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Introduction. Let T be an ergodic automorphism of a standard prob-
ability space (X, B, ) and G be a compact metrizable abelian group. For
any measurable mapping ¢ : X — G (a cocycle) we define an automorphism

Ty(w,9) = (Tx,g + ¢(x))
of X x G, called a G-extension of T'. The investigation of ergodic properties
of such skew products goes back to Anzai [A] who studied the case of X =
G =T, the circle group, with T" an irrational rotation.

In [R2], E. A. Robinson, Jr. proved that typically the G-extensions have
simple spectrum. More specifically, if T" admits a “good cyclic approxima-
tion” then most (in the sense of category for the L!-distance in the space
of cocycles) G-extensions have simple spectrum. In Section 2 of the present
paper we show that if G is a monothetic group and T admits a cyclic ap-
proximation with speed o(1/n), a condition implied by the existence of a
“good cyclic approximation”, then most G-extensions are in fact rank-1.
(Recall that rank-1 implies simple spectrum by Baxter [Ba].) In particular,
if Tz = e®™“2 is an irrational rotation where a has unbounded partial quo-
tients then most Anzai extensions of T" are rank-1. Note that the set of such
a’s is large in the sense of both measure and category.

It is well known that any discrete spectrum ergodic automorphism is
rank-1 (see [J]). To make sure that the discrete spectrum extensions are
not generic we prove in Section 3 that in fact a typical G-extension of any
ergodic T has no eigenfunctions other than those of 7. In other words, a
generic cocycle is weakly mixing (Theorem 2). This extends an old result of
Jones and Parry [J-P] where the same is proved assuming 7' to be weakly
mixing. In particular, we may now conclude that a typical Anzai cocycle is
both weakly mixing and rank-1.

In Section 4 we focus on continuous Anzai cocycles ¢ : T — T of topo-
logical degree zero. Such cocycles play an important role in the theory of

Research of the first author supported by KBN grant PB 666,/2/91.



64 A. IWANIK AND J. SERAFIN

Anzai skew products (see e.g. [G-L-L]). Endowed with the uniform metric
they form a Polish space so Baire category considerations are still meaning-
ful. We prove that, as in the measurable case, a typical continuous Anzai
cocycle of topological degree zero is both rank-1 and weakly mixing.

1. Definitions and basic facts. Let (X, B, i) be a nonatomic standard
probability space and let G be a compact metrizable abelian group endowed
with the Borel o-algebra Bg and normalized Haar measure v. Denote by
dg an invariant metric on GG. For any measurable functions ¢,¢ : X — G
we define the L!-distance

d(o,0) = [ da((x), () du(e).
X

We identify functions that are equal p-a.e., so it is clear that the set & =
&(X,G) of all (equivalence classes of) measurable functions ¢ : X — G
forms a Polish group with the complete invariant metric d and pointwise
operations. The elements of @ will be referred to as cocycles.

Given any automorphism (i.e. an invertible measure preserving transfor-
mation) T of (X, B, 1) and a cocycle ¢ € @ we define a group extension Ty
of T by letting

Ty(x,9) = (Tz, 9+ ¢(x)) .-
The mapping Ty is an automorphism of the product space (X x G,B x
Ba,p X v).

It should be noted that for a fixed T" the set @ of all cocycles can be
identified with the set of all extensions Ty, ¢ € ®. By a standard veri-
fication the topology determined by the metric d coincides with the weak
topology inherited from the group of automorphisms on X x G. In other
words, d(¢n,¢) — 0 iff Ur, — Ur, in the weak, or equivalently, strong
operator topology on L?(X x G) (here Usf = f o S denotes the unitary
operator determined by an automorphism 5).

Let n > 1 and C'[STL),...,C'IE:L1 be disjoint measurable subsets of X.
Define ¢, = {C’én), e ,C’Ig:)_l}. We write
Cn — €X

if for every A € B and every § > 0 there exists ng > 1 such that for every
n > ng we can find a union A,, of some of the sets C](-n) (J=0,...,k,—1)
satisfying u(A A A,) < §. By a Rokhlin tower we mean a family (,, as above
with TC’](.@1 = C]("), j=1,...,k, — 1. An automorphism 7 is said to be
rank-1 if there exists a sequence of Rokhlin towers (,, — ex. It is well known
that if T" is rank-1 then the unitary operator Ur has simple spectrum [Ba].

