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SOME NEW HARDY SPACES
ON LOCALLY COMPACT VILENKIN GROUPS

BY

SHANZHEN LU AND DACHUN YANG (BEIJING)

1. Introduction and notations. Let G denote a locally compact
Vilenkin group. In Section 1 of this paper we define some new Hardy spaces
HK q

p,α(G) associated with the Herz spaces Kq
p,α(G) on G, where 0 < q ≤ 1 <

p < ∞ and −1 < α ≤ 0. Section 2 establishes their atomic decomposition
theorem and some interpolation results. The molecular characterization can
be found in Section 3. In Section 4, we give some application. Now, let us
introduce some basic notations; for more details we refer to [1]–[11].

Throughout this paper G will denote a locally compact Abelian group
containing a strictly decreasing sequence of open compact subgroups
{Gn}∞n=−∞ such that

(i)
⋃∞

n=−∞ Gn = G and
⋂∞

n=−∞ Gn = {0},
(ii) sup{order(Gn/Gn+1) : n ∈ Z} < ∞.

Let Γ denote the dual group of G and for each n ∈ Z, let

Γn := {γ ∈ Γ : γ(x) = 1 for all x ∈ Gn}.
Then {Γn}∞n=−∞ is a strictly increasing sequence of open compact subgroups
of Γ and

(i)∗
⋃∞

n=−∞ Γn = Γ and
⋂∞

n=−∞ Γn = {1},
(ii)∗ order(Γn+1/Γn) = order(Gn/Gn+1).

We choose Haar measures µ on G and λ on Γ so that µ(G0) = λ(Γ0) = 1.
Then µ(Gn) = (λ(Γn))−1 =: (mn)−1 for each n ∈ Z. For each α > 0 and
k ∈ Z, we have

∞∑
n=k

(mn)−α ≤ C(mk)−α ,(1.1)

k∑
n=−∞

(mn)α ≤ C(mk)α(1.2)
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(see [5] and [8]). Here, like elsewhere in this paper, C denotes a constant
whose value may change from one occurrence to the next.

There exists a metric d on G × G defined by d(x, x) = 0 and d(x, y) =
(ml)−1 if x− y ∈ Gl \Gl+1, for l ∈ Z. Then the topology on G determined
by d coincides with the original topology. For x ∈ G, we set |x| = d(x, 0),
and define the function vα on G by vα(x) = |x|α for each α ∈ R; the
corresponding measure vαdµ = |x|αdµ is denoted by dµα. Moreover, dx
will sometimes be used in place of dµ. It is easy to note that µα(Gl) ≤
C(ml)−(α+1) if α > −1, and if l < n and x ∈ Gl \Gl+1, then µα(x + Gn) =
(ml)−α(mn)−1. Similarly to G, we can define a metric δ on Γ × Γ such
that the topology on Γ induced by δ coincides with the original topology.
Furthermore, we write ‖γ‖ = δ(γ, 1) = mn if γ ∈ Γn+1 \ Γn and 〈γ〉 =
max{1, ‖γ‖}.

The symbols ∧ and ∨ will be used to denote the Fourier transform and
inverse Fourier transform respectively. A simple computation shows that

(χ
Gn

)∧ = (λ(Γn))−1χ
Γn

= (mn)−1χ
Γn

,

and hence,

(χ
Γn

)∨ = (µ(Gn))−1χ
Gn

= mnχ
Gn

:= ∆n .

In this paper, S(G) (or S(Γ )) and S′(G) (or S′(Γ )) denote the spaces
of test functions and distributions on G (or Γ ) respectively. For details, see
[6], [8] and [10].

2. The spaces HK q
p,α(G). First of all, we introduce some Herz spaces

defined by Onneweer in [4].

Definition 2.1. Let 0 < q ≤ 1 < p < ∞ and −1 < α ≤ 0. The Herz
space Kq

p,α(G) is defined by

Kq
p,α(G) := {f : f is a measurable function on G and ‖f‖Kq

p,α(G) < ∞}

where

‖f‖Kq
p,α(G) :=

( ∞∑
l=−∞

µα(Gl)1−q/p‖fχ
Gl\Gl+1

‖q
Lp

α(G)

)1/q

.

Here we write Lp
α(G) = {f : f is a measurable function on G and

(
∫

G
|f(x)|p dµα(x))1/p < ∞}. Obviously, Kq

p,α(G) ⊂ Lq
α(G).

For f ∈ S′(G), we define fn(x) = f ∗∆n(x). Then fn is a function on G
which is constant on the cosets of Gn in G. Moreover, limn→∞ fn = f
in S′(G) (see [10]). For f ∈ S′(G) we define its maximal function f∗(x) by

f∗(x) = sup
n∈Z

|f ∗∆n(x)| = sup
n∈Z

∣∣∣µ(Gn)−1
∫

x+Gn

f(y) dµ(y)
∣∣∣ .
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Now, we define some new Hardy spaces HK q
p,α(G) associated with the

Herz spaces Kq
p,α(G).

Definition 2.2. Suppose 0 < q ≤ 1 < p < ∞ and −1 < α ≤ 0. We
define HK q

p,α(G) by

HK q
p,α(G) := {f ∈ S′(G) : f∗ ∈ Kq

p,α(G)} ,

and set

‖f‖HKq
p,α(G) := ‖f∗‖Kq

p,α(G) .

Clearly HK q
p,α(G) ⊂ Hq

α(G), where Hq
α(G) are weighted Hardy spaces on G

(see [1], [2], [6] and [7]).

R e m a r k 2.3. Let 1 < p < ∞ and −1 < α ≤ 0. Because K1
p,α(G) ⊂

L1
α(G), if f∗ ∈ K1

p,α(G) then f ∈ L1
α(G) by Lemma 3.5 of Kitada [1].

Therefore we can redefine HK 1
p,α(G) by

HK 1
p,α(G) = {f ∈ L1

α(G) : f∗ ∈ K1
p,α(G)} .

We now characterize the spaces HK q
p,α(G) in terms of atoms. First, we

have

Definition 2.4. Let 0 < q ≤ 1 < p < ∞ and −1 < α ≤ 0. A function a
on G is said to be a central (q, p)α-atom if

(1) supp a ⊂ Gnj for some nj ∈ Z,
(2) (

∫
Gnj

|a(x)|p dµα(x))1/p ≤ µα(Gnj )
1/p−1/q,

(3)
∫

a(x) dµ(x) = 0.

