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CONTACT BOCHNER CURVATURE TENSOR
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1. Introduction. Recently, Y. Tashiro and B. H. Kim ([12]) studied
fibred Riemannian spaces with almost complex, almost contact or contact
structures. For fibred Sasakian spaces with conformal fibres, B. H. Kim ([4],
[5]) studied total spaces of constant φ̃-holomorphic sectional curvature and
total spaces with vanishing contact Bochner curvature tensor, and obtained
the following theorems:

Theorem A ([4]). Let M̃ be a fibred Sasakian space with conformal
fibres. If M̃ is a space of constant φ̃-holomorphic sectional curvature c̃,
then

(1) the total space is a Sasakian space of constant φ̃-holomorphic sec-
tional curvature −3,

(2) the base space M is locally Euclidean, and
(3) each fibre F is a Sasakian space of constant φ-holomorphic sectional

curvature −3.

Conversely , if the base space M is locally Euclidean and each fibre F is
a Sasakian space of constant φ-holomorphic sectional curvature −3, then M̃
is a Sasakian space of constant φ̃-holomorphic sectional curvature −3.

Theorem B ([5]). Let M̃ be a fibred Sasakian space with conformal fibres
of dimension s > 3. If the contact Bochner curvature tensor of M̃ vanishes,
then the base space M is of constant holomorphic sectional curvature and
each fibre F is of constant φ-holomorphic sectional curvature

4(K − s + 1)− (3s− 5)(s− 1)
(s− 1)(s + 1)

.

We recall the definition of the Bochner curvature tensor in a Kählerian
space and the contact Bochner curvature tensor in a Sasakian space in §2.
In §3, we define fibred Sasakian spaces and prove certain equations valid in
such spaces. We discuss fibred Sasakian spaces of constant φ̃-holomorphic
sectional curvature in §4 and fibred Sasakian spaces with vanishing contact
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Bochner curvature tensor in §5, without the assumption that the space in
question has conformal fibres.

The author would like to express his hearty thanks to Professors S. Ya-
maguchi and N. Abe for their helpful advice.

2. Preliminaries. Let M be an n-dimensional Riemannian space.
Throughout this paper, we assume that the spaces considered are connected
and of class C∞. Denote respectively by gji, Rkji

h, Rji = Rhji
h and R the

metric tensor, the curvature tensor, the Ricci tensor and the scalar curvature
of M in terms of local coordinates {xi}, where the Latin indices run over
the range {1, . . . , n}.

An n(= 2l)-dimensional Kählerian space with metric g is a Riemannian
space admitting a structure tensor φi

h such that

φi
rφr

j = −δi
j , φji = −φij , ∇kφji = 0 ,

where we put φji = φj
rgri and ∇k denotes the covariant derivative.

A Kählerian space is said to be of constant holomorphic sectional cur-
vature c if the curvature tensor satisfies

Rkji
h =

c

4
(gjiδk

h − gkiδj
h + φjiφk

h − φkiφj
h − 2φkjφi

h) .

The Bochner curvature tensor Bkji
h of a Kählerian space Mn is de-

fined by

Bkji
h = Rkji

h

+
1

n + 4
(gkiRj

h − gjiRk
h + Rkiδj

h −Rjiδk
h + φkiSj

h − φjiSk
h

+ Skiφj
h − Sjiφk

h + 2Skjφi
h + 2φkjSi

h)

− R

(n + 2)(n + 4)
(gkiδj

h − gjiδk
h + φkiφj

h − φjiφk
h + 2φkjφi

h) ,

where we put Sji = φj
rRri.

For the Bochner curvature tensor M. Matsumoto and S. Tanno proved:

Theorem C ([7]). If a Kählerian space M with vanishing Bochner cur-
vature tensor has constant scalar curvature, then either

(1) M is a space of constant holomorphic sectional curvature, or
(2) M is locally a product of two spaces of constant holomorphic sectional

curvatures c (≥ 0) and −c.

Next, an n(= 2l + 1)-dimensional Riemannian space Mn is called a
Sasakian space if it admits a unit special Killing 1-form η with constant 1
such that

∇kφji = ηjgki − ηigkj , φkj = ∇kηj and ξi = ηjg
ji .
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On a Sasakian space, the following identities are well-known:

Rkji
hηh = ηkgji − ηjgki ,(2.1)

Rk
hηh = (n− 1)ηk ,(2.2)

ξs∇sRkji
h = 0 .(2.3)

The contact Bochner curvature tensor Bkji
h of a Sasakian space is de-

fined by

Bkji
h = Rkji

h

+
1

n + 3
(Rkiδj

h −Rjiδk
h + gkiRj

h − gjiRk
h + Skiφj

h − Sjiφk
h

+ φkiSj
h − φjiSk

h + 2Skjφi
h + 2φkjSi

h

−Rkiηjξ
h + Rjiηkξh − ηkηiRj

h + ηjηiRk
h)

− k + n− 1
n + 3

(φkiφj
h − φjiφk

h + 2φkjφi
h)− k − 4

n + 3
(gkiδj

h − gjiδk
h)

+
k

n + 3
(gkiηjξ

h + ηkηiδj
h − gjiηkξh − ηjηiδk

h) ,

where k = R+n−1
n+1 .