To prove that certain group extensions are rank-1 we will apply the
method of the Katok—Stepin approximation theory [K-S]. A similar approach
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has been exploited by E. A. Robinson, Jr. in [R1] to prove certain genericity
results concerning spectral multiplicity and continuity of the spectrum of
cyclic group extensions and in [R2] to show that typically a group extension
has simple spectrum.

We say that T admits a cyclic approzimation with speed f(n) if there ex-
ists a sequence of measurable partitions &, = {C’én), e ,Cé:ll} satisfying
&, — ex and a sequence of automorphisms 7, satisfying TnC'i(f)1 = Cf")
(t=1,...,¢, — 1) and TnCé:ll = C(()") such that

gn—1

ST e AT, < flan) -
i=0
It should be remarked that the existence of a “good cyclic approxima-
tion” as assumed in [R2] implies a cyclic approximation with speed o(1/n).
On the other hand, there exists a “good cyclic approximation” of 1" when-
ever T  admits a cyclic approximation with speed o(1/n?) (cf. [K-S], (2.4)).
The following lemma seems to be well known but the authors have not
been able to locate a reference.

LEMMA 1. If T admits a cyclic approximation with speed o(1/n) then T
s rank-1.

Proof. Let &, and T,, be as above with f(n) = o(1/n). We are going
to construct a sequence of Rokhlin towers (,, — ex for T. Clearly &, is a
Rokhlin tower for T,,. We let

qn_l
D= |J 77"NTC; AT,C))
i=0
and Ey = Cp \ D (we omit the superscript n). Observe that

QH_l

u(D) < Y w(TC; AT,Ci) = o(1/gs),
=0

so Ey approximates Cy within an error that is small relative to p(Cp). Now
we show that

T'EyCcC; (j=0,...,q, —1).

Indeed, the inclusion is obvious for j = 0. Suppose 0 < j < ¢, — 1 and
TVEy C C;. Since Eg N D = 0, we have

TIHE,NT D =0,
T being an automorphism. Note that

T7H'D > TC; AT, C.
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On the other hand,
T Ey =T(T'Ey) C TC; .
Combining the last three formulas we get
TIEy € T,,C; = Cjia

by the definition of the symmetric difference. By induction we have shown
T'Ey C Cj for j =0,...,q, — 1. Consequently,

Cn ={Eo, TEy,..., T 'Fy}

is a Rokhlin tower for 7. In view of u(D) = o(1/q,) we obtain u(Ey) =
1/¢n —0(1/¢y,) and pu( 27;61 TIEy) — 1. Since &, — ex by assumption, we
easily deduce (, — €x as required. m

Let G be a compact metrizable abelian group. The following “cyclicity”

property will play an important role in Section 2.

(C) There exists a sequence ¢, = {Go,...,Gr, 1} — € of measurable
partitions of G and a sequence of elements g,, € G such that g, +G; = G411
(t=0,...,m7, —2) and g, + G,,,—1 = Gy for every n > 1.

Clearly there exist groups that do not satisfy (C'): the simplest example
is G = Zo X Zo. Also it is easy to see that if G is infinite and the order of
its elements is uniformly bounded then G cannot satisfy (C). On the other
hand, the cyclic groups, the tori, and the counting machines do satisty (C).
The idea of the proof of the following proposition was kindly suggested to
the authors by Michael Keane.

PROPOSITION 1. Let G be a compact metrizable monothetic group. Then
G has property (C).