Theorem 2.5. Assume 0 < q ≤ 1 < p < ∞ and −1 < α ≤ 0. A
distribution f on G is in HK q

p,α(G) if and only if f =
∑

λjaj in S′(G)
where aj’s are central (q, p)α-atoms and

∑
|λj |q < ∞. Then

‖f‖HKq
p,α(G) ∼ inf

{( ∑
|λj |q

)1/q}
where the infimum is taken over all atomic decompositions of f . Moreover ,
for q = 1 the identity f(x) =

∑
λjaj(x) holds pointwise.

P r o o f. We first show the necessity for q = 1. Let f ∈ HK 1
p,α(G). Noting

that f is a function in this case, we can write

f(x) =
∞∑

l=−∞

f(x)χ
Gl\Gl+1

(x)

=
∞∑

l=−∞

{
f(x)χ

Gl\Gl+1
(x)−

( ∫
Gl\Gl+1

f(y) dy
) χ

Gl+1\Gl+2
(x)

µ(Gl+1 \Gl+2)

}
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+
∞∑

l=−∞

( ∫
Gl\Gl+1

f(y) dy
) χ

Gl+1\Gl+2
(x)

µ(Gl+1 \Gl+2)

=: I1 + I2 .

Let

bl(x) := f(x)χ
Gl\Gl+1

(x)−
( ∫

Gl\Gl+1

f(y) dy
) χ

Gl+1\Gl+2
(x)

µ(Gl+1 \Gl+2)
.

Clearly,
∫

bl(x) dx = 0, supp bl ⊂ Gl \Gl+2 ⊂ Gl and from Lemma 1 of [5]
and (1) in [8], for α > −1, we easily deduce that

µα(Gl+1 \Gl+2) ≈ µα(Gl+1) ≈ (ml+1)−(α+1) ≈ (ml)−(α+1) .

From this, we have( ∫
Gl

|bl(x)|p dµα(x)
)1/p

≤
( ∫

Gl\Gl+1

|f(x)|p dµα(x)
)1/p

+
( ∫

Gl\Gl+1

|f(x)| dx
)µα(Gl+1 \Gl+2)1/p

µ(Gl+1 \Gl+2)

≤
( ∫

Gl\Gl+1

|f(x)|p dµα(x)
)1/p

+
( ∫

Gl\Gl+1

|f(x)|p|x|α dx
)1/p

× (ml)α/pµ(Gl \Gl+1)1−1/pµα(Gl+1 \Gl+2)1/p

µ(Gl+1 \Gl+2)

≤ C0

( ∫
Gl\Gl+1

|f(x)|p dµα(x)
)1/p

.

Thus, it is easy to see that

al(x) :=
{

C0

( ∫
Gl\Gl+1

|f(y)|p dµα(y)
)1/p}−1

µα(Gl)1/p−1bl(x)

is a central (1, p)α-atom. If we write

λl := C0µα(Gl)1−1/p
( ∫

Gl\Gl+1

|f(x)|p dµα(x)
)1/p

,
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then I1 =
∑∞

l=−∞ λlal(x), and

∞∑
l=−∞

λl ≤ C0

∞∑
l=−∞

µα(Gl)1/p′‖fχ
Gl\Gl+1

‖Lp
α(G)

≤ C0‖f‖K1
p,α(G) ≤ C0‖f∗‖K1

p,α(G) = C0‖f‖HK1
p,α(G) .

To estimate I2, we write χ̃
Gl\Gl+1

(x) = {µ(Gl \ Gl+1)}−1χ
Gl\Gl+1

(x);
then

I2 =
∞∑

l=−∞

( ∫
Gl\Gl+1

f(y) dy
)
χ̃

Gl+1\Gl+2
(x)

=
∞∑

l=−∞

{ ∞∑
j=l

∫
Gj\Gj+1

f(y) dy
}

(χ̃
Gl+1\Gl+2

(x)− χ̃
Gl\Gl+1

(x))

=:
∞∑

l=−∞

hl(x) ,

where

hl(x) :=
( ∞∑

j=l

∫
Gj\Gj+1

f(y) dy
)
(χ̃

Gl+1\Gl+2
(x)− χ̃

Gl\Gl+1
(x))

=
( ∫

Gl

f(y) dy
)
(χ̃

Gl+1\Gl+2
(x)− χ̃

Gl\Gl+1
(x)) .

Therefore supphl ⊂ Gl \ Gl+2 ⊂ Gl and
∫

hl(x) dx = 0. In addition, by
Lemma 1(d) of [5] for α = 0 and (1) in [8], we have

|hl(x)| ≤ C1µ(Gl)f∗(x)χ
Gl

(x)

× (µ(Gl)−1χ
Gl\Gl+1

(x) + µ(Gl+1)−1χ
Gl+1\Gl+2

(x))

≤ C1f
∗(x)χ

Gl\Gl+1
(x) + C1f

∗(x)χ
Gl+1\Gl+2

(x)) ,

so

‖hl‖Lp
α(G) ≤ C1‖f∗χGl\Gl+1

‖Lp
α(G) + C1‖f∗χGl+1\Gl+2

‖Lp
α(G) .

Thus

al(x) := {C1‖f∗χGl\Gl+1
‖Lp

α(G) + C1‖f∗χGl+1\Gl+2
‖Lp

α(G)}−1

× µα(Gl)1/p−1hl(x)

is a central (1, p)α-atom. If we write

λl := {C1‖f∗χGl\Gl+1
‖Lp

α(G) + C1‖f∗χGl+1\Gl+2
‖Lp

α(G)}µα(Gl)1−1/p ,
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then I2 =
∑

λlal, and
∞∑

l=−∞

|λl| ≤ C1‖f∗‖K1
p,α(G) = C1‖f‖HK1

p,α(G) .

It remains to verify that f =
∑

λlal in S′(G). We first prove

(1) λl

∫
Gl+1\Gl+2

al(x) dx → 0 as l →∞ .