When the curvature tensor of a Sasakian space has the form

Rkji
h =

c + 3
4

(gjiδk
h − gkiδj

h)

+
c− 1

4
(gkiηjξ

h − gjiηkξh + ηkηiδj
h − ηjηiδk

h

− φkiφj
h + φjiφk

h − 2φkjφi
h) ,

then the Sasakian space is called a space of constant φ-holomorphic sectional
curvature c. If the Ricci tensor Rji of a Sasakian space M satisfies

Rji =
(

R

n− 1
− 1

)
gji −

(
R

n− 1
− n

)
ηjηi ,

then M is called an η-Einstein space.
The following theorems were obtained by I. Hasegawa and T. Nakane:

Theorem D ([2]). Let Mn (n ≥ 7) be a Sasakian space with constant
scalar curvature R whose contact Bochner curvature tensor vanishes. If the
square of the length of the Ricci tensor is less than

n3 − 5n2 + 7n + 29
(n + 1)2(n− 5)2

R2 − 2(n4 − 10n3 + 58n + 79)
(n + 1)2(n− 5)2

R

+
(n− 1)2(n4 − 7n3 + n2 + 47n + 54)

(n + 1)2(n− 5)2
,

then M is a space of constant φ-holomorphic sectional curvature.
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Theorem E ([2]). Let M5 be a Sasakian space with constant scalar cur-
vature R whose contact Bochner curvature tensor vanishes. If the scalar
curvature is not −4, then M is of constant φ-holomorphic sectional curva-
ture.

Finally, if a tensor Ti1...ip
j1...jq on a Sasakian space satisfies

φi1
a1 . . . φip

apφb1
j1 . . . φbq

jqφk
c∇cTa1...ap

b1...bq = 0 ,

then the tensor Ti1...ip
j1...jq is called η-parallel .

3. Fibred Riemannian spaces. Let {M̃, M, g̃, π} be a fibred space
with Riemannian metric g̃, that is, (M̃, g̃) is an m-dimensional total space
with Riemannian metric g̃, M an n-dimensional base space, and π : M̃ → M
a projection with maximal rank n. The fibre through a point in M̃ is denoted
by F , and it is s-dimensional. Throughout this paper the ranges of indices
are as follows:

A,B, C, D, . . . = 1, 2, . . . , n, n + 1, . . . ,m ,

h, i, j, k, . . . = 1, 2, . . . , n,

α, β, γ, δ, . . . = n + 1, . . . ,m .

We take coordinate neighborhoods {Ũ , xH} on M̃ and {U, vh} on M such
that π(Ũ) = U , where xH and vh are coordinates in Ũ and U , respectively.
Then the projection π is expressed by

vh = vh(xH) ,

and the Jacobian (∂vh/∂xH) has maximum rank n. Take a fibre F such
that F ∩ Ũ 6= ∅. Then there is a coordinate system (vh, yα) in Ũ such that
yα are local coordinates in F ∩ Ũ .

If we put

EI
h =

∂vh

∂xI
and CH

α =
∂xH

∂yα
,

then EI
h are components of a local covector field Eh in Ũ for each fixed

index h and CH
α are those of a vector field Cα for each fixed index α.

Denoting by g̃JI the components of g̃ in {Ũ , xH}, we put

gγβ = g̃JIC
J

γCI
β .

Then the gγβ are the components of the induced metric tensor g of F along
F ∩ Ũ . If we put

CI
α = g̃IJgαβCJ

β ,

where (gαβ) is the inverse matrix of (gαβ), and denote by Cα the local co-
vector field with components CI

α in Ũ for each index α, then (Eh, Cα) forms
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a coframe in Ũ . Denoting by (EH
h, CH

β) the inverse matrix of (EI
i, CI

α),
we have

(3.1)
EI

hEI
i = δi

h, EI
hCI

β = 0 ,

CI
αEI

i = 0 , CI
αCI

β = δβ
α

and

(3.2) EI
hEH

h + CI
αCH

α = δI
H .

Denoting by (g̃JI) the inverse matrix of (g̃JI) and putting

gji = g̃JIE
J

jE
I
i ,

we obtain
EH

h = g̃HIghiEI
i .

The EH
h are the components of a local vector field Eh defined in {Ũ , xH},

for each fixed index h. Thus, we find that the set (Ei, Cβ) forms in Ũ a
frame dual to the coframe (Eh, Cα). By analogy with the above notation,
we often denote by (BI

B) (resp. (BJ
A)) the matrix (EI

i, C
I
β) (resp. the

matrix (EJ
j , CJ

α)). Then we can write (3.1) and (3.2) as

BI
ABI

B = δB
A and BI

ABH
A = δI

H ,

respectively.
Any tensor field in M̃ , say T̃ of type (1, 2), is represented in Ũ in the

form

T̃ = Tji
hEj ⊗ Ei ⊗ Eh + Tji

αEj ⊗ Ei ⊗ Cα + . . .(3.3)
+ Tγβ

hCγ ⊗ Cβ ⊗ Eh + Tγβ
αCγ ⊗ Cβ ⊗ Cα ,

where

Tji
h = EJ

jE
I
iEH

hT̃JI
H , Tji

α = EJ
jE

I
iCH

αT̃JI
H , . . . ,

Tγβ
h = CJ

γCI
βEH

hT̃JI
H , Tγβ

α = CJ
γCI

βCH
αT̃JI

H .

The first term Tji
hEj ⊗ Ei ⊗ Eh is called the horizontal part of T̃ and

denoted by T̂ . The last term Tγβ
αCγ⊗Cβ⊗Cα is called the vertical part of

T̃ and denoted by T . For a function f̃ on M̃ , we define its horizontal part
f̂ and vertical part f by f̃ = f̂ = f .

A tensor field, say T̃ of type (1, 2) with local expression (3.3) on M̃ , is
projectable if and only if the Tji

h are projectable, or equivalently, if and
only if

∂

∂yα
Tji

h = 0 .

If the metric tensor g̃ in a fibred space {M̃, M, g̃, π} is projectable, then
{M̃, M, g̃, π} or simply (M̃, g̃) is called a fibred Riemannian space.
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Let ∇̃ be the Riemannian connection of the Riemannian space (M̃, g̃) and

denote by
˜{
H

JI

}
the Christoffel symbols constructed from g̃JI in {Ũ , xH}.

Let ∇ and ∇ be the Riemannian connections determined by the induced
metrics g in M and g in F , respectively.

