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POLYHEDRAL SUMMABILITY OF MULTIPLE FOURIER SERIES
(AND EXPLICIT FORMULAS FOR DIRICHLET KERNELS ON T"
AND ON COMPACT LIE GROUPS)

BY

GIANCARLO TRAVAGLINI (TORINO)

We study polyhedral Dirichlet kernels on the n-dimensional torus and
we write a fairly simple formula which extends the one-dimensional iden-
tity Z;.V:_N et = sin((N + 1)t)/sin(3t). We prove sharp results for the
Lebesgue constants and for the pointwise boundedness of polyhedral Dirich-
let kernels; we apply our results and methods to approximation theory, to
more general summability methods and to Fourier series on compact Lie
groups, where we write an asymptotic formula for the Dirichlet kernels.

Introduction. Multiple Fourier series are usually summed either by
disks or by squares (or rectangles). The latter is the simplest way since
one can separate variables, thereby reducing several questions on the par-
tial sum operator to one-dimensional problems. In this paper we study the
polyhedral summability, which is naturally related to the square summabil-
ity, but cannot be handled by separating variables. Polyhedral sums have
already been considered for LP problems (see [10], [12], [15]) and they are
partly motivated by the appearance of several papers on general summabil-
ity methods (see e.g. [2], [3], [5], [18], [19]). A specific interest comes also
from the study of Fourier series on compact Lie groups, which often gives
rise to problems on the maximal torus where one does not find square sums,
but rather polyhedral sums (which obey the complicated symmetries of the
Weyl group and no separation of variables is possible).

Another reason for studying Fourier summability through arbitrary poly-
hedra will appear at the end, since we shall see that polyhedral Dirichlet
kernels on T™ are exactly as good as the square ones. Indeed, we shall see
that
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(i) their Lebesgue constants grow as log"(N),

(ii) they are uniformly bounded away from certain hyperplanes perpen-
dicular to the edges and they are unbounded at any point of a dense subset
of the union of these hyperplanes.

The last result depends on a rather explicit formula for the Dirichlet
kernel, which in the one-dimensional case reduces to the elementary identity
S et =sin((N + $)t)/sin(t).

Results as (i) and (ii) are useful for the L' theory and we shall give some
applications. Then we shall consider more general summability methods
and apply our results to the theory of Fourier series on compact Lie groups,

where we shall write an asymptotic formula for the Dirichlet kernels.

We are happy to thank Leonardo Colzani for several helpful comments.

Polyhedral sums. Let py, ..., p, be points with integral coordinates in
R™; we call their convex hull P in R™ a convexr polyhedron. For any positive
integer N we define Py as the convex hull of the points Np1,..., Np,. Let
Py = Py NZ"; we still call Py a polyhedron. The tilde over a symbol will
always indicate a subset of R™ and if A is such a set, we shall write A for
its restriction to Z". A general reference for n-dimensional polyhedra is [4].

An (n — 1)-face of P is called a facet. We say that P is simple if P
is simple, i.e. if any vertex of P is contained in exactly n facets. If P has
2n facets, each parallel to another one, we call P and P parallelepipeds. A
1-face of P is called an edge. A segment (or edge) with extremities a, b will
be denoted by [a, b].

Convexity (and even connectedness) will not be used in the sequel, and
we shall define a summability polyhedral set to be any finite union of nonover-
lapping (i.e. with disjoint interiors) convex polyhedra (in R™) containing the
origin strictly in its interior. Observe that the above union is not unique;

however, if F(y), ..., P(s) are nonoverlapping polyhedra and P = P)U...U
]3(5) is a summability polyhedral set, then Py = (]3(1))1\; U...U (ﬁ(s))N

depends on P but not on the .FN’(J-)’S. We write Py = Py NZ" and since
Ux=i Pv = Z™ we can study the polyhedral Dirichlet kernel

Dy(t)= Y e™*
me Py

and the Nth Fourier polyhedral partial sum
Snf(t) = (Dn * f)(t).