This can be deduced from∫
Gl+1\Gl+2

bl(x) dx → 0 and
∫

Gl+1\Gl+2

hl(x) dx → 0

as l →∞. By the definitions of bl and hl, (1) is easily reduced to

(2)
∫

Gl\Gl+1

f(y) dy → 0 and
∫

Gl

f(y) dy → 0

as l →∞. If α = 0, since f ∈ L1(G) and 0 < µ(Gl \Gl+1) ≤ µ(Gl) → 0 as
l →∞, (2) holds. If −1 < α < 0, since f ∈ L1

α(G), noting that |y| ≤ (ml)−1

for y ∈ Gl, and |y| = (ml)−1 for y ∈ Gl \Gl+1, we have∣∣∣ ∫
Gl

f(y) dy
∣∣∣ ≤ (ml)α

∫
Gl

|f(y)||y|α dy ≤ (ml)α‖f‖L1
α(G) → 0

as l →∞, and∣∣∣ ∫
Gl\Gl+1

f(y) dy
∣∣∣ ≤ ∫

Gl\Gl+1

|f(y)| dy ≤
∫

Gl

|f(y)| dy → 0

as l →∞, thus (2) also holds.
Now, assume ϕ ∈ S(G), suppϕ ⊂ Gm and ϕ is constant on the cosets

of Gt0 in G but not on the cosets of Gt0−1 (unless ϕ(x) ≡ 0). Obviously, t0 ≥
m. Because f(x) =

∑
λlal(x) pointwise, from (1) and

∫
Gl\Gl+2

al(x) dµ(x)
= 0, it follows that

〈f, ϕ〉 =
∫ ( ∞∑

l=−∞

λlal(x)
)
ϕ(x) dx

=
∞∑

t=m

∫
Gt\Gt+1

( t∑
l=t−1

λlal(x)
)
ϕ(x) dx

=
∞∑

t=m

(
λt−1

∫
Gt\Gt+1

at−1ϕ + λt

∫
Gt\Gt+1

atϕ
)
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=

{
λm−1

∫
Gm\Gm+1

am−1ϕ, t0 = m,

λm−1

∫
Gm\Gm+1

am−1ϕ +
∑t0−1

t=m λt

∫
atϕ, t0 > m,

= lim
m1→∞
m2→∞

∫ ( m2∑
l=−m1

λlal

)
ϕ ,

that is, f =
∑

λlal in S′(G). Thus, we have shown the necessity of Theo-
rem 2.5 for q = 1.

If 0 < q < 1, we have limn→∞ fn = limn→∞ f ∗ ∆n = f in S′(G) and
fn(x) = f ∗∆n(x) is a function on G which is constant on the cosets of Gn

in G. It is easy to show the following facts:

|fn(x)| ≤ f∗(x) ,(3)
(fn)∗(x) ≤ f∗(x) ,(4)

(5)
∫

Gl\Gl+1

fn(x) dx → 0 and
∫

Gl

fn(x) dx → 0 as l →∞ .

Using (3)–(5) for fn, and repeating the above process, we obtain

(6) fn(x) =
∞∑

l=−∞

λla
n
l (x)

in S′(G) and pointwise, where
∑∞

l=−∞ |λl|q ≤ C‖f‖q
HKq

p,α(G)
, and each an

l (x)
is a central (q, p)α-atom supported in Gl, in fact, supp an

l ⊂ Gl \Gl+2. Since

sup
n∈N

‖an
0 (x)‖Lp

α(G) ≤ µα(G0)1/p−1/q ,

the Banach–Alaoglu theorem implies that there exists a subsequence {anv0
0 }

of {an
0} converging in the weak∗ topology of Lp

α(G) to some a0 ∈ Lp
α(G).

It is easy to verify that a0 is a central (q, p)α-atom supported in G0. Next,
since

sup
nv0

‖anv0
1 (x)‖Lp

α(G) ≤ µα(G1)1/p−1/q ,

another application of the Banach–Alaoglu theorem yields a subsequence
{anv1

1 } of {anv0
1 } and a central (q, p)α-atom a1 with supp a1 ⊂ G1 which

converges weak∗ in Lp
α(G) to a1. Furthermore, because

sup
nv1

‖anv1
−1 (x)‖Lp

α(G) ≤ µα(G−1)1/p−1/q ,

similarly, by the Banach–Alaoglu theorem, we obtain a subsequence {a
nv−1
−1 }

of {anv1
−1 } which converges weak∗ in Lp

α(G) to some a−1 ∈ Lp
α(G), and a−1

is a central (q, p)α-atom supported in G−1. Repeating the above process,
for each l ∈ Z, we can find a subsequence {anvl

l } of {an
l } converging weak∗

in Lp
α(G) to some al ∈ Lp

α(G), and al is a central (q, p)α-atom supported
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in Gl. By the usual diagonal method we obtain a sequence {nv} of natural
numbers such that for each l ∈ Z, limv→∞ anv

l = al in the weak∗ topology
of Lp

α(G), and therefore, in S′(G).
We shall prove that

(7) f =
∞∑

l=−∞

λlal

in S′(G). To do this, take any ϕ ∈ S(G) and suppose suppϕ ⊂ Gm and ϕ
is constant on the cosets of Gt0 in G but not on the cosets of Gt0−1. Then,
similarly to the proof of (6), we have

〈f, ϕ〉 = lim
nv→∞

〈fnv , ϕ〉 = lim
nv→∞

〈 ∞∑
l=−∞

λla
nv

l , ϕ
〉

=
{

limnv→∞ λm−1

∫
anv

m−1ϕ, t0 = m,
limnv→∞{λm−1

∫
anv

m−1ϕ +
∑t0−1

l=m λl

∫
anv

l ϕ}, t0 > m,

=
{

λm−1

∫
am−1ϕ, t0 = m,

λm−1

∫
am−1ϕ +

∑t0−1
l=m λl

∫
alϕ, t0 > m,

= lim
m1→∞
m2→∞

∫ ( m2∑
l=−m1

λlal

)
ϕ ,

that is, (7) holds in S′(G). The necessity of Theorem 2.5 has been shown.
Conversely, suppose f =

∑∞
j=−∞ λjaj in S′(G), where aj is a central

(q, p)α-atom. Then f∗(x) ≤
∑∞

j=−∞ |λj |a∗j (x) and

‖f∗‖q
Kq

p,α(G)
≤

∞∑
j=−∞

|λj |q‖a∗j‖
q
Kq

p,α(G)
.

It remains to verify that

‖a∗j‖Kq
p,α(G) ≤ C ,

where C is independent of aj . Assuming supp aj ⊂ Gnj
, we first prove that

supp a∗j ⊂ Gnj . We have

aj ∗∆n(x) = mn

∫
Gnj

∩(x+Gn)

aj(y) dy .