We denote by
{

h

ji

}
and

{
α

γβ

}
the Christoffel symbols constructed from

gji in {U, vh} and gγβ in {F ∩ Ũ , yα}, respectively.
If we put

∇̃JBH
B = Γ A

C BBJ
CBH

A

in Ũ , where Γ A
C B are local functions defined in Ũ , then the following hold

[14]:

(a) Γj
h

i =
{

h

ji

}
.

(b) Γγ
α

β =
{

α

γβ

}
.

(c) Writing Γj
α

i and Γj
h

β (= Γ h
β j) as hji

α and hh
jβ respectively, we

have
hji

α + hij
α = 0, hh

jβ = ghihij
αgαβ .

Along each fibre F , the hh
jγ are the connection coefficients of the in-

duced connection of the normal bundle of the submanifold F embedded in
(M̃, g̃) with respect to the normals Eh.

(d) Writing Γγ
h

β (= Γβ
h

γ) and Γγ
α

i as Lγβ
h and −Lγ

α
i respectively,

we have
L α

γ i = Lγβ
hghig

βα, Γj
α
β = Pjβ

α − L α
β j .

If we denote by L̃Cβ
the Lie derivation with respect to Cβ on M̃ , then the

Pjβ
α appear in

L̃Cβ
Eh = 0, L̃Cβ

Ej = −Pjβ
αCα, L̃Cβ

Cγ = 0, L̃Cβ
Cα = Pjβ

αEj .

Along each fibre F , the Lγβ
h are the components of the second funda-

mental tensor of the submanifold F embedded in (M̃, g̃) with respect to the
normals Eh. If Lγβ

h = 0, then {M̃, M, g̃, π} is called a fibred Riemannian
space with isometric fibres. If Lγβ

h = gγβAh, where A = AhEh is the mean
curvature vector along each fibre and a horizontal vector field in M̃ , then
{M̃, M, g̃, π} is called a fibred Riemannian space with conformal fibres.

Summing up the results mentioned above, we have

Γj
h

i =
{

h

ji

}
, Γj

h
β = Γβ

h
j = hh

jβ ,
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Γγ
h

β = Lγβ
h, Γj

α
i = hji

α, Γγ
α

i = −Lγ
α

i ,(3.4)

Γj
α

β = Pjβ
α − L α

β j , Γγ
α

β =
{

α

γβ

}
.

Let Fp
q (M̃) be the space of all tensor fields of type (p, q) on M̃ . Let

Fr
s (hM̃) (resp. F t

u(vM̃)) be the space of all horizontal (resp. vertical) tensor
fields of type (r, s) (resp. (t, u)) on M̃ . We consider formal tensor products
on M̃ such as Fp

q (M̃) ⊗ Fr
s (hM̃) ⊗F t

u(vM̃). We call an element T̃ of this

space a
(

prt

qsu

)
-partial tensor on M̃ . We may identify Fp00

q00 (M̃), F0r0
0s0 (M̃)

and F00t
00u(M̃) with Fp

q (M̃), Fr
s (hM̃) and F t

u(vM̃), respectively. For any
element of Fprt

qsu(M̃), say T̃ in F111
111 (M̃) with components T I

J i
h

β
α, we define

the (∗)-covariant derivative ∇∗T̃ of T̃ as a partial tensor with components

∇∗
KTJ

I
i
h

β
α =

∂

∂xK
T ···

... +
˜{
I

KH

}
TH··

... − T ···
H··

˜{
H

KJ

}
(3.5)

+ (Γ h
C eT

·e·
... + Γ α

C εT
··ε
... − T ···

·e·Γ
e

C i − T ···
··εΓ

ε
C β)BK

C

in Ũ , where Γ ’s are given by (3.4) (see [14]). For any element T̃ of Fprt
qsu(M̃),

we have ∇∗T̃ = ∇̃T̃ .
Denote two covariant derivations ′∇ and ′′∇ acting on elements of

Fprt
qsu(M̃) by

′∇k = EK
k∇∗

K , ′′∇γ = CK
γ∇∗

K .

For any element of Fprt
qsu(M̃), say T̃ in F111

111 (M̃) with components TJ
I
i
h

β
α,

′∇T̃ and ′′∇T̃ are elements of F111
121 (M̃) and F111

112 (M̃) respectively, with
components

′∇kT I
J i

h
β

α =
∂

∂vk
T ···

... +
( ˜{

I

KH

}
TH··

... − T ···
H··

˜{
H

KJ

})
EK

k

+ Γ h
k eT

·e·
... + Γ α

k εT
··ε
... − T ···

·e·Γ
e

k i − T ···
··εΓ

ε
k β ,

′′∇γT I
J

h
i

α
β =

∂

∂yγ
T ···

... +
( ˜{

I

KH

}
TH··

... − T ···
H··

˜{
H

KJ

})
CK

γ

+ Γ h
γ eT

·e·
... + Γ α

γ εT
··ε
... − T ···

·e·Γ
e

γ i − T ···
··εΓ

ε
γ β .

Proposition F ([14]). On M̃ we have

∇∗
K g̃JI = 0, ∇∗

Kgji = 0, ∇∗
Kgγβ = 0 ,

′∇kg̃JI = 0, ′∇kgji = 0, ′∇kgγβ = 0 ,
′′∇αg̃JI = 0, ′′∇αgji = 0, ′′∇αgγβ = 0 .
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We denote by K̃KJI
H , Kkji

h and Kδγβ
α the components of the curvature

tensor of (M̃, g̃) in {Ũ , xH}, of the base space (M, g) in {U, vh}, and of each
fibre (F, g) in {F ∩ Ũ , yα}, respectively.

