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THE PRODUCT OF A FUNCTION AND A BOEHMIAN

BY

DENNIS NEMZER (TURLOCK, CALIFORNIA)

Let A be the class of all real-analytic functions and (8 the class of all
Boehmians. We show that there is no continuous operation on 3 which is
ordinary multiplication when restricted to .A.

1. Introduction and preliminaries. The study of generalized func-
tions has been a major area of research for more than forty years. Most
classes of generalized functions are constructed analytically ([2], [3], [11]),
that is, starting with a class of functions A (called test functions) and a
convergence structure on A, elements of the dual A’ (space of continuous
linear functionals on A) are called generalized functions.

The most well-known space of generalized functions is the space of dis-
tributions [11], denoted by D’(R). The construction of D’(R) is as follows.
Let D(R) be the set of all complex-valued infinitely smooth functions on R
having compact support. A sequence {¢,} in D(R) is said to converge to 0
if (i) there exists a compact set K such that the support of ¢,, is contained

in K for all n, and (ii) for £ = 0,1,2,... the sequence {<p£f)} converges to 0
uniformly on R as n — oco. Then D’(R) is the collection of all continuous
linear functionals on D(R).

Another approach to generalized functions is Mikusinski’s operational
calculus [5]. Mikusiniski’s approach is algebraic. It involves the quotient field
of the ring of all continuous functions which vanish for x < 0 under addition
and convolution. One problem which arises is that Mikusinski operators are
defined globally and their local properties are unknown. Another problem
is that the convergence structure, called type I convergence, on the space of
Mikusinski operators is not topological.

Recently, using an algebraic approach similar to the construction of
Mikusinski operators, a new class of generalized functions 3, called Boehmi-
ans, was constructed by P. Mikusinski. This class of generalized functions
is very general. Indeed, by considering a special case, the space of distribu-
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tions can be viewed as a proper subspace of the space of Boehmians. More-
over, there are Boehmians, which are not functions, that satisfy Laplace’s
equation uy, + uyy = 0 [8]. The problems, stated above, with Mikusinski
operators no longer exist with Boehmians. That is, some local properties
of Boehmians are known. For example, a definition can be given for the
equality of two Boehmians on an open set. Also, the convergence structure
given to (§ is topological. Indeed, § with this convergence structure is a
complete metric topological vector space [6].

In this note, we will investigate the possibility of defining a pointwise
product of a function and a Boehmian which extends the notion of the
product of two functions.

The product of an element from a class of functions and an element from
a class of generalized functions is an important notion for applications. One
possible area of application is in the area of differential equations (see [4],
[12], and [13]).

For any continuous function g, let M, be the mapping from C(R) into
C(R) given by

(1.1) M,(f)=gf (i.e. ordinary multiplication) .

If g is infinitely differentiable, then M, has a unique continuous extension
to the space of distributions [11]. If g is real-analytic, then M, has a unique
continuous extension to the space of hyperfunctions [3]. That is, a con-
tinuous product can be defined between elements of the class of infinitely
differentiable functions (real-analytic functions) and the space of distribu-
tions (hyperfunctions).

If the function g in (1.1) is a polynomial, then M, has a unique contin-
uous extension to the space of Boehmians. This gives rise to the natural
question: can a continuous product be defined between elements of the class
of real-analytic functions and the class of Boehmians? The purpose of this
note is to show that the answer to this question is no.

The collection of all continuous complex-valued functions on R will be
denoted by C(R). The support of a continuous function f, denoted by
supp f, is the complement of the largest open set on which f is zero.

The convolution of two continuous functions Where at least one has
compact support, is given by (f * g)( fR x —t)g(t)dt.

A sequence of contlnuous nonnegatwe functions {5n} will be called a delta
sequence if (i) [ On(z)dz =1forn =1,2,..., and (ii) supp 6, C (—en,en),
where ¢,, — 0 as n — oo.

The following easily proved result will be needed. If f is a continuous
function and {0, } is a delta sequence, then fd,, — f uniformly on compact
sets as n — oo.
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2. Boehmians. In this section we construct the class of generalized
functions known as Boehmians. For other results concerning Boehmians see
(61-[10].

A pair of sequences (f,,, d,,) is called a quotient of sequences, and denoted
by fn/0n, if fr € C(R) (n=1,2,...), {0,} is a delta sequence, and f,, *d,, =
fm * 0, for all m and n. Two quotients of sequences f,/d, and g, /o, are
equivalent if f,, *x 0, = gm * 0, for all m and n. The equivalence classes
are called Boehmians. The space of all Boehmians will be denoted by 3,
and a typical element of 3 will be written as F = f,,/d,. By defining
a natural addition and scalar multiplication on 3, i.e. f,/dn + gn/on =
(fn*0n+ gn*0,)/(0n *0,) and a(f,/0n) = afn/0n, where « is a complex
number, 3 becomes a vector space.