We shall write ¢, ¢q, ... for positive constants independent of N, which
may change from line to line.
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Lebesgue constants. The following theorem has been proved in [14].
Here we propose a different (perhaps more elementary) proof.

THEOREM 1. For any polyhedral set P there are two positive constants
c1 and co (depending only on P) such that

C1 lOgn(N) § ||DN||L1(Tn) § C2 10gn(N) .

Proof. We start with the right hand side inequality. Let 7 be a hyper-
plane of dimension < n — 1, determined by some of the vertices of P. Then
vn =N Py is a union of lower dimensional polyhedra and by an induction
argument we can suppose that

|5

Now we write P as a union of nonoverlapping simple polyhedra. Because
of the previous remark we do not worry about the contribution of their
boundaries to the norm of the Dirichlet kernel. Thus we can assume P to
be a simple polyhedron.

. < clog" H(N).

Let now ay,...,as be the vertices of the simple polyhedron P and let
Naj,..., Nag be the vertices of Py. Let @4,..., P, be nonnegative C>°(R™)
functions with compact support such that, for any j:

(i) 25(a;) = 1, N

(il) (w) = 325, @j(w) = 1 for any w € P,

(iii) the support of ¢; does not contain any point of the facets which do
not contain a;.

Let ¢1,...,¢s be Schwartz functions on R" satisfying (Ej = &; for any j
and let y¢;(t) = N"¢;(Nt) for any positive integer N. Then ||n¢;| 11 (®n)
= |9l L1 (mn) and n;(w) = ¢;(N~'w). Define

N (t) = Z N@;(t +m)
mezZn

on T™. Then [[nvjllzr(rn) < ||#5]lL1(mny and by the Poisson summation

formula we have N@Zj(m) = qASj(N_lm). Then

DNy = H D wiy DN‘
j=1

< y _D mny .
iy = ; In9; % DN |lLr(zny

Now let us fix j. By construction the support of (y1; * Dy)” contains
Na; and does not contain any point of the facets which do not contain
Na;. Therefore we can find a set @ C Z" which essentially coincides with
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a parallelepiped and such that

(1) NV * Dy = Nt * ( Z eim't) .

meQn

The construction of Qy is as follows. Assuming N large we can find a
parallelepiped Q C Py admlttlng Na; as one of its vertices and such that if
o1,...,0, are the facets of Q containing Na; and g1, ..., 0, are the facets
of Py containing Naj, then o; C p; for all j. By changing sign of some
variables we can assume the points q— Na; to have nonnegative coordinates
for any q € Py. Let Q* be obtained by deleting from Q the n facets different
from o1,...,0,.

Now observe that there are n distinct points vy,. .., v, in Z" so that, for
any j = 1,...,n, 0; +v; is the facet of ) opposite to oj. If Q. = Q* Nz
we can Write the disjoint union

KN -
QN = U (Q* + Zthj) .
hi,...;hn=0 j=1

By a suitable choice of the integer K we have Qnx D Py , hence (1) follows
from the definition of @.

It is now useful to decompose Qn in a different way. Let q1,...,qa be
all the elements in Q.. Write

M M
(2) Qnv = Ufai + vt —o = U Bi-
=1

i=1
Then, for any ¢ =1,..., M,

KN
o I
me i Ll(Tn) h
KN—i—l) t)

—HH(ZW v = TG0

In order to estimate the last norm, cover the fundamental domain [—, m)™
with a minimal union of (nonoverlapping) translates of the parallelepiped
with edges [0, %Vl], .., 10, %vn] and observe that the polynomial in the
last norm has constant sign on any such parallelepiped. Then a computation

shows that
H Z eim-t‘
meB,;

which, by (1) and (2), gives the right hand side inequality in the theorem.

L1 (’]I‘n)

1s--05ltn=—

L(T™) .