If we put P A
DCB = BK

DBJ
CBI

BBH
AK̃KJI

H , then

PDCB
A + PCDB

A = 0, PDCB
A + PCBD

A + PBDC
A = 0

and the following equations hold [14]:

Pkji
h = Kkji

h − 2hkj
εhh

iε + hji
εhh

kε − hki
εhh

jε ,(3.6)

Pkjβ
h = ′∇khh

jβ − ′∇jh
h
kβ − 2hkj

εLεβ
h ,(3.7)

Pδji
h = − ′∇jh

h
iδ + hh

iεL
ε

δ j + Lδε
hhji

ε + hh
jεL

ε
δ i,(3.8)

Pδjβ
h = ′′∇δh

h
jβ − ′∇jLδβ

h + L ε
δ jLεβ

h + he
jδh

h
eβ ,(3.9)

Pδγi
h = ′′∇δh

h
iγ − ′′∇γhh

iδ + hh
eγhe

iδ(3.10)

− hh
eδh

e
iγ − Lδε

hL ε
γ i + Lγε

hL ε
δ i ,

Pδγβ
h = ′′∇δLγβ

h − ′′∇γLδβ
h ,(3.11)

Pδγβ
α = Kδγβ

α − L α
δ eLγβ

e + L α
γ eLδβ

e ,(3.12)
Pδγi

α = − ′′∇δL
α

γ i + ′′∇γL α
δ i ,(3.13)

Pδjβ
α = ′′∇βL α

δ j − gαεgje
′′∇εLδβ

e ,(3.14)
Pkjβ

α = − ′∇kL α
β j + ′∇jL

α
β k − 2′′∇βhkj

α − hke
αhe

jβ(3.15)
+ hje

αhe
kβ − L α

ε kL ε
β j + L α

ε jLβ
ε
k,

Pδji
α = ′′∇δhji

α + ′∇jL
α

δ i − L ε
δ jL

α
ε i + he

jδhei
α ,(3.16)

Pkji
α = ′∇khji

α − ′∇jhki
α + 2hkj

εL α
ε i .(3.17)

Also, we denote by K̃JI , Kji and Kβα the components of the Ricci
tensors of M̃ , M and F , respectively. Then from (3.6), (3.7), (3.9), (3.12),
(3.14) and (3.16) we have

EJ
jE

I
iK̃JI = Kji − 2hej

εhe
iε + ′′∇εhji

ε + ′∇jLε
ε
i −Nji ,(3.18)

EJ
jC

I
αK̃JI = ′∇eh

e
jα − 2hej

εLεα
e + ′′∇αL ε

ε j + Qαj ,(3.19)

CJ
βCI

αK̃JI = Kβα − hf
eβhe

fα + ′∇eLβα
e − L ε

ε eLβα
e ,(3.20)

where we put Nji = L τ
ε jL

ε
τ i and Qαj = −′′∇εL

ε
α j .

Let M̃ be a Sasakian space with Sasakian structure (φ̃, ξ̃, η̃, g̃) such that
φ̃ is projectable and each fibre is φ̃-invariant and tangent to the vector ξ̃.
Then {M̃, M, g̃, π} is called a fibred Sasakian space. In [4] and [5], the
following is shown:
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Proposition G. Let the induced almost contact metric structure
(φ̃, ξ̃, η̃, g̃) on M̃ be Sasakian. Then the base space M is Kählerian with
Kählerian structure (φ, g) and each fibre F is Sasakian with Sasakian struc-
ture (φ, ξ, η, g).

Also, we have the following equations:

hji
α = −φjiξ

α ,(3.21)

ξ
ε
L α

ε i = 0 ,(3.22)
′∇iξ

ε = 0 ,(3.23)
′∇iφβ

α = 0 ,(3.24)
L ε

β iφε
α − L α

β eφ
e

i = 0 ,(3.25)

gετLετ
h = 0 .(3.26)

From (3.26), each fibre F is minimal in M̃ . Moreover, if M̃ is a fibred
Sasakian space with conformal fibres, then M̃ has isometric fibres.

We define skew-symmetric tensors S̃JI , Sji and Sβα by

S̃JI = φ̃J
RK̃RI , Sji = φj

rKri and Sβα = φβ
τKτα

on M̃ , M and F respectively. Since S̃JI and Sβα are skew-symmetric, from
(3.9), (3.12), (3.21)–(3.24) and (3.25) we find

(3.27) ′∇eLβα
e = 0 .

From (3.6), (3.7), (3.9), (3.12), (3.14), (3.16) and (3.27), it is clear that

EJ
jE

I
iS̃JI = Sji − 2φji − φj

eNei ,(3.28)

EJ
jC

I
αS̃JI = φj

eQαe ,(3.29)

CJ
βCI

αS̃JI = Sβα .(3.30)

Moreover, by (3.21), (3.22), (3.26) and (3.27), equations (3.18)–(3.20) can
be rewritten as follows:

EJ
jE

I
iK̃JI = Kji − 2gji −Nji,(3.31)

EJ
jC

I
αK̃JI = Qαj ,(3.32)

CJ
βCI

αK̃JI = Kβα + nηβηα .(3.33)

Denote by K̃, K and K the scalar curvatures of M̃ , M and F , respec-
tively. Then from (3.6), (3.9), (3.12) and (3.16) we find

(3.34) K̃ = KL + K − n−N ,

where KL is the horizontal lift of K and N = gεβgταgheLετ
eLβα

h. In the
sequel, we denote KL by K.
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We put Wβα = Lβ
ε
eLεα

e and Zγβα
ω = Lγα

eLβ
ω

e − Lβα
eLγ

ω
e. By

(3.22), (3.25), (3.28) and (3.29), it is easy to see that

(3.35) φj
eNei = −φ e

i Nje ,

(3.36) φβ
τQτi = −φ e

i Qβe ,

(3.37) φβ
τW τα = −φα

τW βτ ,

(3.38) Zεβα
ε = W βα ,

(3.39) Zγβα
ω + Zβαγ

ω + Zαγβ
ω = 0 ,

(3.40) Zγβα
ω = −Zβγα

ω ,

(3.41) Zγβαω = Zαωγβ ,

(3.42) ′′∇δZγβα
ω + ′′∇γZβδα

ω + ′′∇βZδγα
ω

= (′′∇δLγα
e − ′′∇γLδα

e)Lβ
ω

e + (′′∇γLβα
e − ′′∇βLγα

e)Lδ
ω

e

+ (′′∇βLδα
e − ′′∇δLβα

e)Lγ
ω

e + Lγα
e(′′∇δLβ

ω
e − ′′∇βLδ

ω
e)