Proof. The dual group G can be identified with a (discrete) count-
able subgroup of T, so it is the union of an increasing sequence of finitely
generated groups Hy. By the basic structure theorem for finitely generated
abelian groups, each Hy is a finite direct product of cyclic groups. Since
every finite subgroup of T is cyclic,

Hy, = 7% X Doy,

where d, > 0, myp > 1. Let G®) = T x Ly, By duality, ffk = G»
and G can be viewed as the projective limit of the compact groups G*),
the natural topological homomorphism G+ — G*) heing the dual of the
imbedding Hy — Hj1. Since property (C) is easily seen to be preserved by
projective limits, it suffices to show that G(*) satisfies (C'). To this end, for

each n > 1 choose pairwise relatively prime natural numbers lgn), cen l&:),

all relatively prime to my, such that min{lYl), . .,lgz)} — 00 as n — 00.
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Now let Go = A1 x ... x Ag, x {0} where
Ay ={e*™@ . 0<z<1/1M}.

It is easy to verify that (C) is satisfied by G*) with g, = (e 2mily" ), e
- (n)

>l R l%n) l(")mk and G; = jgn, + G in the additive nota-

tion. m

2. Most cocycles are rank-1. For two positive functions f(z) and
h(z) (x> 0) we write

fn(@) = f(xh(z)).

THEOREM 1. Let f(x) and h(z) be positive monotone functions con-
verging to 0 as x — oo. Assume G has property (C). If T admits a cyclic
approximation with speed f(n) then the set of cocycles ¢ such that Ty, admits
a cyclic approximation with speed fr(n) is residual in ®(X,G).

Proof. By assumption, for any n > 1 there exists a cyclic approxima-
tion 7}, of T such that

qn—1

i=0
where &, = {Ao, A1,...,A,,-1} is a cyclic partition for T;, and &, — ex.
Fix monotone positive functions fi, fo converging to zero with fo(g,) <
f1(gn) and f1(gn) + f2(gn) < f(gn). Without loss of generality we may also
assume that the sequence 7, in (C) satisfies r,h(g,) < 1.

Denote by @,, the cocycles in @ that are &,-measurable. For ¢ € ®@,, we

write

o) (2) = ¢() + ¢(Tow) + ... + ST ')
By altering the value of ¢ on a single cell of §n we obtain (b € ¢, such that
gb(q“ = gn. Denote by &, the set of all cocycles thus modified in &,,. Since

&n — €x, the union UnZN n 18 dense in @ for every N > 1. For any ¢ €,
we let

T, 5(x,9) = (Thz, g + ¢(2)) .

This formula defines a g,r,-periodic automorphism which cyclically per-
mutes the partition 7, = {Cy,C1,...,Cy,r,—1} of X X G into the measur-
able rectangles Cy = Ay X Gg and Cy, = TnﬂgC’k_l, k=1,...,q.r»—1. Note
that Cp = A; x (G; + ay) for some 4,j and a; € G. Since &, — ex and
(n — €g, it is easy to see that 1, — exxg-

Now we produce a dense Gs-subset as in [R2], p. 165. Given 6 > 0
consider the open neighbourhood

No(¢) ={v € & : d(¢,v) < 0}
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of ¢ in @. For any n > 1 fix 6,, > 0 (to be determined later) and let

v=[1 U U Ne:(o).

N>1n>N (2564311

By the Baire theorem V¥ is a dense Gs-subset of @, hence residual. It remains
to prove that, with a right choice of the 60,,’s, the automorphism 77, admits
a cyclic approximation with speed fp,(n) for every ¢ € W.

Let ¢ € ¥. For infinitely many n’s there exists ¢ € &, such that
d(¢, ) < 62. We are going to estimate the error

qnrn—1

S= Y (uxv)(TyCi AT, ;C;)
1=0

of the cyclic approximation of Ty, by T,, ;. In view of d(1), ¢) < 62, there ex-

ists a measurable set B, C X such that u(B,) < 6, and dg (¢ (), d(z)) < O,
off B,,. We compare the action of T, with that of T,, 5 on any Cr € np. We
have

(u X y)(Tka ATnvq;C’k)

