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ON THE EXPONENTIAL INTEGRABILITY
OF FRACTIONAL INTEGRALS ON SPACES
OF HOMOGENEOQOUS TYPE

BY

A. EDUARDO GATTO anp STEPHEN VAGI (CHICAGO, ILLINOIS)

In this paper we show that the fractional integral of order o on spaces
of homogeneous type embeds L'/ into a certain Orlicz space. This extends
results of Trudinger [T], Hedberg [H], and Adams-Bagby [AB].

1. Definitions and statement of results. We will state the main
definitions needed in this paper and will refer to [GV] for other definitions
and properties. In this paper (X, d, 1) will denote a space of homogeneous
type that is normal and will be referred to as a normal space. The property
of normality is defined as follows: Let B,.(z) be the ball of center z and radius
r; then there are positive constants A; and A, such that for all x in X

Air < p(Bp(z)) f0<r <R,
and
w(Br(x)) < Aor if r > 1y,

where 7, = 0 if p({z}) =0, ry, = sup{r > 0: B,(z) = {x}} if u({z}) #0
and R, = oo if u(X) =00, R, =inf{r > 0: B,.(z) = X} if u(X) < co. For
1 <p<oo, LP = LP(X,6, ) has its usual meaning. The space (X, 4, ) is
said to be of order v,0 < v < 1, if there exists a positive constant M such
that for every z, y, and z in X,

|6(2,2) = 8(y, 2)| < Md(z,y)" (max {6(z, 2),8(y,2)})' "
In order to define the kernel of the fractional integral without having
to distinguish the case when the measure p has atoms we shall adopt the
following abuse of notation: for 0 < o < 1 we define

1 _ eyt ifr#y,
§(z,y)t—« 0 ifx=y.
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The fractional integral of order o, 0 < o < 1, in L'/¢ is defined by

f(y)
I, = ——d
f@)= [ (e y) e 1(y)
if f has bounded support, and otherwise by

T 1 % (y)
I, = - d
fla)y= [ {5(% e 5l fy) du(y)
where 1, is the characteristic function of the complement of the ball B;(z),
and z is any fixed point in X.

Remark. The convergence a.e. of both integrals and the fact that they
are elements of BMO was shown in [GV]. Note that the class of I, f in BMO
is independent of the choice of z. If f has bounded support then I, f and
1, f define the same class in BMO.

THEOREM 1. Let (X,d,1) be a normal space, 0 < a < 1, and let f
be in LY with support in a ball B. Then there are constants C; and c
independent of B and f such that

J exp{ (W) WQ)} du(z) < cu(B)

THEOREM 2. Let (X, 9, 1) be a normal space of order v, 0 <y < 1. Let
0 < a <1 andlet f belong to L' . Then there is a constant Cy independent
of f such that for every ball B we have

o (2 e DY T ] i <

where mp(Iof) = p(B)~* I I fdu.
Remark. The expression Iof — mg(I,f) coincides a.e. with I~af —
mg(I,f) if f has bounded support. Therefore it suffices to state the theorem

for 1.

As mentioned above it was shown in [GV] that for f in LY/® I,f is
in BMO and ||I,f|BMmo < ¢|/f|li/a- This result and the John-Nirenberg
theorem [JN], [CW] imply that there are constants K; and K5 such that

‘faf_mB(fafH
J exp{ K1 [ £l

for every ball B. But a stronger result is true as stated in Theorem 2. To
prove Theorem 2 it is convenient to introduce the related Orlicz space norms.
Let ¢ be a convex increasing continuous function on [0,00) with ¢(0) =0,
and ¢(t)/t — oo as t — oo. Let B be a ball in (X,0,u). We say that a

}du < Kou(B)
B
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measurable function g on B is in Ly(B) if there exists a A > 0 such that
S5 o(lg(x)]/X) dp(x) < oc. For ¢>0 we define the norm

Niso(g) = inf{A >0+ [ o(lgl/) du < en(B) } .
B

Then Ly (B) is a Banach space with respect to the norm Ng . and these
norms are equivalent for different choices of ¢ as shown in Lemma, 2.

2. Lemmata and proofs of the theorems

LEMMA 1. Let (X,0, 1) be a normal space and 0 < r < R < oo. Then
there is a constant By independent of x,r and R such that

I dp(y)

§(z,y)

2R
< Bjlog—.
r<é(z,y)<R "

Proof. Without loss of generality we can assume that r, < r. Let K be
the smallest positive integer such that 25+ > R. Then using normality
we have

duly) _ i [ du(y)
r<é(z.y)<R oz, ) k=0 2kr<§(z,y)<2"+1r oz, y)
Ko
< Z ok f dp(y) < 245(K +1) < 445K .
k=0 5(ac,y)<2k+1r

Now observe that 256~ < R, and that therefore K < (1/log?2)log(2R/7).
This proves the lemma with B; = 4A45/log2.