+ Lβα
e(′′∇γLδ

ω
e − ′′∇δLγ

ω
e) + Lδα

e(′′∇βLγ
ω

e − ′′∇γLβ
ω

e) ,

(3.43) φγ
εφβ

τZετα
ω = Zγβα

ω ,

(3.44) 1
2φετZετα

ω = φετZεατ
ω = −φα

εW ε
ω ,

(3.45) Zγβα
εηε = 0 ,

where Zγβαω = gεωZγβα
ε. The tensor Zγβα

ω vanishes identically if and
only if the fibred Sasakian space has isometric fibres.

4. Fibred Sasakian spaces of constant φ̃-holomorphic sectional
curvature. Let M̃ be a fibred Sasakian space of constant φ̃-holomorphic
sectional curvature c̃. The curvature tensor K̃KJI

H has the form

K̃KJI
H =

c̃ + 3
4

(g̃JI δ̃K
H − g̃KI δ̃J

H)

+
c̃− 1

4
(g̃KI η̃J ξ̃H − g̃JI η̃K ξ̃H + η̃K η̃I δ̃J

H − η̃J η̃I δ̃K
H

− φ̃KI φ̃J
H + φ̃JI φ̃K

H − 2φ̃KJ φ̃I
H) .

Transvecting the above equation with BK
DBJ

CBI
BBH

A and using (3.6),
(3.9)–(3.12) and (3.15), we see that the above equation is equivalent to the
following:

(4.1) Kkji
h + 1

4 (c̃ + 3)(gkiδ
h

j − gjiδk
h + φkiφj

h − φjiφk
h + 2φkjφi

h) = 0 ,

(4.2) ′∇kLα
ω

j − ′∇jLα
ω

k +Lε
ω

kLα
ε
j −Lε

ω
jLα

ε
k− 1

2 (c̃+3)φkjφα
ω = 0 ,

(4.3) Lγε
hL ε

β i − Lβε
hL ε

γ i − 1
2 (c̃ + 3)φγβφi

h = 0 ,

(4.4) ′∇jLγα
h − L ε

γ jLεα
h − 1

4 (c̃ + 3)(gγαδj
h − ηγηαδj

h + φγαφj
h) = 0 ,
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(4.5) ′′∇γLβα
h − ′′∇βLγα

h = 0 ,

(4.6) Kγβα
ω + Zγβα

ω + 1
4 (c̃ + 3)(gγαδβ

ω − gβαδγ
ω)

+ 1
4 (c̃− 1)(ηβηαδγ

ω − ηγηαδβ
ω + gβαηγξω − gγαηβξω

+φγαφβ
ω − φβαφγ

ω + 2φγβφα
ω) = 0 .

From (3.27) and (4.4), it is easy to see that

W γα = − 1
4n(c̃ + 3)(gγα − ηγηα) ,(4.7)

N = − 1
4n(s− 1)(c̃ + 3) .(4.8)

Also, by contraction of (4.6) in the indices γ and ω and owing to (4.7),
we find

Kβα = 1
4{(n + s + 1)c̃ + 3n + 3s− 5}gβα

− 1
4{(n + s + 1)c̃ + 3n− s− 1}ηβηα .

Furthermore, transvecting this with gβα, we get

K = 1
4 (s− 1){(n + s + 1)c̃ + 3n + 3s− 1} ,

which implies that

Kβα =
(

K

s− 1
− 1

)
gβα −

(
K

s− 1
− s

)
ηβηα .

Hence, we have

Theorem 4.1. If (M̃, g̃) is a fibred Sasakian space of constant φ̃-holo-
morphic sectional curvature c̃, then

(1) c̃ ≤ −3,
(2) the base space M is of constant holomorphic sectional curvature c̃+3,

and
(3) each fibre F (with dim F ≥ 3) is an η-Einstein space.

In the case of c̃ = −3, from (4.8) and Theorem A we deduce

Corollary 4.2. If (M̃, g̃) is a fibred Sasakian space of constant φ̃-
holomorphic sectional curvature −3, then

(1) the base space M is locally Euclidean, and
(2) each fibre F (with dim F ≥ 3) is a Sasakian space of constant φ-

holomorphic sectional curvature −3.

5. Fibred Sasakian spaces with vanishing contact Bochner cur-
vature tensor. In this section, we consider a fibred Sasakian space M̃m

with vanishing contact Bochner curvature tensor. Then the curvature tensor
of M̃ is given by

K̃KJI
H =− 1

m + 3
(K̃KI δ̃J

H − K̃JI δ̃K
H + g̃KIK̃J

H − g̃JIK̃K
H + S̃KI φ̃J

H
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− S̃JI φ̃K
H + φ̃KI S̃J

H − φ̃JI S̃K
H + 2S̃KJ φ̃ H

I + 2φ̃KJ S̃ H
I

− K̃KI η̃J ξ̃H + K̃JI η̃K ξ̃H − η̃K η̃IK̃J
H + η̃J η̃IK̃K

H)

− k̃ + m− 1
m + 3

(φ̃KI φ̃J
H − φ̃JI φ̃K

H + 2φ̃KJ φ̃ H
I )

− k̃ − 4
m + 3

(g̃KI δ̃J
H − g̃JI δ̃K

H)

+
k̃

m + 3
(g̃KI η̃J ξ̃H + η̃K η̃I δ̃J

H − g̃JI η̃K ξ̃H − η̃J η̃I δ̃K
H) ,

where we put k̃ = K̃+m−1
m+1 .