Thus, if x 6∈ Gnj then for nj ≥ n, Gnj ⊆ Gn and Gnj ∩ (x + Gn) 6= ∅
implies Gnj ∩ (x + Gn) ⊆ Gn, so aj ∗ ∆n(x) = 0. For nj < n, we have
Gn ⊆ Gnj and thus Gnj ∩ (x + Gn) = ∅. Note a∗j (x) = supn∈Z(aj ∗∆n)(x)



HARDY SPACES 125

and supp a∗j ⊂ Gnj ; thus

‖a∗j‖
q
Kq

p,α(G)
=

∞∑
l=−∞

µα(Gl)1−q/p‖a∗jχGl\Gl+1
‖q

Lp
α(G)

≤ C

∞∑
l=nj

µα(Gl)1−q/p‖aj‖q
Lp

α(G)

≤ Cµα(Gnj )
q/p−1

∞∑
l=nj

(ml)−(α+1)(1−q/p) ≤ C .

Here we use the fact that ‖a∗j‖Lp
α(G) ≤ C‖aj‖Lp

α(G) (see [2]) together with
(1.1) and (α + 1)(1− q/p) > 0.

Thus the proof of Theorem 2.5 is complete.

Using Theorem 2.5, it is easy to deduce the following interpolation the-
orems.

Theorem 2.6. Let 0 < q1 ≤ 1 < p < ∞ and −1 < α ≤ 0. If a linear
operator T is (Lp

α(G), Lp
α(G))-type and (HK q1

p,α(G),HK q1
p,α(G))-type, then T

is (HK q
p,α(G),HK q

p,α(G))-type, where q1 ≤ q ≤ 1.

The proof is easy, and we omit it.

Theorem 2.7. Suppose 0 < q1 < q2 ≤ 1 < p < ∞, 0 < θ1 <
θ2 ≤ 1, qi ≤ θi, i = 1, 2, and −1 < α ≤ 0. If a linear operator T is
(HK qi

p,α(G),HK θi
p,α(G))-type, i = 1, 2, then T is (HK q

p,α(G),HK θ
p,α(G))-

type, where 1/q = t/q1 + (1− t)/q2, 1/θ = t/θ1 + (1− t)/θ2, 0 < t < 1.

P r o o f. By Theorem 2.5 and q ≤ θ, we only need to prove that if a is a
central (q, p)α-atom supported in Gl0 , then

‖(Ta)∗‖θ
Kθ

p,α(G) ≤ C ,

where C is independent of a.

First of all, because a is a central (q, p)α-atom with support Gl0 , it is
easy to verify that µα(Gl0)

1/q−1/qia is a central (qi, p)α-atom for i = 1, 2.
So,

‖a‖HK
qi
p,α

≤ µα(Gl0)
1/qi−1/q for i = 1, 2 .

Next, we write β0 = (1/q1 − 1/q2)/(1/θ1 − 1/θ2). Noting that µα(Gl+1) <
µα(Gl) for l ∈ Z, and µα(Gl) →∞ (or 0) as l → −∞ (or ∞), we can choose
l1 satisfying

µα(Gl1+1) < µα(Gl0)
β0 ≤ µα(Gl1) .

On the other hand,



126 S. LU AND D. YANG

‖(Ta)∗‖θ
Kθ

p,α(G) =
∞∑

l=−∞

µα(Gl)1−θ/p‖(Ta)∗χ
Gl\Gl+1

‖θ
Lp

α(G)

=
l1∑

l=−∞

. . . +
∞∑

l=l1+1

. . . =: I1 + I2 ,

where

I1 ≤ µα(Gl1)
1−θ/θ1

l1∑
l=−∞

µα(Gl)(1−θ1/p)θ/θ1‖(Ta)∗χ
Gl\Gl+1

‖θ1θ/θ1

Lp
α(G)

≤ µα(Gl1)
1−θ/θ1‖Ta‖θ

HK
θ1
p,α(G)

≤ Cµα(Gl1)
1−θ/θ1‖a‖θ

HK
q1
p,α(G)

≤ Cµα(Gl0)
β0(1−θ/θ1)+θ(1/q1−1/q) .

To estimate I2, noting that α > −1, we first have
∞∑

l=l0+1

µα(Gl) ≤ C

∞∑
l=l1+1

(ml)−(α+1) ≤ C(ml1+1)−(α+1) ≤ Cµα(Gl1+1)

by (1.1) in Section 1 of this paper and Lemma 1(a) of [5]. Therefore, using
θ < θ2 and Hölder’s inequality, we have

I2 ≤
( ∞∑

l=l1+1

µα(Gl)
)1−θ/θ2

×
( ∞∑

l=l1+1

µα(Gl)1−θ2/p‖(Ta)∗χ
Gl\Gl+1

‖θ2
Lp

α(G)

)θ/θ2

≤ Cµα(Gl1+1)1−θ/θ2‖Ta‖θ

HK
θ2
p,α(G)

≤ Cµα(Gl1+1)1−θ/θ2‖a‖θ
HK

q2
p,α(G)

≤ Cµα(Gl0)
β0(1−θ/θ2)+θ(1/q2−1/q) .

Since 1/q = t/q1 + (1 − t)/q2 and 1/θ = t/θ1 + (1 − t)/θ2, we have β0 =
(1/q1 − 1/q)/(1/θ1 − 1/θ) = (1/q2 − 1/q)/(1/θ2 − 1/θ). Thus,

‖(Ta)∗‖θ
Kθ

p,α(G) ≤ C ,

where C is independent of a. This finishes the proof of Theorem 2.7.

Next, we consider the dual spaces of HK q
p(G) := HK q

p,0(G), where 0 <
q ≤ 1 < p < ∞. We first define some spaces CMOq

p(G) of central mean
oscillation functions.

Definition 2.8. Let 0 < q ≤ 1 < p < ∞. A function f ∈ Lp
loc(G) will

be said to belong to CMOq
p(G) if and only if for every n ∈ Z, there exists a
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constant Cn such that

sup
n∈Z

µ(Gn)1−1/q
(
µ(Gn)−1

∫
Gn

|f(x)− Cn|p dx
)1/p

< ∞ .

It is easy to verify that we can take Cn = mGn(f) = µ(Gn)−1
∫

Gn
f(x) dx;

set

‖f‖CMOq
p(G) := sup

n∈Z
µ(Gn)1−1/q

(
µ(Gn)−1

∫
Gn

|f(x)−mGn(f)|p dx
)1/p

.

For the space HK q
p(G), we have the following duality theorem.

Theorem 2.9. Let 0 < q ≤ 1 < p < ∞, and 1/p + 1/p′ = 1. Then

(HK q
p(G))∗ = CMOq

p′(G)

in the following sense. Given g ∈ CMOq
p′(G), the functional Λg defined for

finite combinations of atoms f =
∑

finite λjaj ∈ HK q
p(G) by

Λg(f) =
∫
G

f(x)g(x) dx

extends uniquely to a continuous linear functional Λg ∈ (HK q
p(G))∗ whose

(HK q
p(G))∗-norm satisfies

‖Λg‖ ≤ C‖g‖CMOq

p′
(G) .

