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Existence of solution of the nonlinear Dirichlet problem
for differential-functional equations of elliptic type

by STANISEAW BrzycHCzY (Krakow)

Abstract. Consider a nonlinear differential-functional equation

(1) Au+ f(z,u(z),u) =0,
where
i 0%y
Au = ijgl aij(z) 0.0,

= (z1,...,2m) € G C R™, G is a bounded domain with C*T® (0 < o < 1) boundary,

the operator A is strongly uniformly elliptic in G and u is a real LP(G) function.
For the equation (1) we consider the Dirichlet problem with the boundary condition

(2) u(z) = h(z) forz € IG.

We use Chaplygin’s method [5] to prove that problem (1), (2) has at least one regular
solution in a suitable class of functions.

Using the method of upper and lower functions, coupled with the monotone iterative
technique, H. Amman [3], D. H. Sattinger [13] (see also O. Diekmann and N. M. Temme [6],
G. S. Ladde, V. Lakshmikantham, A. S. Vatsala [8], J. Smoller [15]) and I. P. Mysovskikh
[11] obtained similar results for nonlinear differential equations of elliptic type.

A special case of (1) is the integro-differential equation

Au+f(cc,u(x), é[u(x)dx) —0.

Interesting results about existence and uniqueness of solutions for this equation were
obtained by H. Ugowski [17].

1. Notation, definitions and assumptions. By C**(G) (I =
0,1,2,...;0 < a < 1) we denote the space of functions f € C'(G) whose
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derivatives of order [ are Holder continuous with finite norm

Dk f(x) — DF
‘f|l+a = sup |Dkf($)‘ + sup ’ f( ) af(y)‘
z€G z,yeG HH? - yH
|k|<l |k|=l,x#y
where [lo]2 = S a2,
By H™P(G) (p > 1) we denote the Sobolev space (see [1]) defined in
the following way: H"™P((G) is the space of all functions f having weak
derivatives DP f € LP(G) for all |3] < m with finite norm

||f||m,p=( > f |Dkf(x),pdx)1/p.

k|l<m G

I

We assume that the operator A (see the abstract) is strongly uniformly
elliptic, i.e., there is a > 0 such that

> ai@)éil; = ulél?
ij=1
forall x € G and € = (&1,...,&m) € R™.
Moreover, we assume that a;; € C°T%(G) and a;; = aj; (i,j =1,...,m).

The boundary G is assumed to be of class C?T? i.e., a finite union of C?T¢
surfaces. B

We assume that h € C?*T%(9Q), i.e., there is an h € C?*T%(G) such that
h(z) = h(z) for all z € HG.

A function u is called regular in G if u € C°(G) N C*(Q).

Functions v and v regular in G and satisfying the systems of inequalities

(3) Au+ f(z,u(z),u) >0 forzed,
u(z) < h(z) for z € G,

(4) Av + f(z,v(x),v) <0 forz e,
v(z) = h(z) for z € O,

are called a lower and an upper functions for problem (1), (2) in G, respec-
tively.

AssUMPTION A. We assume that there exists at least one pair ug, vy of
lower and upper functions for problem (1), (2) in G such that

up(z) <wvo(x) forzeq.
Let ug, vg be lower and upper functions for problem (1), (2) in G. Define
K ={(z,y,s) :x € G, y € [mg, My], s € (ug,v0)},
where

mo = minug(z), Mo = maxvy(z)
zeG zeG
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and (ug, vp) is the segment
(ug, vo) :={s € LP(Q) : up(x) < s(z) < wvp(z) for x € G}.
We assume that f: R™ x R x L? 3 (z,y,s) — f(z.y,s) € R satisfies in
K the following assumptions:
(a) f('7y7 S) € CO—}-a(é) for y e [mOaMO]73 € <UO,’U()>,
(b) f(z,-,-) is continuous for = € G,
(c) the derivative 0 f/Jy exists and is continuous, and

of

a—y(a:,y, s)|<e¢p inK

where ¢y > 0 is a constant,
(d) f is increasing with respect to s.

2. Main results. Throughout this paper we assume all assumptions of
the first section to hold.

THEOREM 1. The problem (1), (2) has at least one regular solution u
such that

uo(z) <ulx) <wvo(x) forzed.