< LuTa AT A+ [ v((Gy +ax+ (@) & (G + ap + () du()
A

= LA AT A+ [ V(G + (@) B (G + Ba)) dula)
A

Therefore
<Y 3 (Hu(TABT,A) + [ H(G5+ 6(2) B (G + 3e)) du(o))
j=0 i=0 n A;
= S WTA AT, A) + 1 [ U(Go +(w)) A (Go + 3(w))) duz)
=0 X
= 8147 [ W(Go+0(@) A (Go+ 3(x))) du(x)
X
We let
S2 =1 [ ¥((Go+¥(@) 5 (Go + 3())) dyu(z),
B,
Ss=rn [ v((Go+ (@) A (Go+d(x))) du(x)
X\B,

so that § < S7+ S+ S3. By the beginning of the proof we have
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S1 < fo(gn) < f1(gn). On the other hand,
Sy < rpp(Br) < 140n
and

Ss=rn [ v((Go+(x) - ¢(x)) A Go) du(x)
X\B,

< rpsup{v((Go + g) & Go) : da(g,0) < 0n}.

By the continuity of translation in L'(G), it is possible to find the 6,, small
enough so that Sa + S35 < f2(qnry). Therefore, by monotonicity,

S < fl(Qn> + f2(Qnrn) < f(Qn) S f(annh(Qn))
< f(QnTnh(Qnrn)) = fh(QnTn) s

which ends the proof of the theorem. m

Under an additional assumption on the sequence f(n), Theorem 1 can
be restated in the following more symmetric version.

COROLLARY 1. Assume G satisfies (C) and let f(n) be monotone and
converge to 0 with sup f(n)/f(2n) < oco. If T admits a cyclic approxima-
tion with speed o(f(n)) then a generic G-extension Ty also admits a cyclic
approximation with speed o( f(n)).

Proof. By the definition of the symbol o there exists a monotone se-
quence 1 < a(n) — oo such that 7" admits a cyclic approximation with
speed f(n)/a(n)?. Since f(n)/f(2n) < My < oo, we can easily deduce that
f(n)/f(kn) < M) < oo for any k > 1. Moreover, we may extend f(n)
to a monotone function f(z) on [1,00) with sup f(x)/f(kz) < co for every
k > 1. Consequently, there exists a monotone function 1 < k(x) — oo on
[1,00) such that

f@)/a(z) < f(k(z)z),

where a(z) is a monotone extension of the sequence a(n). Let f(z) =
f(x)/a(x)? and choose a monotone function h(x) — 0 such that zh(x) — oo
as well as h(z)k(xh(z)) > 1. Since T admits a cyclic approximation with
speed f(n), in view of Theorem 1 a generic extension Ty, admits a cyclic

approximation with speed fj,(n). By monotonicity,
7 f(nh(n)) _ f(k(nh(n))nh(n)) f(n)

= < < = )

T T T ) T T R A
The irrational numbers with unbounded partial quotients form a set
which is residual as well as of Lebesgue measure 1 in the unit interval. Ac-

cordingly, the next corollary tells us that most Anzai skew products are
rank-1.
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COROLLARY 2. Let Tz = €2™“z be an irrational rotation of T where o
has unbounded partial quotients in its continued fraction expansion. The set
of cocycles ¢ € O(T,T) such that Ty is rank-1 is residual.

Proof. By assumption there exists a sequence of rational numbers
O = Pn/qn such that (p,,q,) = 1 and |a — a,| = o(1/¢2). Tt is now clear
that the rational rotation T}, z = €2~z is a cyclic approximation of T with

qn_l
Si= Y wTnA; ATA;) = o(1/qn),
§=0
tition. Consequently, T admits a C_yclic approximation with speed o(1/n).
By Corollary 1, a generic extension also admits a cyclic approximation with
speed o(1/n). Now apply Lemma 1. m

where the sets 4; = {e*™ : j/q, < 2z < (j +1)/¢n} form a g,,-cyclic par-

3. Weakly mixing cocycles. Let T be an ergodic automorphism
of (X,B,u) and G be any compact metrizable abelian group. A cocycle
¢ € &(X,G) will be called weakly mizing if there exist no v € G \ {1},
A €7(G), and ¢ € ¢(X,~(G)) with

V(o(x)) = A(Tx) /Y(x)  ae.
It is well known that ¢ is weakly mixing iff there are no eigenfunctions in
the orthocomplement of the Hilbert subspace L?(X) in L*(X x G).