Transvecting the above equation with BK
DBJ

CBI
BBH

A and applying
(3.6), (3.8)–(3.12) and (3.15), we see that the above equation is equivalent
to the following equations:

Kkji
h +

1
m + 3

(Kkiδj
h −Kjiδk

h + gkiKj
h − gjiKk

h + Skiφj
h(5.1)

− Sjiφk
h + φkiSj

h − φjiSk
h + 2Skjφi

h + 2φkjSi
h)

− k̃

m + 3
(gkiδj

h − gjiδk
h + φkiφj

h − φjiφk
h + 2φkjφi

h)

− 1
m + 3

(Nkiδj
h −Njiδk

h + gkiNj
h − gjiNk

h

+ φ r
k Nriφj

h − φ r
j Nriφk

h + φkiφ
r

j Nr
h − φjiφ

r
k Nr

h

+ 2φ r
k Nrjφi

h + 2φkjφ
r

i Nr
h) = 0 ,

Qγiδj
h − gjiQγ

h + φγ
τQτiφj

h − φjiφγ
τQτ

h + 2φγ
τQτjφi

h = 0 ,(5.2)
L ε

γ iLεβ
h − L ε

β iLεγ
h(5.3)

+
2

m + 3
[Sγβφi

h + φγβ{Si
h − φ r

i Nr
h − (k̃ − 2)φi

h}] = 0 ,

− ′∇kLα
ω

j + ′∇jLα
ω

k − Lε
ω

kLα
ε
j + Lε

ω
jL

ε
α k(5.4)

+
2

m + 3
[{Skj − φk

rNrj − (k̃ − 2)φkj}φα
ω + φkjSα

ω] = 0 ,

− ′∇jLγα
h + Lγ

ε
jLεα

h(5.5)

+
1

m + 3
{Kγαδj

h + Sγαφj
h + (gγα − ηγηα)(Kj

h −Nj
h)

+ φγα(Sj
h − φj

rNr
h)}

+
k̃ −m + n− 1

m + 3
ηγηαδj

h − k̃ − 2
m + 3

(φγαφj
h + gγαδj

h) = 0 ,

′′∇γLβα
h − ′′∇βLγα

h(5.6)
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+
1

m + 3
{(gγα − ηγηα)Qβ

h − (gβα − ηβηα)Qγ
h

+ φγαφβ
εQε

h − φβαφγ
εQε

h + 2φγβφα
εQε

h} = 0 ,

Kγβα
ω + Zγβα

ω(5.7)

+
1

m + 3
(Kγαδβ

ω −Kβαδγ
ω + gγαKβ

ω − gβαKγ
ω + Sγαφβ

ω

− Sβαφγ
ω + φγαSβ

ω − φβαSγ
ω + 2Sγβφα

ω + 2φγβSα
ω

−Kγαηβξω + Kβαηγξω − ηγηαKβ
ω + ηβηαKγ

ω)

+
k̃ + n

m + 3
(ηγηαδβ

ω − ηβηαδγ
ω + gγαηβξω − gβαηγξω)

− k̃ + m− 1
m + 3

(φγαφβ
ω − φβαφγ

ω + 2φγβφα
ω)

− k̃ − 4
m + 3

(gγαδβ
ω − gβαδγ

ω) = 0 .

Contracting (5.5) with gγα, we easily get

(5.8) (s− 1)Kj
h + (n + 4)Nj

h + {K − (s− 1)(k̃ − 1)}δj
h = 0 ,

and consequently,

(5.9) (s + 1)(s− 1)K + (n + 2){nK + (n + 2s + 2)N + n(s− 1)} = 0 .

Substituting this into (5.1), we have

Kkji
h = − 1

n + s + 3
(Kkiδj

h −Kjiδk
h + gkiKj

h(5.10)

+ gjiKk
h + Skiφj

h − Sjiφk
h + φkiSj

h

− φjiSk
h + 2Skjφi

h + 2φkjSi
h)

+
(n− s + 1)K

n(n + 2)(n + s + 3)

× (gkiδj
h − gjiδk

h + φkiφj
h − φjiφk

h + 2φkjφi
h)

+
1

n + s + 3

{(
Nki−

N

n
gki

)
δj

h −
(

Nji −
N

n
gji

)
δk

h

+ gki

(
Nj

h − N

n
δj

h

)
− gji

(
Nk

h − N

n
δk

h

)
+ φk

s

(
Nsi −

N

n
gsi

)
φj

h − φj
s

(
Nsi −

N

n
gsi

)
φk

h

+ φkiφj
s

(
Ns

h − N

n
δs

h

)
− φjiφk

s

(
Ns

h − N

n
δs

h

)



194 K. TAKANO

+ 2φk
s

(
Nsj −

N

n
gsj

)
φi

h + 2φkjφi
s

(
Ns

h − N

n
δs

h

)}
.

By contraction of (5.10) in k and h, we obtain

(5.11) Nji −
N

n
gji = − s− 1

n + 4

(
Kji −

K

n
gji

)
.

Substituting (5.11) into (5.10), we have

Kkji
h =− 1

n + 4
(Kkiδj

h −Kjiδk
h + gkiKj

h − gjiKk
h + Skiφj

h − Sjiφk
h

+ φkiSj
h − φjiSk

h + 2Skjφi
h + 2φkjSi

h)

+
K

(n + 2)(n + 4)
(gkiδj

h − gjiδk
h + φkiφj

h − φjiφk
h + 2φkjφi

h) .

Hence we get

Lemma 5.1. Let M̃ be a fibred Sasakian space. If the contact Bochner
curvature tensor of M̃ vanishes, then the base space M is a Kählerian space
with vanishing Bochner curvature tensor.

Next, by contraction of (5.2) in h and j, we find

Qγi = 0 .

Substituting this into (5.6), we get

(5.12) ′′∇γLβα
h − ′′∇βLγα

h = 0 .