Conversely , given Λ ∈ (HK q
p(G))∗, there exists a unique (up to con-

stants) g ∈ CMOq
p′(G) such that Λ = Λg. Further ,

‖g‖CMOq

p′
(G) ≤ C‖Λ‖ .

P r o o f. Take g ∈ CMOq
p′(G). If a is a central (q, p)-atom (i.e.,

(q, p)0-atom) supported in Gn, then

|Λg(a)| =
∣∣∣ ∫

G

g(x)a(x) dx
∣∣∣ =

∣∣∣ ∫
Gn

a(x)(g(x)−mGn
(g)) dx

∣∣∣
≤

( ∫
Gn

|a(x)|p dx
)1/p( ∫

Gn

|g(x)−mGn
(g)|p

′
dx

)1/p′

≤ µ(Gn)1/p−1/q
( ∫

Gn

|g(x)−mGn(g)|p
′
dx

)1/p′

≤ ‖g‖CMOq

p′
(G) .
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Thus, if f =
∑

finite λjaj ∈ HK q
p(G), where each aj is a central (q, p)-atom,

then∣∣∣ ∫ f(x)g(x) dx
∣∣∣ ≤ ∑

finite

|λk|
∣∣∣ ∫ ak(x)g(x) dx

∣∣∣
≤

∑
|λk|‖g‖CMOq

p′
(G) ≤

( ∑
|λk|q

)1/q

‖g‖CMOq

p′
(G) ,

that is, |Λg(f)| ≤ C‖f‖HKq
p(G)‖g‖CMOq

p′
(G).

Obviously, the class of finite combinations of atoms is dense in HK q
p(G),

so Λg can be extended to a continuous linear functional on HK q
p(G), and

‖Λg‖ ≤ C‖g‖CMOq

p′
(G).

Conversely, given Λ ∈ (HK q
p(G))∗, we must prove that there exists a

unique (up to constants) g ∈ CMOq
p′(G) such that Λ = Λg, and ‖g‖CMOq

p′
(G)

≤ C‖Λ‖.
Fixing n ∈ Z, let Lp

0(Gn) := {f ∈ Lp(Gn) :
∫

Gn
f(x) dx = 0}. For each

f ∈ Lp
0(Gn), it is easy to see that g(x) = µ(Gn)1/p−1/q‖f‖−1

p f(x) is a central
(q, p)-atom, where ‖f‖p = (

∫
|f(x)|p dx)1/p for 1 < p < ∞. Therefore,

f(x) = µ(Gn)1/q−1/p‖f‖pg(x) ∈ HK q
p(G) .

Moreover, we have

‖f‖HKq
p(G) ≤ µ(Gn)1/q−1/p‖f‖p .

Thus, if Λ ∈ (HK q
p(G))∗, it follows that

|Λ(f)| ≤ ‖Λ‖ ‖f‖HKq
p(G) ≤ (µ(Gn)1/q−1/p‖Λ‖)‖f‖p .

That is, Λ ∈ (Lp
0(Gn))∗. From this, we know that there exists a gn ∈

Lp′

0 (Gn) ⊂ Lp′

loc(G) such that

Λ(f) =
∫

Gn

f(x)gn(x) dx

for any f ∈ Lp
0(Gn), where 1/p + 1/p′ = 1. In the following, we need to

construct a function g ∈ Lp′

loc(G) such that

Λ(f) =
∫
G

f(x)g(x) dx

for any f ∈
⋃∞

n=−∞ Lp
0(Gn).

Let f ∈ Lp
0(G0). From the above argument, we know that there exists a

g0 ∈ Lp′

loc(G) such that

Λ(f) =
∫

G0

f(x)g0(x) dx .
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But, since Lp
0(Gn) ⊂ Lp

0(G0), n ∈ N, we have

Λ(f) =
∫
G

f(x)g0(x) dx

for any f ∈
⋃∞

n=0 Lp
0(Gn) = Lp

0(G0). In addition, because Lp
0(G0) ⊂

Lp
0(G−1), from the above argument, there exists a g−1 ∈ Lp′

loc(G) such that

Λ(f) =
∫

G−1

f(x)g−1(x) dx =
∫

G0

f(x)g0(x) dx .

It follows that ∫
G0

f(x)
{
g0(x)− g−1(x)

}
dx = 0

for any f ∈ Lp
0(G0). For each f ∈ Lp(G0), if we write h(x) = f(x)−mG0(f),

then h ∈ Lp
0(G0). From this and the above equality, we have∫
G0

f(x)
{
(g0(x)− g−1(x))−mG0(g0 − g−1)

}
dx = 0

for any f ∈ Lp(G0). Thus, if x ∈ G0, then g0(x) = g−1(x)+C−1, where C−1

is a constant. Define

g(x) =
{

g0(x), x ∈ G0,
g−1(x) + C−1, x ∈ G−1 \G0.

Then g(x) = g−1(x) + C−1 for x ∈ G−1. It is easy to see that

Λ(f) =
∫
G

f(x)g(x) dx

for each f ∈
⋃∞

n=−1 Lp
0(Gn). Continuing, we obtain the desired function g

defined on G. It remains to verify g ∈ CMOq
p′(G). For each n ∈ Z, we have( ∫

Gn

|g(x)−mGn(g)|p
′
dx

)1/p′

= sup
{∣∣∣ ∫

G

(g(x)−mGn
(g))h(x) dx

∣∣∣ : ‖h‖Lp(Gn) = 1, supph ⊂ Gn

}
.

From ∫
Gn

(g(x)−mGn(g))h(x) dx =
∫

Gn

g(x)(h(x)−mGn(h)) dx

and

‖(h−mGn(h))χ
Gn
‖HKq

p(G) ≤ C|µ(Gn)|1/q−1/p ,
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it follows that( ∫
Gn

|g(x)−mGn
(g)|p

′
dx

)1/p′

≤ sup{|Λ(h)| : h ∈ Lp
0(Gn), ‖h‖Lp(Gn) ≤ C}

≤ C‖Λ‖|µ(Gn)|1/q−1/p

for each n ∈ Z, and therefore

‖g‖CMOq

p′
(G) ≤ C‖Λ‖ .

We have finished the proof of Theorem 2.9.

