Ao > 0. Setting vy (t) = lmy_x,_ uy(t;A), va(t) =
limy_ ., u+(t; A) for ¢ > 0, we get vy # vy. Using the Lebesgue dominated
convergence theorem as A — Ao_ and A — A4 in the equality (rx(t) =
uy(t; A) for (t;A) € Ry x (0,00))
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¢ TA(s)
TA(t):W_A'_(qu(ls) f F(r;l(x),x)dxds)

we see that

t v;(s)
1
(&) =W, A — Fv;Y(z),z dxds) fort >0, j=1,2.
() +<°qu<s>0f (05 1 (2),2) j

Therefore vy, v9 are solutions of (18y) for A = Ao, and consequently v; = vo,
a contradiction. m
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