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I. Introduction. The theory of singular integrals on product domains
has been studied by several authors, e.g. [2], [3], [6], [7]. One of its applica-
tions is to the problem of almost everywhere convergence of double Fourier
series (see [5]). For example, let f be in LP([—m, 7| X [-m,7]), p > 1, and
let

SM,MZf(xa y) = Z ammei(nm-i-my)
[n|<M, |m|<M?
be a partial sum of its Fourier series. Define a singular integral with highly
oscillatory kernel,
T T Gi(N(zy)a + N (z,y)y')

Llf(xay) = f

—T —Tr

o fle =o'y —y)da'dy',
where N(x,y) is any real-valued measurable function on R2.

To show the convergence of the partial sums Sy a2 f, it suffices to show
the boundedness of the above singular integral L, f, i.e. to show that there
exists a constant C),, depending only on p, such that

L1 fllp < Coll £l

Here, we should remark that the convergence of Sy a2 has been proved by
C. Fefferman [1] if p > 2.

Let us look at two special cases of the operator L f. Suppose the function
N(x,y)isin C1(R?) and there exist three “large” positive constants A, B, C
such that A/2 < N(z,y) < A, B/2<0,N < B and C/2 <9,N < C. This
case leads to the study of the singular integral with oscillating kernel (for
more details, see [5])

T T giN(y)a
Lofwy)= [ [ °

—T —T

o fle—a',y—y)da' dy .
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This operator is easily seen to be the double Hilbert transform. On the
other hand [5], the case N(x,y) = Avy® where ) is a large number, 3 > 1,
leads us to consider a more general singular integral with variable integration
domains, {Dy }ycr,

Laf(wy) = [[ —

Y
(x,7y,)€Dy

fle—a',y—y')da dy',

where D, is a region symmetrical with respect to the 2’ and y’ axes (the
definition of D,, will be given later).

The motivations for our research stem basically from those two operators
Lof and L3 f. In this paper, we would like to consider the boundedness of
a singular integral with oscillating kernel and variable integration domains
on a product domain.

Throughout this paper, we suppose f(z,y) € LP(R?) N C§°(R?). For
each y € R, let f({ ,y) denote the Fourier transform of f with respect to the
first variable. Let ||f(x,y)||r(z) and || f(z,y)| Lr(y) denote the L norms in
the first and second variable, respectively, and let ||f(z,y)| rr(s,y) be the
usual LP(R?) norm. C will denote some constants which may depend on p
and may change at different occurrences.

Let

N (y)z’
fle =2,y —y')dy da’

Tf(z,y) =p.v. ff

D,

l,/yl
and consider the associated maximal singular integral

N (y)z’

7f($ - $/>y - y/) dy/ dl'/ 5

T*f(x, y) = sup 2’y

e>0

Dy, |z'|>e

where NV is any real-valued measurable function defined on R and the defi-
nition of the domains {D,},cr is given below.

For any two fixed numbers, a > 1, b > 1, take two non-negative smooth
functions ¢ and ¢ with compact supports in {1/a < r < a?} and {1/b <
r < b2}, respectively, such that

Do dlar) =) (') =1
heZ kEZ
for all r > 0. Let 6 be a measurable function from Z xR to R™, i.e. (h,y) >
0, h € Z, y € R. Define a family of measurable sets {D,},cr by
Dy ={\y)eR| 3wl Dot ly) # 0}
(h,k)eBy

where By, = {(h,k) | b=* < 4&(h,y)}.
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THEOREM. For every measurable function N(y) and the family of mea-

surable sets {Dy}yer, 1 < p < 00, there exists a constant C,, independent of
f such that

W) Ty < Cpll £l
(i) [T fllp < Cpll fllp-

In the p = 2 case, those operators have been studied by E. Prestini
(see [7]).

I1. Proof of Theorem. We need only show (i), since (ii) then follows
from

LEMMA [7]. Under the hypotheses of the Theorem, there exists a constant
C such that
T f(x,y) < C{M Hy" f(z,y) + Mo T f(z,y)}

where M, denotes the classical Hardy—Littlewood mazximal operator acting
on x and Hé\/f denotes the associated maximal Hilbert transform acting on

Y, t.e.

1

Macf(x’y) = Sup — f |f($ - x/ay)| dCL'/

e>0 €

|z’ |<e
and
dy

HY f(a,y) = sup [ fay-y)

Ty >e

Without loss of generality, one assumes a = b = 2. Then

2h ! 2k: /
ff Z zN(y)x |2"]) ¢( y/’y Df(:l,‘ — 2y —y)dy do’

-:U/
(h,k)EB,
=[] Y N0 () [y — o) dy da’
(h,k)EB,
_f Z iN(y)z’ y‘/h f Z st(yl)f(ﬂ? o l'/,y o y/) Cly/ de‘/,
R hez 2=k <5(h,y)
where
1/1 2h x/ ¢ 2k y/
i) = "2 gy = 2D,

Remark 1. Clearly, ¥; and @, have the following properties:
(i) @n(€) = To(&/2"),

(i) ¥ (0) = 0,

(iii) ¥o(&) < Ci/|€|! for any non-negative integer [,
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(iv) ¥o(§) < Cl¢],

(v) @ has the same properties (i)—(iv).