3. The molecular characterization. We first define weighted central
molecules.

Definition 3.1. Assume 0 < q ≤ 1 < p < ∞, −1 < α ≤ 0 and
b > max{(1 + α)(1/q − 1/p), 1− (1 + α)/p}. A function M(x) on G is said
to be a central (q, p, b)α-molecule if

(1)
∫

M(x) dx = 0,
(2) <p,α(M) := ‖M‖1−θ

Lp
α(G)

‖|x|bM‖θ
Lp

α(G)
< ∞

where θ = (1/q − 1/p)(α + 1)/b.

We first point out that the central (q, p, b)α-molecule is indeed a gener-
alization of the central (q, p)α-atom.

Proposition 3.2. Let 0 < q ≤ 1 < p < ∞ and −1 < α ≤ 0. If a is a
central (q, p)α-atom, then a is a central (q, p, b)α-molecule and <p,α(a) ≤ C,
where b > max{(1+α)(1/q−1/p), 1− (1+α)/p} and C is independent of a.

P r o o f. We only need to verify that a satisfies (2) of Definition 3.1.
Assume supp a ⊂ Gn. Note that if x ∈ Gn, then |x| ≤ (mn)−1. Therefore,
we have

‖|x|ba‖Lp
α(G) ≤ (mn)−b‖a‖Lp

α(G) .

It follows that
<p,α(a) = ‖a‖1−θ

Lp
α(G)

‖|x|ba‖θ
Lp

α(G) ≤ (mn)−bθ‖a‖Lp
α(G)

≤ (mn)−bθµα(Gn)1/p−1/q ≤ C ,

where C is independent of a.
This completes the proof of the proposition.

We can now characterize the space HK q
p,α(G) in terms of molecules.

Theorem 3.3. Suppose 0 < q ≤ 1 < p < ∞, −1 < α ≤ 0 and b >
max{(1+α)(1/q−1/p), 1−(1+α)/p}. A distribution f on G is in HK q

p,α(G)
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if and only if f =
∑

k λkMk, both in S′(G) and pointwise, where each Mk

is a central (q, p, b)α-molecule, <p,α(Mk) ≤ C and
∑
|λk|q < ∞. Further ,

‖f‖HKq
p,α(G) ∼ inf

{( ∑
|λk|q

)1/q}
where the infimum is taken over all molecular decompositions of f . More-
over , for q = 1 the identity f(x) =

∑
λkMk(x) holds pointwise.

The proof is immediately deduced from Proposition 3.2 and the following
proposition.

Proposition 3.4. If M is a central (q, p, b)α-molecule, then M ∈
HK q

p,α(G) and

‖M‖HKq
p,α(G) ≤ C<p,α(M)

where C is independent of M .

P r o o f. Without loss of generality, we can suppose <p,α(M) = 1, there-
fore, ‖|x|bM‖θ

Lp
α(G)

= ‖M‖θ−1
Lp

α(G)
. Choose n0 ∈ Z satisfying

µα(Gn0) ≤ ‖M‖−(1/q−1/p)−1

Lp
α(G)

< µα(Gn0−1) .

Write B−1 := ∅ and Bk := Gn0−k for k ∈ Z+. Moreover, for k ∈ Z+, define
Dk := Bk \Bk−1. Let

Mk(x) := µ(Dk)−1
( ∫

Dk

M(t) dµ(t)
)
χ

Dk
(x) .

Note that if x ∈ D0 = B0 = Gn0 , |x| ≤ (mn0)
−1, and α ≤ 0, then

‖M0‖p
Lp

α(G)
≤ C
∫

D0

|M(x)|p|x|α dx

by Hölder’s inequality. That is, ‖M0‖Lp
α(G) ≤ C‖M‖Lp

α(G) with C indepen-
dent of n0 and thus of M. If k ≥ 1, then

‖Mk‖Lp
α(G) =

( ∫
Dk

|Mk(x)|p dµα(x)
)1/p

≤ Cµ(Bk)−b‖|x|bM‖Lp
α(G) .

Now, we decompose M(x) as follows:

M(x) =
∞∑

k=0

(M(x)−Mk(x))χ
Dk

(x) +
∞∑

k=0

Mk(x)χ
Dk

(x)

=
∞∑

k=0

(M(x)−Mk(x))χ
Dk

(x)
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+
∞∑

k=1

( ∫
G\Bk−1

M(t) dµ(t)
)(

χ
Dk

(x)
µ(Dk)

−
χ

Dk−1
(x)

µ(Dk−1)

)

=:
∞∑

k=0

ak(x) +
∞∑

k=1

bk(x) .

Then

‖a0‖Lp
α(G) ≤ C‖M‖Lp

α(G) ,

and, for k ≥ 1,

‖ak‖Lp
α(G) ≤ C

( ∫
Dk

|M(x)|p dµα(x)
)1/p

≤ Cµ(Bk)−b‖|x|bM‖Lp
α(G) .

Moreover, supp a0 ⊂ D0 ⊂ B0, supp ak ⊂ Dk = Bk \Bk−1 ⊂ Bk for k ∈ N,
and if k ∈ Z+, then

∫
ak(x) dx = 0. If we write

a∗k(x) := ‖ak‖−1
Lp

α(G)
ak(x)µα(Bk)−(1/q−1/p) ,

then a∗k is a central (q, p)α-atom, and supp a∗k ⊂ Bk. Furthermore, if λk :=
‖ak‖Lp

α(G)µα(Bk)1/q−1/p, then
∑∞

k=0 ak(x) =
∑∞

k=0 λka∗k(x) and
∞∑

k=0

|λk|q ≤ ‖M‖q
Lp

α(G)
µα(Gn0)

(1/q−1/p)q +
∞∑

k=1

µα(Bk)1−q/p‖ak‖q
Lp

α(G)

≤ 1 + 2
∞∑

k=1

µα(Bk)1−q/pµ(Bk)−bq‖|x|bM‖q
Lp

α(G)

≤ 1 + C‖|x|bM‖q
Lp

α(G)

∞∑
k=1

(mn0−k)q{b−(1/q−1/p)(α+1)}

≤ 1 + C‖M‖q(θ−1)/θ+q(1−θ)/θ

Lp
α(G)

≤ C

where C is independent of M . In addition,∫
G\Bk−1

|M(x)| dµ(x) ≤ ‖|x|bM‖Lp
α(G)

( ∫
G\Bk−1

|x|−(α/p+b)p′ dµ(x)
)1/p′

.

