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The relation between weak extensibility and extensibility of vector-valued
holomorphic functions on open sets and on compact sets has been investi-
gated by many authors, for example Ligocka and Siciak [6] for open sets in a
metric vector space, Siciak [9] and Waelbroeck [10] for compact sets in C™,
N. V. Khue and B. D. Tac [8] for compact sets in a nuclear metric vector
space. The aim of the present note is to prove some results for Banach-valued
meromorphic functions on open sets and on compact sets in C".

We recall [7] that a holomorphic function f on a dense open subset
Gy of an open set G in C" with values in a sequentially complete locally
convex space F' is called meromorphic on G if for each z € G there exists a
neighbourhood U of z and holomorphic functions g and ¢ on U with values
in F' and C respectively such that f|GoNU = g/c|GyNU.

Put

P(f)={z € G: f is not holomorphic at z}.

It is known [7] that P(f) is either empty or a hypersurface in G.

Finally, for each open subset G of C™, we denote by G the envelope of
holomorphy of G.
First we prove the following

THEOREM 1. Let G be an open set in C" and F' a Banach space. Assume
that [ is an F-valued meromorphic function on an open subset X of G
such that x* f can be extended to a meromorphic function ﬂ on G for all
x* € F*, the dual space of F'. Then f can be meromorphically extended to G.

Proof. It suffices to show that f can be meromorphically extended
through every point z € 9X. Fix 2 € 0X. Put

B:{al,...,as;bl,...,th(Q+iQ)n;
rtoo st 6teQt; A Be QT
there exists a neighbourhood U of z° such that

[U\UD"(aj,rj)}A -v)



66 L. M. HAI ET AL.

where for each z € C and r € R™" we denote by D"(z,r) the open polydisc
centred at z with polyradius r.
For each o € B, let

L(a) = {x* € F* : z* f is holomorphic on
v\ [ UD el u D6 /2)]
J J

|';<.\f(z)‘ S A fOI' z g Ubn(a]’r]) U Uﬁn(bj75]/2)7
J j
1/ z* f is holomorphic on U D" (¥, 67,
J

/2" f(2)| < B for z € UD"(bf,aj)} U{0}.

Cramv 1. F* = | J{L(«a) : a € B}.

Let * € F*, o* # 0. Since codim(P(ia:/*(\f) N P(l/;f)) > 2 we can find
[4] holomorphic functions Ay, ..., h, on D"(z° &) € G such that
P f) N P(1/z*f) N D"(2%,¢) = {z € D"(2°,¢) : hp_1(2) = hn(2) = 0}

and the map h : D"(2°,¢) — C™ defined by h1,...,h, has discrete fibres.
Hence h : U — D"(0,) is proper for some neighbourhood U of z° and
5 € Q™. Put

W = D"2(0,81,...,0n_2) x D2(0,0,_1,06,) .

Then h~1(W) is a neighbourhood of P(:?*!\f) N P(l/;‘!\f) NU in U. Since
[D™(0,6) \ W]" = D"(0,6) and h : U — D"(0,0) is a branched covering
map [3] we have [U \ h=}(W)]" = U. Cover now h=*(W) by D"(a',r}),...
oo, D(at,r%),at, ... e € (Q+iQ), rt, ..., r® € QT", such that

[U\Uﬁn(aj,rj)}/\ —U.
J
Since
TP H\UD"a )| 0 PO/ ) =0
J
we can find b,... b" € (Q +iQ)" and 4*,...,5" € Q1™ such that
[U\UD”(QJ,TJ)} NP f) c| D", 8 /2)
J J

and
DMV, 6N P(1jz f) =0 forj=1,... t.
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Then z* € L(a) with a = {a',...,a% !, ..., 7% 6, ..., 6", A B} where
A,Bc Q' and

A> sup{yﬂf(z)y L2eU\ [Uﬁn(aj,rj) UUT)n(bﬂ‘,af/z)} }
B> Sup{|1/?f(z)\ 1z € UD"(bj,éj)}.

Cramm 2. L(«) is closed in F* for every o € B.

Let {z}} C L(a) converge to z* in F™*. Since {J:";?} and {1/95/2;7} are
bounded in H(U \ [, D"(a?,r7) U U; D"(v/,67/2)]) and H(U; D*(1,07))
respectively, by the Montel Theorem without loss of generality we can as-
sume that {z*} and {1/ a;g\f } converge to h and g respectively. Hence by
uniqueness we have z* € L(a).