LEMMA 2. If 0 < ¢ < co, then
C2
NB,02 S NB,Cl S ?NB,CQ .
1

Proof. The first inequality is immediate from the definition of Np .
To prove the second inequality let A > N .,. Then

S o(f1/2) du < eap(B).
B

Multiplying this by ¢1/c2 and using the fact that for 0 < v < 1, ¢(vt) <
vo(t), we get
/] >
——— | du < c1u(B).
This implies the second inequality.
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Proof of Theorem 1. Let B = B,(z¢). If z¢ is an atom and r < 74,
then I, f(zo) = 0 and the estimate is trivial. Let, then, r > r,,, let x € B
and let 0 < ¢ < 2kr where k is the constant in the “triangle inequality”

0(z,y) < k(6(x,2) +6(2,y)). Then
Iaf(@)] < fMyla < [ AL )

§(z,y)<2kT (l‘, y)

[+ |  =h+b.

d(=,y)<e 0<6(w,y) <27
We first estimate I. If x is an atom and o < r, then Iy = 0. Let o > r,
and let KC be the set of nonnegative integers k such that 2= %o > r,. Denote
by M f the Hardy-Littlewood maximal function of f. Then

n=>» Il 5(:’5%)1’_& dp(y)

kel 27k=1o<s(z,y)<2 %0

IN

< MF() Y miotymagrs = Aad™M (@),

with A, = As-2/(2% — 1).
We now estimate I5. Using Holder’s inequality with p = 1/« and
Lemma 1 we have

du(y) ' ° 4kr\' 0
Blflye(  f Y <o)
0<8(a,y) <27 Y

If Ao(26r)*M f(z) < || fll1/a We set o = 2xr, since supp(f) is contained in
B, I = 0 and hence

(o f(@)] < Ty <[ fll1/a-
If, on the other hand, A, (2kr)*M f(x) > || f|1/o then there is a unique o in

(0,2rr) for which Aa0*M f(z) = || fll1/ar i-e. 0 = [||fll1/a/(AaM f(z))]/*.
With this value of ¢ we have

Ak AY M F(z) e\
Hof(x)] < I + I < [|f]l1/a [1 + (Bl log Hf||1/J;( ) ) ]
1/

and hence in both cases

Inf(z) r/ (=)
[cluful/a :

where C} = 2% max(1, B{ ).

L+ log* L AR AY M f (x)Ve
N I£113 e
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Finally, using ||M f|1/o < c1]|f]l1/o and normality we have
Lo f(z) Ml_a))
exp( | 51— dp()
f <‘Cl||f||1/a

B
1/a
drr oy
< e(u®) + 25T [ M) duto))
TR
Aiy/a4 1/a
e(l + Hcl)u([)’) = cu(B).
Ay
This concludes the proof of the theorem with C; = 2% max(1, B;~*) and
c=e(1+ AY kel /Ay).
Proof of Theorem 2. We consider a ball B = B,.(z¢) and the Orlicz
norm Np; defined with ¢(t) = et/ " 1. For f e LY*(X) we write

faf(x) - mB(faf)

_ 1  Y(y)
_Xf |:5(x7y)1a 5(Z,y)1a]f(y)dﬂ(y)

1 1 ¥=(y)
B)fof [5(,5, i 5(Z7y)1a]f(y) dp(y) dp(t)

1
é[)‘(f [ - 5(t,y)1_a}f(y) dp(y) dp(t) -

Decompose X = B U B¢ where B = B2 (x0). The last expression can be
written as

~f(g(ggyl)l—mf(y)du( f f 5 ) dis(y) dpt)
B
1 1 1
+N(B)Bf g“[ [5(:1:,y)10& G y)1a}f(y) du(y) du(t)

=J1—Ja+ J3.

Since ||Iof — ma(Taf)lss < II1lls1 + || 72 |51 it is enough to
show that ||.J;||s1 < M;||fll1/a, 1 < i <3, with M; independent of f. Since
Ji(z) = Io(fx5z) we can use Theorem 1 and normality to obtain

BA )1/“‘” J < Lo (Fx3)| )1/“—“) ;
f¢<c1||f||1/a ps [0 el Fxgliya :

B B

< cp(B) < cu(B).



126 A. E. GATTO AND S. VAGI

From the definition of || ||5,. and Lemma 2 it follows that
[ T1ll,1 < Ml fll1/a -
To estimate Jo we use Jensen’s inequality and the estimate above to obtain
I Lo (fx5)|
¢( ) du < ( B ) dp() dp(t) < cu(B) .

Bf cllflliya ff cil[fllya
As before, from the definition of || || 5,. and Lemma 2 it follows that ||.J2||5,1 <
MQHFul/a'

Finally, for J; we will first show that

i) = [ soams — 5ee] 0 )

c

is bounded and ||Hy||oo < c[[f|l1/a-

Since z and t are in B, and y in gc, and the space has order v, Lemma I1.3
of [GV] states that

1 _ 1
oz, y)t=> ot )=
Using this lemma and Holder’s inequality with p = 1/« we obtain

|Hy(z,t)] < Bad(x,t)” (féxy 1=/ (=) gy ) (f]f\”“d,u)
Be
Using inequality 11.2 of [GV]:
f §(z,y) /A=) qu(y) < er™/ -
Be

< Bad(w, )76 (w,y)*

and 0(z,t) <r we get the desired estimate for ||H f||c-

Therefore [|Js]/oc < ¢||f[l1/a- On the other hand, it is easy to show that
J3ll81 < ¢l[J3]|loo, and hence ||J3]|s1 < Ms3||f]l1/o- This concludes the
proof of Theorem 2.
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