Note that the integral in parentheses is
∞∑

i=k

∫
Bi\Bi−1

|x|−(α/p+b)p′ dx ≤ Cµ(Bk)1−p′(b+α/p) ,

and thus ∫
G\Bk−1

|M(x)| dµ(x) ≤ C‖|x|bM‖Lp
α(G)µ(Bk)1/p′−(b+α/p) .
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On the other hand,

‖µ(Dk)−1χ
Dk
‖Lp

α(G) ≤ Cµ(Bk)−1+(α+1)/p ,

therefore
‖bk‖Lp

α(G) ≤ C‖|x|bM‖Lp
α(G)µ(Bk)−b .

Note that supp bk ⊂ Dk ∪Dk−1 = Bk \ Bk−2 ⊂ Bk, k ≥ 1, and
∫

bk(x) dx
= 0. Hence if we let b∗k(x) := ‖bk‖−1

Lp
α(G)

bk(x)µα(Bk)−(1/q−1/p) and γk :=

‖bk‖Lp
α(G)µα(Bk)1/q−1/p, then

∑∞
k=1 bk(x) =

∑∞
k=1 γkb∗k(x), and b∗k is a cen-

tral (q, p)α-atom. Further,
∞∑

k=1

|γk|q ≤ C‖|x|bM‖q
Lp

α(G)

∞∑
k=1

µ(Bk)−bq+q(α+1)(1/q−1/p)

≤ C‖M‖q(θ−1)/θ

Lp
α(G)

∞∑
k=1

(mn0−k)q{b−(α+1)(1/q−1/p)} ≤ C,

where C is independent of b.
Finally, considering that supp ak ⊂ supp bk ⊂ Bk \ Bk−2 for k ≥ 1

and supp a0 ⊂ B0 = Gn0 , the pointwise equality M(x) =
∑∞

k=0 λkak(x) +∑∞
k=1 γkbk(x) obviously holds in S′(G). This finishes the proof of Proposi-

tion 3.4.

4. Some application. We establish some multiplier theorems on the
space HK q

p,α(G) in this section.

Theorem 4.1. Let 0 < q ≤ 1 < p < ∞ and −1 < α ≤ 0. Suppose ϕ is a
multiplier on Lp

α(G), and consider the condition

(∗) sup
l<n

{ ∞∑
j=n

‖(Dλϕj)∨‖Lr(Gl\Gl+1)

}
≤ C(mn)1/r′−λ ,

where ϕj := ϕχ
Γj+1\Γj

, Dλϕj := (|x|λ(ϕj)∨(x))∧, 1 < r < ∞ and 1/r +
1/r′ = 1. If the condition (∗) is satisfied in the following two cases:

(i) for some r ≥ p and some λ > (α + 1)/q − 1/r,

or , in the case when p′ < p where 1/p + 1/p′ = 1,

(ii) for some r with p′ ≤ r < p and some λ > (α + 1)/q,

then ϕ is a multiplier on HK q
p,α(G).

P r o o f. Let ϕk := ϕχ
Γk

and f := (ϕk)∨ ∗ a. By Theorem 2.5, we need
only prove that for any central (q, p)α-atom a,

‖f∗‖Kq
p,α(G) ≤ C ,

where C is independent of k and a.
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Suppose that supp a ⊂ Gn. If l ≥ n, then( ∫
Gl\Gl+1

|f∗(x)|p dx
)1/p

≤ ‖f∗‖Lp
α(G) ≤ C‖f‖Lp

α(G)

≤ C‖a‖Lp
α(G) ≤ C(mn)−(α+1)(1/p−1/q)

by the results of Kitada [2]. Therefore,( ∞∑
l=n

µ(Gl)1−q/p‖f∗χ
Gl\Gl+1

‖q
Lp

α(G)

)1/q

≤ C(mn)−(α+1)(1/p−1/q)
{ ∞∑

l=n

(ml)−(α+1)(1−q/p)
}1/q

≤ C .

If l < n, then (Gl \Gl+1)∩Gn = ∅ and Gn+1 ⊂ Gn ⊂ Gl. By Kitada’s proof
of Theorem 2 in [2], we have

f∗(x) ≤
∞∑

j=n

|(ϕj)∨ ∗ a(x)|

and( ∫
Gl\Gl+1

|f∗(x)|p dµα(x)
)1/p

≤
∞∑

j=n

( ∫
Gl\Gl+1

|(ϕj)∨ ∗ a(x)|p dµα(x)
)1/p

≤
∞∑

j=n

(ml)−α/p‖a‖1
( ∫

Gl\Gl+1

|(ϕj)∨(x)|p dµ(x)
)1/p

=
∞∑

j=n

(ml)−α/p+λ‖a‖1
( ∫

Gl\Gl+1

|(Dλϕj)∨(x)|p dµ(x)
)1/p

,

where ‖a‖1 =
∫
|a(x)| dx. If p ≤ r, then( ∫

Gl\Gl+1

|f∗(x)|p dµα(x)
)1/p

≤ (ml)−(α+1)/p+λ+1/r‖a‖1
∞∑

j=n

‖(Dλϕj)∨‖Lr(Gl\Gl+1) .

For λ > (α + 1)/q − 1/r, from (∗) and

‖a‖1 ≤ ‖a‖p(mn)−(1−1/p) ≤ ‖a‖Lp
α(G)(mn)(α+1)/p−1 ≤ C(mn)(α+1)/q−1 ,
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we have( n−1∑
l=−∞

µ(Gl)1−q/p‖f∗χ
Gl\Gl+1

‖q
Lp

α(G)

)1/q

≤ C‖a‖1
( n−1∑

l=−∞

(ml)−(α+1)+(λ+1/r)q
)1/q

(mn)1/r′−λ

≤ C‖a‖1(mn)1−(α+1)/q ≤ C .

This shows the conclusion of Theorem 4.1(i).
For (ii), suppose p′ < p, where 1/p + 1/p′ = 1. If x ∈ Gl \Gl+1 then

|(ϕj)∨ ∗ a(x)| ≤
( ∫

Gn

|(ϕj)∨(x− t)|r dt
)1/r

‖a‖r′

≤ ‖(ϕj)∨χ
Gl\Gl+1

‖r‖a‖p(mn)1/p−1/r′

≤ (mn)(α+1)/q−1/r′(ml)λ‖(Dλϕj)∨χ
Gl\Gl+1

‖r .