< clog" (N
LY(T™ < clog™(N),
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When P is a convex polyhedron, the left hand side inequality is a con-
sequence of a general result of Yudin [19]. When P is a polyhedral set, fix a
vertex a in P and let & be a C°(R™) function with compact convex support,
attaining value 1 in a neighbourhood of a and such that the support of ¢
does not meet any facet of P other than the facets containing a; let ¢ satisfy

¢ =@ and let Y (t) = 3 cpm On(t +m). Then
HDNHLl(Tn) > CHT/}N * DN”L1(T,L) .

Now Yudin’s proof works for the polynomial ¢ * D with minor changes. m

A formula for polyhedral Dirichlet kernels on T". Precise in-
formation on the pointwise boundedness of Dirichlet kernels is frequently
used in studying the convergence of Fourier series (e.g. in localization the-
orems). In the one-dimensional case the elementary identity 2;27 N €Tt =
sin((N + 1)t)/sin(3t) is very useful for this and many other problems. We
now prove a similar identity for polyhedral sums (our Lemma is an extension
of the Lemma in [11]).

LEMMA. Let P = 15(1) u.. .Uﬁ(s) be a summability polyhedral set written
as a union of conver polyhedra. Let [a;,bi],...,[a,,by] be a maximal set
of pairwise nonparallel edges of P(yy,. .., P). For any j, let m; € Z" such
that [0, m;] is a segment of minimal length parallel to [a;,b;]. Let

B(t)= [ -e™).
j=1
Then
Gn(t)
Dy(t) =

where there exists ¢ > 0, independent of N, such that the polynomial Gy (t)

=5 @N(n)em't has the following property: for anyn appearing in the above
sum (with nonzero coefficient) there exists a vertex a of one of the (]B(j))N s
satisfying |a—n| < ¢ (in particular, the number of terms in G is uniformly
bounded); moreover, the coefficients @N(n) are uniformly bounded integers:
G (n) <.

Let us give an idea of the proof first. Consider T? with variables (z,)
and let Py be the triangle with vertices (—N, —N), (2N, —N), (0,2N). Let
Py = ]3N N Z? and let Dx(t) be the associated Dirichlet kernel. Observe
that D n is the characteristic function of Py and look at the passage from
Dy to Dy - (e®® — 1): after the product, lA)N disappears but for some seg-
ments parallel and close to one of the nonhorizontal edges of Py. Two more
products are necessary to get the polynomial G in the Lemma (once Py
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is given, squared paper is all we need in order to write out the coefficients
of Gy in dimension two).

Proof of the Lemma. We can assume P to be a convex polyhedron.
Let d be a fixed integer satisfying d > |my| + ...+ |m,|. Of course, for any
N there are a bounded number of points n € Z" satisfying |a — n| < 4d for
some vertex a of Py; let Ay be the complement of this set in Z"; we want
to prove that Gy(n) =0 for all n € Ay.

Let N be large and let m € Py N Ay. Let B(m,2d) be the ball with
center m and radius 2d; for any r € Py N B(m, 2d) there exists at least one
direction [0, my] such that

{r+jm}32 5, C Py.
Let
H(t) = Dy(t)(1 — e™*t).
Then for any n € B(m, 2d) we have H(n) = 0. Now we write

Gn(t)=H(t) [J(1—e™").
J#k
By the choice of d we have @N(n) =0 for all n € B(m, d). This proves that

@N(n) = 0 when n € Ay. Thus the first part of the Lemma is proved, the
second being obvious. m

Remark. The above Lemma works under more general hypotheses.
Indeed, the previous proof only needed the following two assumptions: (i)
the faces of the polyhedra are parallel, (ii) the lengths of the edges of the
polyhedra diverge (we could omit (ii) too, but in this case it would be
complicated to give the statement of the Lemma). Anyhow, the Lemma
can be restated as follows (we write out the statement for convex polyhedra
only).