Let us make a partition of unity, i.e. take a non-negative function p €
C§°(R) with compact support contained in the set {1/4 < |£| < 2} such

that ZjEZpQ(Z*jm) =1 for all £ € R, £ # 0. For each y, define partial
sum operators

Sif(&y) =p(277E = N F(& )
where the Fourier transform acts on the first variable. Obviously, for every
heZ,

Z sz'+hf($vy) = Z Sj+th+hf(x7y) = f(a:,y) )
J J
in the sense of L? convergence. Let

STa(€.y) = p(2 I ENTE.v).

Since

SiF(E+N(y),y) = p27ENF(E + N(y),y)
and -

S2F(E+ N(y),y) =p* (277 |ENF(E+ N(y),y),

one has

Sif(@,y) = eNWESF (e VWO (. y))(2)

= §F(eNWre= NGO £ (. y))(x)

and

2 _ gt ot ( iNy)z,~iN(y)(-
ij(x’y) =S}, (e (¥)z o, —iN (y)( )f(.,y))(gg).
Therefore, for each fixed y € R, by the Littlewood-Paley Theorem (see [8]),

().,

. 1/2
= [(SZ 18 e ™ ) |
J
Now, integrating both sides with respect to y, one has

/
1) H(%:|ij2)l 2‘ Lr(z,y)

= | 18700 g))P)

LP(z) ~ Hf(x,y)||Lp(x) :

1/2
| =W ey

LP(z,y)

for 1 < p < 0.
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Let us write

Tiwy)= Y N0 m @)+ (3 Shaf ()

(h,k)EBy

= Y [N @)y
(h,k)EB,

o | D (F S (NN WO £ ) ()]

=3 { Y Sl n @)

J (h,k)EB,
£ (SF (N WV £ y)) ()] |
= Tif(z,y).
J

We rewrite T f(z,y) as

> Sf{ @Y m @)

heZ
al Y By e (S (NI OO £ )]}
27%<5(h,y)

where *; and *o denote the convolution operators acting on the first and
second variables, respectively, and the variable index of the sum ) o - 5(h.y)
is k. B

By the Littlewood—Paley Theorem, it follows that the LP(z) norm of
T35, T3 (2 9) ooy 35 dominated by

(2) H[};Z(<e“v<y>x’m<m’>>*l( S a)

2=k <4(h,y)
. . 241/2
+  (oINWz ,—~iN@)() (. ‘ ‘
SFn (N OO @) [T
Define
Iwny(@) = Y BR(y) %2 (S, (€N NWO f(y))(2)
2=k <4(h,y)
= ) B() %2 Sinf(z,y).
2=k <5(h,y)

Hence, by (2),

. , 1/2
(3) 1T/ 9)llarey < C|[[ S 1EN D70 @) 51 ggyngy@)2] |
heZ

Lv(z)
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Remark 2. It is clear that
9 pon ()] < sup] 3" Biy) 2 (SFp (NP NWO F( ) ()
2-k<]
< 2HY(S],, (N W em VWO (. y)) ()

where Hé‘/f is the associated maximal Hilbert transform acting on the second
variable.

The proof of the Theorem is now divided into three parts, according as
p=2,2<p<oo,and 1 <p <2

For the first part, p = 2, applying Plancherel’s Theorem to the right
hand side of (3), one has

1T f(z,9)ll22(@) < CH [Z @h(f - N(y))/g\{y,h,j}(f)ﬂ 1/2‘

2 L2(¢)
= CH {hze:z @0 (€)Gy.n.iy (€ + N(y»ﬂ 1/2‘ L)

Before computing the Fourier transform of gy, 5 j1 (), let us note that
the convolution operator *o in the next three equalities is only acting on

the second component “y”. It has nothing to do with the y in the function
N(y), for example
Di(y') =2 FE+ Ny fsﬁk N(y),y—y)dy'.
Since
Iiyhiy(E+ N(y)) = Dp(y’) #2 ((Sj+nf(y) €+ N(y)))

Pr(y') *2 (P27 [ENFE + N(y). )

= P27 MEN@r(y') %2 F(E+ N(y),y))

one has
1T f (2, )l 2(2)
e[St $ e of]”

2=k <5(h,y)

L2(§)

~c|[Slaerope e X e fie+ N ]

hez 2+ <5 (h,y)

L2(6)
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Employing Remark 1, one has
175 £ )22 [ [minfl2"el, 27"l (2T el)

heZ

X Z Py *2 J?(§+N(y),y)‘2r/2)

27k <4(h,y)

L2

By the hypothesis on the support of p, the function p(2=7-"[¢|) is sup-
ported in 27Th=2 < |¢| < 2+ je 2072 < |27h¢| < 27F1, This implies
min{|27"¢|, [277¢|71} < 4min{277, 27}. Therefore,