Therefore,( ∫
Gl\Gl+1

|f∗(x)|p dµα(x)
)1/p

≤
∞∑

j=n

(mn)(α+1)/q−1/r′(ml)λ−(α+1)/p‖(Dλϕj)∨‖Lr(Gl\Gl+1)

≤ C(mn)(α+1)/q−λ(ml)λ−(α+1)/p .

For λ > (α + 1)/q, we have( n−1∑
l=−∞

µ(Gl)1−q/p‖f∗‖q
Lp

α(Gl\Gl+1)

)1/q

≤ C
( n−1∑

l=−∞

(ml)−(α+1)+λq
)1/q

(mn)(α+1)/q−λ ≤ C .

This shows the conclusion of Theorem 4.1(ii).

Corollary 4.2. If 0 < q ≤ 1 and there exist r ≥ 2 and λ > 1/q − 1/r
such that ϕ ∈ M(r′, λ) (see [1] for definition), where 1/r + 1/r′ = 1, then ϕ
is a multiplier on HK q

2(G).

Theorem 4.3. Suppose 0 < q ≤ 1, −1 < α ≤ 0 and σ is a multiplier on
L2

α(G). Assume σ ∈ S−µ
% (see [7] for definition, and also [9]), where 0 ≤ %

< 1 and µ > max{(1−%)(1/q−1/2)+α((1−%)/q−%/2), (1−%)/2−%α/2}.
Then σ is a multiplier on HK q

2,α(G).
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P r o o f. Using Theorem 3.3, we only need to show that if a is a cen-
tral (q, 2)α-atom with support Gn, then M = (σâ)∨ is a central (q, 2, b)α-
molecule, where b satisfies

(µ + %α− α/2)/(1− %) ≥ b > max{(α + 1)(1/q − 1/2), 1− (α + 1)/2} .

Obviously, we need only estimate <2,α(M). First, we have

‖M‖L2
α(G) ≤ C‖a‖L2

α(G) ≤ Cµα(Gn)1/2−1/q ≤ C(mn)(α+1)(1/q−1/2) .

It remains to estimate ‖|x|bM‖L2
α(G). Because supp a ⊂ Gn, â is constant

on Γn. Write σ = σχ
Γn

+ σχ
Γ\Γn

=: σ1 + σ2; then M = (σâ)∨ = (σ2â)∨,
and

‖|x|b(σ2â)∨‖L2
α(G) = ‖(σ2â)∨‖K(b+α,2,2,G)

≤
( ∞∑

l=−∞

(ml)−2(b+α) sup{‖τξ(σ2â)− σ2â‖22 : ξ ∈ Γl}
)1/2

by the theorem of [4] (or [7]). We now consider two cases: n ≥ 0 and n < 0.

(A) n ≥ 0. Define [n%] to satisfy

µ(G[n%]+1) ≤ µ(Gn)% < µ(G[n%]) .

Clearly, n ≥ [n%] for n ≥ 0. Write

‖|x|b(σ2â)∨‖L2
α(G) ≤

( [n%]∑
l=−∞

. . . +
∞∑

l=[n%]+1

. . .
)1/2

=: (A1 + A2)1/2 .

For A1, because l ≤ [n%] ≤ n, we have ξ ∈ Γl ⊂ Γn, and therefore, for γ ∈ Γ ,

(σ2â)(γ − ξ)− (σ2â)(γ) = (σ2(γ − ξ)− σ2(γ))â(γ) .

Thus,

sup{‖τξ(σ2â)− σ2â‖22 : ξ ∈ Γl} ≤ C2
k(ml)2k(mn)−2(µ+%k)‖â‖22 ,

where we take k > b + α. We have

A1 ≤ C2
k(mn)−2(µ+%k)‖â‖22

[n%]∑
l=−∞

(ml)−2(b+α−k)

≤ C2
k(mn)−2(µ+%b+%α)‖a‖22 .

In order to estimate A2, note that |σ2(γ)| ≤ 〈γ〉−µ and b + α > 0. Then

A2 ≤ C

∞∑
l=[n%]+1

(ml)−2(b+α)‖σ2â‖22 ≤ C(mn)−2(b+α)%(mn)−2µ‖a‖22 .
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To sum up,

‖|x|b(σ2â)∨‖L2
α(G) ≤ C(mn)−(µ+%b+%α)‖a‖2

≤ C(mn)−(µ+%b+%α)+α/2‖a‖L2
α(G)

≤ C(mn)−(µ+%b+%α)+α/2−(α+1)(1/2−1/q) .

Therefore,

<2,α(M) = ‖M‖1−θ
L2

α(G)‖|x|
bM‖θ

L2
α(G)

≤ C(mn)bθ−(µ+%b+%α)θ+αθ/2 ≤ C ,

because mn ≥ 1 and b− (µ + %b + %α) + α/2 ≤ 0.

(B) n < 0. Then

‖|x|b(σ2â)∨‖L2
α(G) ≤

( n∑
l=−∞

. . . +
∞∑

l=n+1

. . .
)1/2

=: (A1 + A2)1/2 .

For A1, note that 〈γ〉 ≥ 1. Similarly to (A), we take k > b + α. Then,

A1 ≤ C

n∑
l=−∞

(ml)2k−2(b+α)‖a‖22 ≤ C(mn)−2(b+α)‖a‖22 .

On the other hand,

A2 ≤ C

∞∑
l=n

(ml)−2(b+α)‖a‖22 ≤ C(mn)−2(b+α)‖a‖22 .

So,

‖|x|b(σ2â)∨‖L2
α(G) ≤ C(mn)−(b+α)‖a‖22

≤ C(mn)−(b+α)−1/2+(α+1)/q .

Therefore,

<2,α(M) = ‖M‖1−θ
L2

α(G)‖|x|
bM‖θ

L2
α(G) ≤ C(mn)−αθ/2 ≤ C .

This finishes the proof of Theorem 4.3.

Corollary 4.4. Let 0 < q ≤ 1, 0 ≤ % < 1, σ ∈ S−µ
% and suppose

µ > (1− %)(1/q − 1/2). Then σ is a multiplier on HK q
2(G).
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discontinus, ibid. 83 (1986), 205–228.

[10] M. H. Taib leson, Fourier Analysis on Local Fields, Math. Notes 15, Princeton
Univ. Press, 1975.

[11] N. Ya. Vi lenk in, On a class of complete orthonormal systems, Amer. Math. Soc.
Transl. (2) 28 (1963), 1–35.

DEPARTMENT OF MATHEMATICS

BEIJING NORMAL UNIVERSITY

BEIJING, 100875

THE PEOPLE’S REPUBLIC OF CHINA
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