LEMMA*. Let Yy be a sequence of convex polyhedra in Z" satisfying the
following conditions:

(i) if 01,...,0, are the faces of Y1, then any Yn has (as only) faces

N N

01 ,...,0, with O'JN parallel to o; for any j;

(ii) any edge of Yn has length > ¢N.

Let [a1,b1], ..., [ay, by] be a mazimal set of pairwise nonparallel edges of
Yi. For any j, let m; € Z" such that [0, m;] is a segment of minimal length
parallel to [a;,b;]. Let E and G be as in the Lemma. Then the conclusion
of the Lemma holds.

Observe that the passage from the Lemma to Lemma* is similar to the
passage from square sums to rectangular sums. Lemma* will be useful when
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dealing with compact Lie groups, where we shall work with a sequence of
polyhedra which are not exactly dilates of each other.

Pointwise boundedness of Dirichlet kernels. The above Lemma
implies the following

THEOREM 2. Let P be a summability polyhedral set and let [0,my],. ..
., [0,m,] be as in the statement of the Lemma. For j =1,...,v consider
the hyperplane E; = {x € R" : x - m; = 0} orthogonal to m; and let

CENY (2wm+]fjl§j).

mezn"

Being periodic, E defines a set E in T™ (e.g. let E be the intersection ofE
with the fundamental domain [—m, ™)™ ; observe that E may be larger than
[—m, ™)™ N U}’:l E’J) Then for any closed set F' C T™ disjoint from E we
have

[Dn(t)] < cp
for all t € F (cp being independent of N).

The above theorem is best possible in the following sense.
THEOREM 3. Let P and E be as in Theorem 2. Then
sup |Dy(x)| = 00
NeN

for x in a dense subset of E.

Proof. Let x € F and let Dy(x) = Gn(x)/E(x) as in the Lemma,
clearly Gn(x) = E(x) = 0; thus supyey |[Dn(x)| = 0o by the de ’'Hopital
theorem provided we find a direction v such that supy¢y [(0/0V)G N (x)]
= 00.

Let P =P, U...UPs . To prove the above we recall (see the Lemma)
that the support of G ~ consists of points close to a vertex of one of the
(P(J)) ~n’s. Then we fix a direction v not parallel to any face of the P(]) s

and such that v-a # 0 for any vertex a of one of the P(J) s . Now, because of
the properties of G in the Lemma, we have |v -n| > ¢|n| > ¢; N whenever

N(Il) 75 0. Let

0 ~ .
(GN)v(x) = ETGN ZGN emx :in-nGN(n)e“"x.
Then [(Gy)5(n)] > ¢N if GN(n) # 0 (Gn(n) being an integer). Since
x is (say) in the hyperplane E;, the above expression is a trigonometric
polynomial (in the (n — 1)-dimensional variable x) with a bounded number
of coefficients, any of them with absolute value > ¢N. Indeed, observe that



110 G. TRAVAGLINI

the restriction (Gn)v|g, cannot be identically zero for any chosen v, since
this would imply VG N| g; = 0 and, as a consequence (since G|, =0) we
would deduce Gy /E|g; = Dn|g; =0, then Dy (0) = 0, which is 1mp0551ble
Then, if H is a fixed relatively open subset of F;, an argument of Zygmund
(see [20, p. 370], [13, Lemma 8.14]) shows that

f\GN x)|?dx > cy »_|(Gn)o(m)]* > ey N?

(dx being the (n — 1)-dimensional Lebesgue measure) and therefore (G )y
cannot be bounded on H. =

An analogue of Theorem 3 will be considered at the end of the next
section.

More general Dirichlet kernels. The arguments of the above sections
apply to Dirichlet kernels defined through sets which coincide only locally
with a polyhedron. We are able to deal with the case n = 2 and the precise
definitions are as follows.