175 f (2, 9) || 2 (a)
< Cmin{277, 2j}H[Z’ 2 ¢k*5f+\hf(£+N(y),y)‘2]l/2’

hEZ 2-k<§(h,y)

L2(¢)

< Cmin{27, Qj}H {Z [HM (Sinf (€ + N(y),y))b} 1/2‘

h€EZ

L2’

where the last inequality is obtained by using the ideas in Remark 2.
Finally, to finish the proof of this case, take the L? norm with respect
to y in the last inequality and apply Fubini’s Theorem to get

@) T3 f (@)l @)

< Cmin{277, 27}

‘H (}% [Hy' (Sjenf (€ + N(y)7y))‘2>1/2’ Lz(y)‘ o)

By the fact that the vector-valued Hilbert transform is bounded on LP(y),
1 < p < oo (see [4]), and the Plancherel Theorem, one concludes that

||ij(x7y)||L2(z,y)

o — /

< Cmin{27/, 27} H(Z’Sj+hf<5+N(y>’y)|2)l 2 2w llL2e)
h€EZ

o _ /

= Cmin{27/, 27} H(Z’Sﬂ'+hf<f+N(y)’y)‘2>l 2 L2(§)‘ L2(y)
heZ

— Cmin{277, 27} (Z\e‘”\’(y)wS +nf(@ ,y)\2>1/2‘ L2(e)
het ’

< Cmin{277, 27}| fll r2(z,)

where the last inequality is obtained by using (1).
For the second part, 2 < p < oo, by (3) since

) / 1/2
175 f (2 )l o) < CH [Z (e N W= w, (1)) g{y,h,j}(;p)ﬂ ‘
heZ

Lo (z)’
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there exists a G € L®/2'(R) with norm one such that

) , 1/2
1T f @ )lzoe < C( [ 3N w(@) 41 gy (@)PGla) da)

hEeZ
/
( f [Wh| #1 Vg{y,h,j}($)|2|G($)!dw)l ’
heZ
/
:C<Z f|9{y, hg3 (@) P8 (=) %1 \G(:v)|dx)1 ’
heZ
/2
< [ S larynn @PMG)dr) "
hEZ

where M G(x) denotes the classical Hardy—Littlewood maximal function in
one dimension. Applying Holder’s inequality, one has

1/2
I35 @)l < | X o @P],, | IMGI 2
heZ

<c(Sorator)

where the last inequality is obtained by using the LP boundedness of the
Hardy-Littlewood maximal function (see [8]) and the definition of G. Ap-
plying Remark 2, one has

||ij($’?/)||Lp(x)
< | (S 1 (S (e DN OO £ ) @))

h€EZ

Le(z)’

1/2‘

Lv(z)

Now, one takes the L? norm with respect to y in the last inequality. By Fu-
bini’s Theorem and, again, the LP boundedness of the vector-valued Hilbert
transform, one has

(5) T3 @)
< || (S (SN e N0 £, ) ) |

hez Lr (@)
< CH ( Z eiNWe g+ (= iNWE) (. y))(m)P) 1/2‘
B heZ s 7 Lp(x,y)

< Clfller @y — (by (1))

For the third part, 1 < p < 2, for each fixed y € R, let us compute
T f(x,y)|lLr(z)- Again, using (3), by duality, there exists a sequence of
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functions {gx(x)}nez € LP (I12) with mixed norm one such that
”ij(why)”Lf’(x)

<Oy [ (@O () 5 gy (@)an(@) da
heZ R

- CZ f g{y,h,j}($)(€_iN(y)(')Wh(—-)) x1 qn(z) dz
heZ R

<C [ STHM(SS (VW em VWO £(. ) (2))
R heZ

y ’(efiN(y)(')@h<—~)) *1 qp(z)| dz

< 0| (S 1SN e WO £ @) |

h€EZ

<[ (S e 0O () 21 guta)2) ]

h€EZ

Lr(z)

L¥ (z)

It is clear that the term |(e=*N® @, (—.)) %, g, ()| is bounded by the clas-
sical Hardy-Littlewood maximal function Mgy (x), which does not depend
on y. Again, by the boundedness of the vector-valued Hardy-Littlewood
maximal function and the definition of {qx(z)}rez € L*' (12), one concludes
that

||11]f(x7 y)HLP(x)

< 0| (1 (S (NP0 £ @) |
heZ

Lr(z)

From now on, one uses the same ideas as in the proof of the case 2 < p < o0
to get

(6) ITjfllr@y) < Cllfllr@y  (1<p<2).

Employing the real interpolation theorem between (4) and (5), and (4)
and (6), together with Minkowski’s inequality, one obtains

HTf”Lp(m,y) < Z HijHLp(JE’y)
J

< szin{2fjo¢’ 2ja}||f||LP(x,y) < CHfHLP(:c,y)

J

for some o = a(p) > 0, 1 < p < oo. Thus (i) is proved. Hence, the Theorem
is proved.
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