Remarks. (1) It follows that if (f *d,)/0, = (g * 0,)/dn, then f = g.
Thus, C(R) can be identified with a subspace of by identifying f with
(f *dp)/0n, where {0,,} is any delta sequence.

(2) Let {6,} be an infinitely differentiable delta sequence (i.e. J, €
C>*(R) for all n). Then for each T' € D’(R) (the space of Schwartz dis-
tributions [11]), T * d,, converges weakly to T. So, as above, D'(R) can be
identified with a subspace of §. Thus, we may view D’(R) as a subspace
of 3. Moreover, this inclusion is proper. That is, there are Boehmians which
are not distributions [6].

In a more general construction of Boehmians, P. Mikusiriski [6] defines
a convergence, called A-convergence, and shows that § with A-convergence
is an F-space (a complete topological vector space in which the topology is
induced by an invariant metric).

Before we define A-convergence, we will define a related convergence,
called d-convergence.

Let F,,F € g for n = 1,2,... We say that the sequence {F,} is
0-convergent to F' if there exists a delta sequence {6, } such that for each n
and j, F,, % 6;, F xd; € C(R), and for each j, F}, % §; — F % ¢; uniformly on
compact sets as n — oo. This will be denoted by §-lim F,, = F'.

DEFINITION 2.1. A sequence {F},} of Boehmians is said to be A-conver-
gent to F, denoted by A-lim F,, = F, if there exists a delta sequence {4, }
such that for each n, (F,, — F') 6, € C(R) and (F,, — F) % ,, — 0 uniformly
on compact sets as n — 00.

Remark. A sequence of Boehmians {F,,} is A-convergent to F' if and
only if each subsequence of {F,} contains a subsequence which is d-conver-
gent to F' [6].

3. The main result. If the function g in (1.1) is a polynomial then
M, has a unique continuous extension to 3. This follows from observing
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that the product of a polynomial and a Boehmian can be defined using the
algebraic derivative introduced by J. Mikusinski [5]. The product of —z and
the Mikusinski operator f/g is given by

—2(f/9) = (Dfxg—f+Dg)/(g+g), where Df=—uzf.
Then (—x)"(f/g) (n =1,2,...) is defined inductively. Using the same idea
we can define the product of a polynomial and a Boehmian. Moreover, it
is not difficult to show that multiplication by a polynomial is a continuous
operation on . That is, if P(x) is a polynomial and A-lim F;, = F', then
A-lim P(x)F,, = P(z)F. Finally, the uniqueness follows from the fact that
C(R) is dense in (3 (see [6]).

Our goal is now to prove Theorem 3.6 which shows that multiplication
cannot be extended, as a continuous operation, to the class of real-analytic
functions. A function ¢ : R — C is said to be real-analytic if for each
xo € R, ¢ can be represented, in some neighborhood of xg, by its Taylor
series about xg.

If either f is a periodic function of period 27 or supp f C (—m, 7), the nth

Fourier coefficient f(n) of f is defined as f(n) = (27)~! ffﬁ f(z)e™™ d,

for n = 0,4+1,£2,... By a simple calculation we see that (f*d)(n) =
2 f(n)d(n) for all n.
Let P={Fep:F =57~ a,e™® for some sequence {a,} of

n=—oo

complex numbers}. That is, F = A-lim,, Y _

ikx
_p QK€ .

DEFINITION 3.1. For F € P such that F = °7 __a,e"® the nth

n=—oo

Fourier coefficient of F, denoted by F(n), is F(n) = ax.

A useful representation for elements of P is given in the following theo-
rem.

THEOREM 3.2. The following three statements are equivalent.
(i) FeP.

(ii) There exists a representation of the Boehmian F, say f, /6,, where,
for alln, f, is a periodic function of period 2.

(iii) For every representation f,/d, of F, fy is periodic of period 27 for
all n.

Proof. (i)=(ii). Suppose F € P. That is, F = A-lim,, > ,__ aye’*®.
Because of the remark following Definition 2.1, we may assume that
5-lim F,, = F, where F,, =>_;'__ a3 e’ for n =1,2,... Thus, there exists

k=—n
a delta sequence {4, } such that for each m, F},%6,, = > ,__ 27rakgm(k:)e““
— fm uniformly on compact sets as n — oo (for some f,, € C(R)). Since
for each m and n the continuous function Fj, x §,, has period 27, thus f,,
has period 27 for all m. Moreover, §-lim F,, = f,,,/d,,. Hence F = f,,, /.
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The proof that (ii)=-(iii) is straightforward and thus omitted.

(iii)=(i). Suppose that F' = f,/d,, where f, has period 2wr. We may
assume that, for each n, f, is twice continuously differentiable. If not,
let {0,} be a twice continuously differentiable delta sequence (i.e. o, €
C?(R) for all n), and let ¥, = 6, * 0, and g, = f * o, for all n. Then
F = g,/ and for each n, g, € C*(R). Now, for n = 1,2,... define
Fo = Y0 are™™ where a,, = fon(n)/(270,,(n)) for all n. The a,’s are
well-defined. This follows from the facts that fy, * 0, = fi, * d, for all m
and n, and (as can be easily shown) that for each n, d,,(n) — 1/(27) as
m — o0.