Let V be a compact set, the closure of an open set in R?, containing the
origin strictly in its interior and such that OV has finite upper Minkowski
measure. Suppose there exists an angle W with a vertex a and a disk B(a,¢)
such that W N B(a ) = VN B(a,e). Then we call Va partially polygonal
set. We define VN through dilation and Vy = XN/N N Z2. In this section Dy
denotes the (partially polygonal) Dirichlet kernel

Dy(t)= > e™*.
meVy

The Lebesgue constants of Dy range from log?(N) to N'/2 (see the
proof of Theorem 1 and [18]) and the “polygonal piece” inside V seems to
play no role in the computation of the Lebesgue constants. The situation is
perhaps more interesting if we study the pointwise boundedness of Dy .

On the one hand, we may have supy |[Dn(t)| = oo for almost every t
(choose V to be the union of the » upper closed unitary semidisk K centered
at (0,0) and the closed triangle T with vertices (—1,0), (0, —1), (1,0), then
apply [16, p. 274] and Theorem 2).

On the other hand, we are going to show that Dy always keeps the
“singularities” carried by the polygonal part of V.

THEOREM 4. Let V and W be as above and let [0,m;] and [0,ms5] be
segments parallel to the edges of W. Let

E = U (27rm+<O{X€R2: x-mj:(]}))

meZ2
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and E = EN [~m,m)2. Then for any open set G C T? intersecting E we
have
sup Dy (t)] = oo.
NeNted

Proof. The proof is by contradiction. Suppose there exists a small disk
B = B(xo, 0) with xo € E such that supyey e |[Dn(t)] < c. Following
the notation in Theorem 2 we can assume x¢ € Ey and BN Ey = (). Since
SUDP NeN teB |[Re(Dn(t))| < ¢ and SUD NN teB Im(Dny(t))| < ¢, it follows
that |[Dy(t)] is also uniformly bounded on —B = B(—xq,0) . Let H =
—BUB. Then

(3) sup |Dy(t)] <c.
NENtcH

Let Ny be a fixed large number and write V = Vy,. Now let [a, b] and
[a, c] be the edges of W, [a, b] being parallel to [0,m;], and b,c € B(a,¢)
(see the definition above). We want to modify the angle W so that it turns
into a right angle. This can be done (thanks to the fixed dilation Ny) by
adding or subtracting a suitable triangle R (with vertices a, ¢, d such that
d € B(a,¢), while [a,d] and [a, b] are perpendicular and [c, d] is not parallel
to [a, b]). Then we get a set of the form I = V' \ R or I = V U R and there
exists a disk B(a, d) and a square S such that I N B(a,d) = SN B(a,d).

We shall use this fact to split a neighbourhood of the vertex a from 1%
via a smooth function, but first we must turn to the Dirichlet kernel and
show that changing V' into I does not affect the property (3).

Indeed, define the dilated set I, Ny and Iy = I, ~ N Z2. Passing from Vy
to Iy we have added or deleted a triangle (less an edge) which does not
contain any edge parallel to [0, m;]. Thus, by Theorem 2, the polynomial

E 6zm~t o E 67,m~t

meVy mely

is bounded on H, independently of N and then D7 (t) = > mery €
satisfies (3).

Now let @ be a C°°(R?) function with compact support, equal to 1 in
a neighbourhood of the origin. We shall fix more conditions on @ later
on. Let ¢ be the Schwartz function on R? satisfying ¢ = & and let, for
any positive integer N, ¢n(t) = N2¢(Nt). Again, let 1)y be the function
on T2 defined by ¥n(t) = ¥ ,.cze ¢(t + m). Then ¢y (m) = &(N~'m)
and ||¢n | pi(r2y < e Let gn(t) = ¢n(t)e”?; by a suitable choice of &
we can suppose that the support of gy is contained in B(Na, NJ). Write
gn = hy+kn, with Ay = gnXB(0,0/2) (characteristic function), and observe
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that ||kn| Lo (r2) < c. Then split DY =ryn + sn, with ry = DﬁXH- Write

FN:Dﬁ*gN:rN*gN+sN*hN+sN*kN.