Before going into the proof of the theorem we establish some lemmas
and make a few remarks.
From assumption (c) it follows that for k > ¢,

(5) g‘; +k>0 in K.
Let 3 be a sufficiently regular function defined on G. Denote by P the
operator P : 3 — v = Pf, where ~ is the (supposedly unique) solution of

the boundary value problem

~v(x) = h(z) on 0G.
The operator P is the composition of the nonlinear operator F : 8 +— 4,
where

(7) FB(x) :== —[f(z, B(x), B) + kp(x)] = é(x)
and the linear operator G : § — -y, where « is the (supposedly unique)
solution of the linear problem
(8) (A—kI)y=46(x) inG,
v(z) = h(x) on 0G .
F is the Nemytskii operator. It is sometimes also called the superposition

operator, composition operator, or substitution operator. More information
about it can be found in [4].
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LEMMA 1. (i) F maps COt%(G) into COt*(G) and is a bounded and
continuous operator between these spaces.
(ii) P maps COT*(G) into COT*(G) and is compact.

Proof. Assumption (c) implies that f satisfies the Lipschitz condition
with respect to y. Therefore arguing as in [8, 7] we get (i).

Since the operator A is strongly uniformly elliptic, a;; € C°T%(G), the
domain G is bounded, G € C?*T h € C***(9G) and § € C'T*(G),
by the Schauder theorem [14] (see [9]) problem (8) has a unique solution
v € C?T%(Q) such that

9) ota < e1(l8lota + [Plata)

where ¢; > 0 is independent of § and h.

We define a constant operator G; : C°T%(G) — C?**%(G) by denoting,
for every h € C°T(G), by Gi(h) the unique solution of problem (8) with
5(z) =01in G.

Similarly, we define a linear operator G, : C°t*(G) — C?T%(G) by
denoting, for every § € C°T%(G), by G2(d) the unique solution of problem
(8) with A(z) =0 on 0G.

It is easy to see that G(6) = Gi(h) + G2(0). It follows from (9) that
Go is continuous. Consequently, since G; is constant with respect to 6, G is
continuous. Thus the operator

GoF:C'G) — C*T*(G)

is bounded and continuous.
Since G € C?T*, the identity operator

7: 0% (@) — " (G)
is compact (see [19]). Hence the operator
P=ToGoF:C'G) — C""(G)
is compact. This completes the proof of Lemma 1.

LEMMA 2. (i) F induces a bounded and continuous operator LP(G) —
LP(@G).
(ii) P induces a compact operator LP(G) — LP(G).

Proof. Recall that G is bounded and f satisfies assumptions (a)—(c).
Assumption (c) implies that f satisfies the Lipschitz condition with respect
to y. Therefore arguing as in [18, 7] (see also [16]) we conclude that F
maps LP(G) into LP(G). Hence the nonlinear operator F is bounded and
continuous.

If § € LP(G), then using the Agmon-Douglis—Nirenberg theorem [2] (see
[9]) and repeating the same arguments as in the proof of Lemma 1, we
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can show that problem (8) has a unique weak solution v € H??(G), which
satisfies

(10) lellz.p < c2(l6]lze + [1Bll2)

where cs > 0 and ¢y does not depend on d and h. Hence
G:LP(G) — H??(G).

By (10) and using a similar argument to the proof of Lemma 1 one can
show that the operator G is continuous. Thus G o F : LP(G) — H*P(G) is
bounded and continuous. Since the identity operator Z : H*P(G) — LP(G)
is compact (see [20]), the composition P =Z o Go F : LP(G) — LP(G) is
compact. This completes the proof of Lemma, 2.

LEMMA 3. (i) Let 1 and (B2 be any regular functions such that (1, B2
€ K. Then the operator P is increasing, i.e., B1(x) < Ba2(z) in G implies
Ppi(x) < PB2(z) in G.

(i) If B is an upper (resp. a lower) function for problem (1), (2) in G,
then PB(x) < B(x) (resp. PB(z) > B(x)) in G.

Proof. (i) Let Bi(x) < fa2(z) in G. Setting v1 = PB1 and v2 = PS2
from (8) it follows that

(A—=kL)(v2 —m) = —[f (=, Ba(x), B2) — f(z, fr(x), B1)]
(11) —k[B2(x) — f1(x)] in G,
Y2(x) —y1(z) =0 on IG.

From this, by the monotonicity of f with respect to s we get
(A—=KI)(v2 — )

—[f (@, B2(2), B1) — f(z, B1(x), B1)] — k(B2(z) — Bi(z))
—[fy(z, Br(@) + 0(B2(x) — B1(x)), B1) + K|(B2(x) — Br(2)) ,
where 0 < 6 < 1. Consequently, by (5) we have
(A=FkI)(y2—m) <0 inG,
(12) {’yg(az) —7(z)=0 on 0G .

By the strong maximum principle [12], either v5(z) — v1(x) = 0 or Yo (z) —
~71(z) > 0in G.