Now, for each m and n,

EF, x4, = Z 27rakgm(k)eik‘” = Z jA’m(k:)eikz.
k=—n k=—n
So, for each m, F,, *d,, — f,, uniformly on compact sets as n — oo (see [1]).
That is, 0-lim F,, = F and hence A-lim F,, = F. Thus, the proof is complete.

THEOREM 3.3. P is closed.

Proof. It suffices to show that P is closed with respect to §-convergence.
For, by the remark following Definition 2.1, if A-lim F,, = F then there exists
a subsequence {Fy,, } of {F,} such that §-limy, F},, = F. Thus, suppose that
F, € Pforn=1,2,... and 0-lim F,, = F. That is, there exists a delta
sequence {J,} such that for each n and j, F,, % 0;, F x §; € C(R) and for
each j, Fj, x 0; — F x¢; uniformly on compact sets as n — oo. Also,
because of Theorem 3.2, we may assume that for each n and j, F), * d; is
periodic of period 27. Thus, F'xJ; is periodic of period 27 for all j. Hence,
F = (F x4,)/6, € P. Therefore the theorem is established.

The proof of the next theorem is straightforward and hence is left to the
reader.

THEOREM 3.4. Suppose that F, € P forn =1,2,... If AlimF,, = F,

~

then lim,, F,, (k) = F(k) for each k.
Before proving the main result, the following lemma is needed.

LEMMA 3.5. Let {ny} be a subsequence of positive integers such that
Sore i 1/ng < oo. If {an} is any sequence of complex numbers such that
an =0 forn #ny (k=1,2,...), then there is a Boehmian F € P such that

F(n) = ay, for all n.

Proof. For k = 1,2,... let pi(x) = ni/(27) for |z| < 7/ny and zero
otherwise. For k = 1,2,... let 0 = H;’ik ¢; (convolution product). Since
Sore 1/ng < oo, {0k} is a delta sequence (see [6]). Now, for each k and n,
ok(n) = appsin(nm/ng) (g, constant) and hence 0,,(ng) = 0pm(—nyk)
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= 0 for all &k > m. Let {o,} be any delta sequence such that for each n,
on(k) = O(k™2) as |k| — oo. Let {1,} be the delta sequence defined
by ¥, = 0, * 0, for n = 1,2,... Now, define f,(z) = Z?:_n aje’® for
n =1,2,... Then for each k and n,

(fnxtp)(z) =27 Z aszk(j)e“w .

j=-n

Since for each k, ajzzj\k(j) = O(j72) as |j| — oo, for each k the sequence of
continuous functions { f,, * 15 }°2; converges uniformly as n — oo. Hence,

A-lim f,, = A-lim,, f,, * ¥/t = F € P. By Theorem 3.4, for each m,
F(m) = lim,, f,(m) = a,, and hence the lemma is established.

For a stronger version of Lemma 3.5 see Theorem 3.1 in [9].

THEOREM 3.6. Let A be the class of all real-analytic functions and T :
Ax A — A be ordinary multiplication. If T : Ax 3 — (3 is a mapping such
that T and T agree on A x A, then T is not sequentially continuous in its
second variable.

Proof. Suppose that T:AxpB— Bis any mapping such that f’AXA
is ordinary multiplication. Assume that T is sequentially continuous in its
second variable. Let ¢ € AN P such that @(n) # 0 for infinitely many
n > 1. It is always possible to find such a ¢ since ¢ € AN P if and only if
P(n) = O(e~=I") as n — oo for some € > 0 (see [1]).

Now, let {n} be a subsequence of positive integers such that > -, 1/ng
< oo and @(ng) # 0 for all k. Let {a,} be the sequence of complex numbers
defined by a_,, = (p(nx))~! and zero otherwise. By Lemma 3.5 there exists
a Bochmian F € P such that F(n) = a, for all n. Since A-limF, = F,
where F,, = Y7 are’*®, we obtain A-lim ¢F,, = ¢F. Using Theorem 3.4
we see that ﬁ’(m) = lim, Y ,_ , axp(m — k) for all m. In particular,
@(O) =lim, Y ;_ . app(—k). But, because of the way the sequence {a,}
is defined, the above limit does not exist. Hence, T cannot be sequentially
continuous in its second variable and the proof is complete.

From the above proof we obtain a stronger result. That is, multiplication
cannot be continuously extended to any class of functions which contains
a periodic function with infinitely many nonzero Fourier coefficients. In
particular, multiplication cannot be continuously extended to the class of
real-analytic functions of slow growth. (A function ¢ is said to be of slow
growth if p(z) = O((1 + |z|)™) as |x| — oo for some integer m.)
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