Let Hy = B(x0,0/2) U B(—x0,0/2). The previous construction and [18]
yield
Irn * gnllLee(rzy < llrwvllee 2y llgnllLr ) < e,
(supp(sn * hy)) N Hy =0,
lsn % knll oo (r2) < llsnllor e [l oo (r2) < N2
Therefore
(4) sup |[Fi(t)] < eN'/2.
teH;

Now we consider the support of ﬁN as part of a square (let us call it Uy)
and we want to use copies of Fj to recover the characteristic function of
Un (let a, ag, az, a4 be the vertices of Uy ); we shall choose later the length
of the edges of this square. Let O; (j = 2,3,4) be a transformation of T?
sending the edges containing a into the edges containing a;. Let {Fiy = Fly
and jFy = FnoO; (j =2,3,4). Observe that the O;’s consist of reflections
and—on the Fourier transform side—of translations. Therefore, they do not

modify the symmetric set H; and all the polynomials ;Fi satisfy (4).
Now we fix the length of Uy and the C°°(R?) function & in such a way

that

D iEN(t) = ) €™t (=DR(t)

J ncUy
(i.e. we construct a partition of unity through ®). So far we have got a
dilating sequence of cubes such that the associated Dirichlet kernel DY
satisfies
(5) sup [DR(t)] < eN'/?
teB(x0,0/2)

where xg belongs to the line F perpendicular to an edge of the square. Now
we can either appeal to the proof of Theorem 3, which shows that the left
hand side in (5) grows as IV, or we can decompose Uy as we did at the end
of the proof of Theorem 1 and then separate variables. m

Remark. The previous theorem is obviously a variant of Theorem 3 for
the case n = 2. However, if we apply Theorem 1 in place of [18] in the proof
of Theorem 4, we can easily state and prove an analogue of Theorem 3 for
any dimension n.

Applications to approximation theory and localization. Sharp
estimates of Lebesgue constants are a main ingredient for results in approx-
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imation theory (see [1], [6], [15]). Applying Theorem 1 and arguing as in [6]
one proves the following

THEOREM 5. Let b be either the space C(T™) or L*(T™). Suppose that for
some positive k the k-th modulus of continuity of a function f € b satisfies
wi(s, f) = o(|log(s)|™™) as s — 0. Then the polyhedral partial sums of f
converge to f in the norm of b. The result is false if we replace the small o

with the big O.

The following result is a consequence of Theorem 2. The proof runs as
for the Riemann localization theorem.

THEOREM 6. Let f € L*(T™) be a function whose support does not inter-
sect the set E defined in Theorem 2. Then, if Sy denotes the N-th polyhedral
partial sum, Sy f(0) vanishes as N goes to infinity.

On the other hand, a duality argument and Theorem 3 prove

THEOREM 7. For any open set F' intersecting E there exists a function
f € LY(T™) such that Sy f(0) does not converge to zero.

If we apply Theorem 4 in place of Theorem 3 we can extend the previous
result to partially polygonal sets in Z2.

Applications to Fourier series on compact Lie groups. Some of
the previous results may be applied to Fourier Analysis on compact Lie
groups. We need to fix the notation first.

With every integrable function f on a compact, simply connected, simple
Lie group G it is possible to associate its Fourier series

fRY dooxf,
X

where dy and x, are the dimension and the character of the irreducible
unitary representation A respectively. No analogue of square Fourier par-
tial sums is possible and the best convergence results are obtained through
polyhedral sums. To define them we must identify the irreducible unitary
representations with the dominant weights.