Applying the Baire Theorem to F* = |J{L(a) : « € B} we can find
a € B such that Int L(«) # (. Let xf € Int L(a). For each z* € F* take
0 > 0 such that zf + dx* € Int L(«). Then from the relation

UNP(*f) C (Pagf) U P(gf + 0" f))NU
it follows that
UNnPaf)C [Uﬁn(af,rf) U Uﬁn(bﬂ',aj)} nU
J J

where a = {a’,b7;77,67; A, B} and U is defined by a.

—

Now for each z* € F* we denote by C(z*f) the number of irreducible
components of P(z*f) N W, where W = U \ |; D"(a’,r7). Observe that

P(a;(\f) NW = Z(l/a;k?) N W, the zero set of 1/3?‘?\1/1/ For each k > 0 put
Ay ={a* € F*: Oz f) < k}.
We shall prove that Ay is closed in F™* for every k > 0. Let {z}} C Ay

converge to x* € F*. For each z € Z(l/ﬂ) N W take a complex line
L containing z such that 1/z*f is non-constant on L N W. Then by the
Hurwitz Theorem for every j > jo there exists z; € Z(1/27 f) "W such that

—

z; — z. This yields C(z* f) < k. Hence z* € Aj.
From the Baire Theorem we have Int Ay # () for some k > 0. Thus

m = sup{C(a?ka) cxt e Fr} <2k.
CLAM 3. There exists a finite set A in F* such that
Un|J{Pa*f):a* € F*} =UN| J{P@"f) " € A}.
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Indeed, otherwise we can find a finite set B in F™* such that
C(U NUJtP@ /) 2" € B}) >m?.
Let y* € E* be such that
Py fynW Z | J{P@*f) =" € BynW .
Then
C(ﬁf—i—Z{?f:x" GB}) >m?—m>m.

This is impossible.

CLAM 4. f is meromorphic on U.

By Claim 3, f is holomorphic on W\ V', where V = U{P(ﬂ) rxt e A}
and A is some finite set in F*. Let 2! be a regular point of V. Then there
are local coordinates (u1, ..., u,) in a neighbourhood Z of z! in U such that
VNZ=2Zuy). In Z\ Z(u1) we have

flu,v) = Y ex(v)uf

k=—o00

where v = (ug, ..., u,). By the Baire Theorem and since E‘!\f is meromorphic
on Z for x* € F* it follows that ¢y = 0 for every £ < p. Thus f is
meromorphic on Z \ S(V), where S(V) denotes the singular locus of V.
Since codim S(V') > 2 we have

o\ [UDr @) uS(V)HA —U.

From [1] we conclude that f is meromorphic on U.
The theorem is proved.

Remarks. 1) Theorem 1 is also true when F is replaced by a sequen-
tially complete locally convex space E for which E* is a Baire space.

2) Since every Fréchet space which does not have a continuous norm
contains a subspace isomorphic to C*> [2] and since the function z +—
(1/2,1/22,...) is not meromorphic at 0 € C, it follows that if Theorem 1
holds for F', then F' has a continuous norm.

THEOREM 2. Let G be a non-empty subset of a compact set K of C" and
let f be a function on G with values in a Banach space F such that x* f can
be extended to a meromorphic function ;’?f on a neighbourhood of K for all
x* € F*. Then f is meromorphic on a neighbourhood of K.

Proof. For each z € C™ consider B(z) constructed as B in Theorem 1
with 20 replaced by z. From the proof of Theorem 1 (Claim 1), for every
x* € F* and every z € K we can find a € B(u), u € (Q +iQ)™, such
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that z* € L(a) and z € U(«a), where U(a) is defined by a. Thus by the
compactness of K we have

F* = J{L(a):a € B}, L(a)= QL(a’“) )

B={a=(a',...,a™) € B(z') x ... x B(z™),
2.2 e (Q+i@)”:KCUU(aj)}.

Moreover, as in Theorem 1 (Claim 2), L(«) is closed for every a € B. Using
the Baire Theorem we can find o € B for which Int L(«) # ). Then similarly
to Theorem 1 (Claim 2) for U = {J, U(a’) we find that, for all z* € F*,

x* f is meromorphic on U,

P(a*f) c DM@k, w7k ul DMk, 7% /2)

j j
and

U[o@h) [UD @ % oD+, 4 2)] | 2 o)

k j j k
where a = (al,...,a™),a* = (a?*; 00k rik, 53k, AR BF) k= 1,...,m.

Hence as in Theorem 1 (Claims 3-4) we obtain a meromorphic extension of
f to a neighbourhood of K.
The theorem is proved.
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