By transvection of (5.7) in γ and ω, it is clear that

Kβα =
1

n(s− 1)
{nK + (n + s + 3)N − n(s− 1)}gβα(5.13)

− 1
n(s− 1)

{nK + (n + s + 3)N − ns(s− 1)}ηβηα

− 1
n

(n + s + 3)W βα .

Applying ′′∇α to (5.13) and making use of (2.3), (3.22), (3.25), (3.26) and
(5.12), we obtain

(5.14) ′′∇β{nK + (n + s + 3)N} = 0 ,

provided s > 3. In the sequel, we assume that s > 3.
Substituting (5.13) into (5.7), we have

Kγβα
ω + Zγβα

ω(5.15)

+
nK + (n + 2s + 2)N + n(s− 1)

n(s + 1)(s− 1)
(gγαδβ

ω − gβαδγ
ω)
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+
nK + (n + 2s + 2)N − ns(s− 1)

n(s + 1)(s− 1)
Hγβα

ω − 1
n

Iγβα
ω = 0 ,

where we put

Hγβα
ω = ηβηαδγ

ω − ηγηαδβ
ω + gβαηγξω − gγαηβξω

+ φγαφβ
ω − φβαφγ

ω + 2φγβφα
ω,

Iγβα
ω = W γαδβ

ω −W βαδγ
ω + gγαW β

ω − gβαW γ
ω + φγ

τW ταφβ
ω

− φβ
τW ταφγ

ω + φγαφβ
τW τ

ω − φβαφγ
τW τ

ω + 2φγ
τW τβφα

ω

+ 2φγβφα
τW τ

ω −W γαηβξω + W βαηγξω

− ηγηαW β
ω + ηβηαW γ

ω .

Applying ′′∇δ to (5.15) and using (5.14), we find
′′∇δKγβα

ω + ′′∇δZγβα
ω(5.16)

+
1

n(s + 1)
(gγαδβ

ω − gβαδγ
ω + Hγβα

ω)′′∇δN

+
nK + (n + 2s + 2)N − ns(s− 1)

n(s + 1)(s− 1)
′′∇δHγβα

ω − 1
n
′′∇δIγβα

ω = 0 .

Furthermore, by contraction of (5.16) in δ and ω, we have
′′∇γKβα − ′′∇βKγα(5.17)

− s− 1
2n(s + 1)

{(gγα − ηγηα)δβ
ε − (gβα − ηβηα)δγ

ε

+ φγαφβ
ε − φβαφγ

ε + 2φγβφα
ε}′′∇εN

+
nK + (n + s + 3)N − ns(s− 1)

n(s + 1)
(φγαηβ − φβαηγ + 2φγβηα)

+
1
n
{(n + 1)(′′∇γW βα − ′′∇βW γα)

+ φγ
εφβ

τ (′′∇εW τα − ′′∇τW εα)
− 2φα

εφγ
τ ′′∇εW τβ − sηβφγ

τW τα + (s + 2)ηγφβ
τW τα

− 2(s + 1)ηαφγ
τW τβ} = 0 ,

where we have used (3.26), (3.38), (3.42), (5.12) and Bianchi’s identity.
Also, by interchanging indices as δ → γ → β in (5.16) and adding all

together, owing to (3.42), (5.12) and Bianchi’s identity, we obtain

(s− 1){(gγαδβ
ω − gβαδγ

ω + Hγβα
ω)′′∇δN

+ (gβαδδ
ω − gδαδβ

ω + Hβδα
ω)′′∇γN

+ (gδαδγ
ω − gγαδδ

ω + Hδγα
ω)′′∇βN}
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+ {nK + (n + 2s + 2)N − ns(s− 1)}
× (′′∇δHγβα

ω + ′′∇γHβδα
ω + ′′∇βHδγα

ω)
− (s + 1)(s− 1)(′′∇δIγβα

ω + ′′∇γIβδα
ω + ′′∇βIδγα

ω) = 0 .

By contracting in δ and ω, from (3.38), (3.42), (5.12) and (5.14) we find

(s + 2)(′′∇γW βα − ′′∇βW γα) + sηβφγ
τW τα(5.18)

− (s + 2)ηγφβ
τW τα + 2(s + 1)ηαφγ

τW τβ

− φγ
εφβ

τ (′′∇εW τα − ′′∇τW εα) + 2φα
εφγ

τ ′′∇εW τβ

− 1
2{(gγα − ηγηα)δβ

ε − (gβα − ηβηα)δδ
ε

− φγαφβ
ε + φβαφγ

ε − 2φγβφα
ε}′′∇εN = 0 .

If we transvect (5.18) with gγα and use (3.38), (3.42) and (5.12), then we
get

(5.19) ′′∇βN = 0 .

Substituting (5.19) into (5.18), we have

(s + 2)(′′∇γW βα − ′′∇βW γα) + sηβφγ
τW τα

− (s + 2)ηγφβ
τW τα + 2(s + 1)ηαφγ

τW τβ

− φγ
εφβ

τ (′′∇εW τα − ′′∇τW εα) + 2φα
εφγ

τ ′′∇εW τβ = 0 ,

which implies that

(5.20) ′′∇γW βα = ηβφα
τW τγ + ηαφβ

τW τγ .

Because of (2.2), (2.3), (5.19) and (5.20), equation (5.17) can be rewritten
as follows:

′′∇γKβα − ′′∇βKγα

+
nK + (n + s + 3)N − ns(s− 1)

n(s + 1)
(φγαηβ − φβαηγ + 2φγβηα)

− 1
n

(n + s + 3)(ηβφγ
τW τα − ηγφβ

τW τα + 2ηαφγ
τW τβ) = 0 .

Applying ξγ to this, owing to (2.2), (2.3) and (5.13), we find

(5.21) nK + (n + s + 3)N − ns(s− 1) = 0 ,

and consequently, from (5.19) we see that the scalar curvature K is constant
on each fibre F .

By (5.9) and (5.21), we get

(5.22) (n + 2)′∇iN + (s + 1)′∇iK = 0 .