We claim that v2(x) — y1(z) > 0. Indeed, suppose for a contradiction
that v2(x) — y1(x) = 0; then by (11), B2(x) — f1(x) = 0 in G, contrary to
our assumption that 31(z) < B2(x).

(ii) Putting v = P and using (6) and (4) we get

d
(A=kI)(v-B) = (A kT)y — (A—kI)

—[f(x, B(x), B) + kB(z)] — AB + kB(x)
—[AB+ f(z,68(x),8)] >0 inG
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and

V(z) = B(x) = h(z) — f(z) <0 on OG.
Hence, by the strong maximum principle, either v(z) — G(z) = 0 or y(z) —
B(x) > 0 in G. Since [ is not a solution of (1) (when [ is a solution of

(1) then Theorem 1 holds), the case y(z) — f(x) = 0 cannot occur. Hence
~v(z) < B(x) in G and the proof of Lemma 3 is complete.

Proof of Theorem 1. Let P be defined as before. By induction, we
define two sequences of functions {u, } and {v,} by setting

ur = Pug, un =Pup—1, n=12,...,

U1 :PU()a Un:PUn—la n = 172a"'
Now we show that {u,,} is increasing (resp. {v, } is decreasing) and converges
to a solution of problem (1), (2) in G. Since uy and vy are regular, by
Lemma 1 we see that u,,v, € C?>T%(G). Since v, is an upper function for
problem (1), (2) in G, by Lemma 3, we obtain

vi(z) = Pvo(z) <vo(x) inG.
Consequently, by monotonicity of P we get
Un(x) = Pop_1(z) <vp_1(z) inG, n=1,2,...

Arguing as above we get u,_1(z) < u,(z) in G,n = 1,2,... Since the
operator P is monotone, by Assumption A it follows that

u1(z) = Pug(z) < Pug(x) =vi(z) in G
and consequently u,(z) < v,(z) in G, n =1,2,... Therefore we get
(13) up(x) <ui(z) <...<up(z) <...<wvp(x) <...<v1(x) < vo(z)inG.
By virtue of (13) we can set

(14) v(z) = lim v,(z) foreachz € G

and we see that ug(z) < v(x) < vg(x) for x € G. Analogously we can define

(15) u(z) = Jim. up(z) for each z € G,
which satisfies ug(x) < u(z) < vo(x) for x € G.

To complete the proof we must show that u and v are regular solutions
of problem (1), (2) in G.

If we could prove that the sequences {u,} and {v,} are bounded in
CO*(@), then since the operator P is compact and monotone, the sequences
{Pu,} and {Puv,} would be convergent in COT(G).

Since it is not possible to prove that for any elliptic operator A the se-
quences {u, } and {v,} are bounded in C°T(G), we must find another way.
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The inequality (13) implies that {u,} and {v,} are bounded in LP(G).
Since P is increasing and compact in LP(G) (see Lemma 2), the sequences
{Pu,} and {Pv,} are converging in LP(G). It is easy to see that

uw= lim Pu, = lim P*u,,_1 = Puc LP(G)

and
7= lim Pv, = lim Pv,_1 = Po € LP(G).
Since u,v € LP(G) and
(16) GoFu=u,
(17) GoFu =1,
by the Agmon—Douglis—Nirenberg theorem we obtain
(18) u,7 € H*P(Q).

Now using the well known fact that for p > m the Sobolev space H?P?(G) is
continuously imbedded in C%**(G),0 < a < 1 (see [9]), and by (18) we get
(19) u, 7 € C'T¥(G).
Applying now the Schauder theorem to the equalities (16), (17) and by (19)
we get
u, T € C*T(G).

Hence u and ¥ are regular solutions of problem (1), (2) in G. Moreover, since
the sequences {u, }, {v,} are monotone, by (13)—(15) we see that
(20) up(z) < u(z) <v(z) <wvy(z) forzed.
In general u(x) # v(x).

Remark 1. The solutions v and v are minimal and maximal solutions
of problem (1), (2) in the set K, i.e., if w is any solution of problem (1), (2)
such that ug(z) < w(x) < wvp(x), then u(x) < w(z) <o(z) in G.

Indeed, if w is such a solution, then w = Pw. Hence, by monotonicity of
P we have

w(z) = Pw(z) < Pug(xz) =vi(z) inG.
By induction we get w(z) < v,(z) in G, so w(z) < limy, o vy (x) = T(x)
in G.
Arguing as above we obtain u(x) = lim, . un,(z) < w(z) in G.
Remark 2. Uniqueness of solution for a system of differential-functional

equations of elliptic type has been studied by M. Malec [10]. He gave some
criterion for uniqueness under stronger assumptions.
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