Let T be a maximal torus of G , and t and g be the Lie algebras of T and
G respectively. We choose a positive system &+ in the set of roots of G, and
let {a1,...,a;} be the associated system of simple roots. We denote by W
the Weyl group generated by the reflections o; in the hyperplanes a;(H) = 0
(j=1,...,R), and we consider W acting both on t and on the dual t*. The
Killing form B defines a positive definite inner product (-,-) = —B(-,-) in t.
For every \ € it* there exists a unique Hy € t such that \(H) = i(Hx, H)
for every H € t. The vectors H; = 4miH,,/a;(H,,) generate the lattice

J

Ker(exp). The elements of the set A = {\ € it* : A H) € 2miZ, VH €
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Ker(exp)} are called the weights of G, and the fundamental weights are
defined by the relations \;(Hy) = 2mid;y, j,k=1,...,L

Theset ¥ ={AeA: \= Z;Zl mjA;, m; € N} of dominant weights
can be naturally identified with the set of equivalence classes of unitary
irreducible representations of G. A dominant weight \ is non-singular if
mj; > 0 for every j =1,...,1. If { is a character of T, there exists a unique
A € it* such that

foeXpH:eA(H) = NH) ot

For A € Y and t = exp H in T we define the alternating sum and the

symmetric sum
AN () =) det(o)e?VH - g(A)(t) =Y s
oceWw

where the last sum is over the orbit of A under the action of the Weyl group.

For the character x» and the dimension dy of the representation corre-
sponding to the dominant weight A\ we have the Weyl formulas:

() = (AE) AN+ /1), dv= ] W
where =33 cp+ @ and
©) A(t) = AB)() = (-20)"1 T] sin(ia()/2)
acdt

(|2*| denotes the cardinality of @). A reference for the theory is [17].

Let w be a dominant weight, and let P’(w) be the set of all the dominant
N's such that (A\j, A) < (Aj,w) for every j =1,...,l. The polyhedron P(w)
is the union of the saturated hulls of the dominant weights A € P'(w) :
P(w) = U,ew o(P'(w)). Let N be a positive integer. We denote by Dy
the polyhedral Dirichlet kernel

Dy= Y da-
AEP/(Nw)

In [7], [9], [11] several results have been proved for polyhedral Dirichlet
kernels defined through reflections of a non-singular dominant weight. The
Lemma in this paper allows us to drop the non-singularity hypothesis and
therefore extend these results. Here we are not interested in this, but rather
in extending an idea from [7] and writing an asymptotic formula for polyhe-
dral Dirichlet kernels on compact Lie groups. Since Dy is central we only
consider Dy (t), t = exp H € T; then (see [8, p. 154])

Dy(t)= Y da(A®) AN+ B)(2)

AEP’(Nw)

=) I 2a( > sww)

acd+ AEP/(Nw+p)
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where D, denotes the partial derivative with respect to the tangent vector
H,. Observe that 3, ¢ pr(ny45) 9 (A)(t) is not a polyhedral Dirichlet kernel

on T according to the definition in this paper, since the translation +/3
damages the dilation. We then apply Lemma™ in place of the Lemma; now
the definition of the Weyl group implies that any edge of P(Nw + ) is
parallel to a root, hence

> S(\)=Gy/A
AEP!(Nw+B)
where G satisfies the properties in the Lemma. Then

Dy(t) = (A" [T Pal@Gn(t)/A®)

aedt
=AW Y I paen®) T Pala™@).
RCoP+ a€R a€Pt\R

Now, by the Weyl dimension formula dy,, ~ N4 where Z = {a € & :
(a,w) # 0} (observe that Z = &1 when w is non-singular). Then by ap-
plying the argument we used in the proof of Theorem 3 we have (almost
everywhere)

Dy(t)=(A®)) " Y [ Pal@n®) I Pala™ ()

RCZ a€R a€PH\R
+AW)™ Y [ PaGr®) [ Pa(a™ (@)
R\Z#0 a€R aedt\R
=(A®) "D dnuGr () [ DalA7'(#) + o(N7)
RCZ a€PT\R

where G (1) = dy., [Tocr Da(GN(t) = Y are®) satisfies the following
conditions: either ay =0 or ¢; < |ay| < co and for any A with ay # 0 there
exists o € W such that |\ — o(Nw)| < c.
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