Also, substituting (5.3) into (5.4), we obtain

(5.23) ′∇kL ω
α j − ′∇jL

ω
α k = 0 .
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Applying ′∇j to (5.11) and using (3.27) and (5.23), we have

(n + 4)′∇iN + (s− 1)′∇iK = 0 ,

from which, together with (5.22), we find

(5.24) ′∇iK = 0 ,

that is, the scalar curvature K is constant on the base space M . Since N is
a nonnegative constant, from (5.9), (5.19), (5.21), (5.22) and (5.24) we find

Lemma 5.2. Let M̃ be a fibred Sasakian space and dim F > 3. If the
contact Bochner curvature tensor of M̃ vanishes, then the scalar curvatures
K and K are constant. Moreover , K ≤ −n(n + 2) and K ≤ s(s− 1), where
equality holds when M̃ has conformal fibres.

From Lemmas 5.1, 5.2 and Theorem C, we have

Theorem 5.3. Let M̃ be a fibred Sasakian space and dim F > 3. If the
contact Bochner curvature tensor of M̃ vanishes, then either

(1) M is a space of constant holomorphic sectional curvature c (≤ −4),
or

(2) M is locally a product of two spaces of constant holomorphic sectional
curvatures c and −c, where |c| > 4.

Let Mp
1 (c) and Mn−p

2 (−c) be a space of constant holomorphic sectional
curvature c of dimension p and of constant holomorphic sectional curvature
−c of dimension n − p, respectively. By Theorem 5.3, the base space Mn

is locally a product Mp
1 (c) × Mn−p

2 (−c); if p = 0 or p = n, then M is
considered to be a space of constant holomorphic sectional curvature −c
or c, respectively.

R e m a r k. By Lemma 5.2, we find |c| ≥ 4n/|n− 2p| if n 6= 2p.

We now consider the fibre F of a fibred Sasakian space with vanishing
contact Bochner curvature tensor. It is easy to see from (5.13) and (5.20)
that

′′∇γKβα = −ηβSγα − ηαSγβ + (s− 1)(ηβφγα + ηαφγβ) .

Thus, we find

Proposition 5.4. Let M̃ be a fibred Sasakian space. If the contact
Bochner curvature tensor of M̃ vanishes, then the Ricci tensor of each fibre
F (s > 3) is η-parallel.

Denoting by Bγβα
ω the contact Bochner curvature tensor of each fibre F ,

from (5.15) and (5.21) we get

Bγβα
ω = −Zγβα

ω+
N

(s + 1)(s + 3)
(gγαδβ

ω−gβαδγ
ω+Hγβα

ω)− 1
s + 1

Iγβα
ω ,
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from which together with (3.25), (3.37), (3.38), (3.44) and (3.45), we have

|B|2 = 2|N |2 − 16(s− 1)
(s + 1)2

|W |2 +
8(s2 + 4s + 11)
(s + 1)2(s + 3)2

N2 ,

where we put |B|2 = BγβαωBγβαω, |N |2 = NjiN
ji and |W |2 = W βαW βα.

We put |Ric|2 = KβαKβα. From (5.11), (5.13), (5.21) and Theorem 5.3,
we obtain

Lemma 5.5. Let M̃ be a fibred Sasakian space with vanishing contact
Bochner curvature tensor. Then

|Ric|2 ≤ (s + 1)2

8(s− 1)

{
1
n

+
4(s2 + 4s + 11)
(s + 1)2(s + 3)2

}
K2

− s(s + 1)2

4

{
1
n
− 4(s3 + 6s2 − 5s− 18)

s(s + 1)2(s + 3)2

}{
K − s(s− 1)

2

}
+

1
128

p

(
1− p

n

)(
1 +

s + 3
n

)2

(s− 1)(s + 1)2c2 .

Equality holds if and only if the contact Bochner curvature tensor Bγβα
ω of

each fibre F vanishes.

By (5.19), (5.21), Lemma 5.5, and Theorems D and E, we have

Theorem 5.6. Let M̃ be a fibred Sasakian space with vanishing contact
Bochner curvature tensor and dim F ≥ 7. If

(s + 1)2

8(s− 1)

{
1
n

+
4(s2 + 4s + 11)
(s + 1)2(s + 3)2

}
K2

− s(s + 1)2

4

{
1
n
− 4(s3 + 6s2 − 5s− 18)

s(s + 1)2(s + 3)2

}{
K − s(s− 1)

2

}
+

1
128

p

(
1− p

n

)(
1 +

s + 3
n

)2

(s− 1)(s + 1)2c2

≤ |Ric|2 <
s3 − 5s2 + 7s + 29
(s + 1)2(s− 5)2

K2 − 2(s4 − 10s3 + 58s + 79)
(s + 1)2(s− 5)2

K

+
(s− 1)2(s4 − 7s3 + s2 + 47s + 54)

(s + 1)2(s− 5)2
,

then each fibre F is a space of constant φ-holomorphic sectional curvature.

Theorem 5.7. Let M̃ be a fibred Sasakian space with vanishing contact
Bochner curvature tensor and dim F = 5. If K 6= −4 and
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|Ric|2 ≥ 9
8

(
1
n

+
7
72

)
K2 − 45

(
1
n
− 29

360

)
(K − 10)

+
9
8
p

(
1− p

n

)(
1 +

8
n

)2

c2 ,

then each fibre F is a space of constant φ-holomorphic sectional curvature.

From Lemma 5.2 and Theorem B, we find

Corollary 5.8. If M̃ is a fibred Sasakian space with vanishing contact
Bochner curvature tensor and conformal fibres of dimension s > 3, then the
base space M is of constant holomorphic sectional curvature −4 and each
fibre F is of constant φ-holomorphic sectional curvature 1.

R e m a r k. By (5.13) and (5.20), |W | and |Ric| are constant on each fibre
F (with s > 3).
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