In [J-P], Jones and Parry proved among other things that if 7" is weakly
mixing then a generic cocycle ¢ in @(X, G) is also weakly mixing (in which
case Ty is weakly mixing itself). Using some ideas of [J-P] we shall prove the
same without assuming 7" to be weakly mixing. In view of Corollary 2 this
will imply that a generic Anzai cocycle ¢ is weakly mixing with Ty rank-1.

THEOREM 2. Let T be ergodic. The set of weakly mizing cocycles ¢ €
D(X,G) is residual.
First we prove a lemma.

LEMMA 2. Let a € T \ {1}. There exists an array of numbers a,; €
{1,a,a%,...} (n>1, j=0,...,2n— 1) such that
1 2n—1
i - N\
lim sup Qn‘ JZ_; an]An‘ <1

for any sequence A, € T.

Proof. Define a, 2j = an2j41 = a’ for 7 =0,...,2n — 1. We have
2n—1

n—1
Z anj N, = (1+\,) Z a? N2 |
=0 =0
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so the equality lim(2n;) 7| Zznk ! an,,j A, | = 1 for a subsequence ny would
readily imply lim [1 + A, [/2 = 1 whence \,, — 1. But then al?, —a #1
and

!%fa A | = LAl [L—a™ X
2y, = g N 2 ng|l —aX2, ’

a contradiction. Consequently, the assertion follows. m

Proof of Theorem 2. Let1 <r, — ccand 0 < g, — 0. For fixed n
choose a Rokhlin tower {Cy, ..., Cay,y, —1} for T such that p(X\|JC)) < en.
Now define a sequence ¢,, in ¢(X, T) by letting ¢, (x) =a,; if x€Cj,, U

S UCG+1ym—1 (3=0,...,2n—1), and ¢, (2) = 1ifz € X\ JCj.

Note that the set of x € X such that ¢, (Tz) # ¢,(z) is contained in

U?Zl Cjr,,—1 U (X \ UC)) so its measure does not exceed

En -
2nry, ten

Consequently, ¢, o T/¢, — 1 in (X, T). We denote by A the subgroup
in ¢(X,T) consisting of the unimodular eigenfunctions of T (A = T if T is
weakly mixing). For any h,, € A with h,, o T = A\, h,, we have

‘ f ¢nhndﬂ‘ gfn‘i“ f ¢nhndﬂ‘
X Uc,

We shall prove that

limsup‘ f anhnd,u‘ <1.
X

Indeed,
2n—1 r,—1 2n—1 r,—1
[ onbndn=3" > [ Guhudp="Y" Zam [ hudp
Uc; J=0 k=0 Cj, 1 j=0 k= Ciirm ik
2n—1 rn—1
= Z (nj Z Airnth f ho dps
j=0 k=0 Co

N
=

n—

= anjNP Y (L4 A+ A XY [ hdp
0 Co

J
which in view of

| [ hodi < (Co) < 1/ (2nr)
Co
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implies
1 2n—1 -

| [ fubndi| < 5| 37 an Y|

UCj ]:0
SO

limsup‘ f Onhn d,u) = limsup‘ f Onhn d,u‘ <1
X uc,

by Lemma 2.

The rest of the proof is similar to the argument in [J-P], pp. 141-142.
Denote by ¢ — ¢’ the canonical quotient homomorphism from &(X, T) onto
the quotient group @(X,T)/T and let o : (X, T) — &(X,T) be given by
0(¢) = ¢poT/¢p. The composed map o' : P(X,T) — @(X,T)/T is a continu-
ous homomorphism. Since ker ¢’ = A, the mapping ¢’ defines a continuous
one-to-one homomorphism o”([¢]) = 0’ (¢) = (p o T/@)" of #(X,T)/A into
@(X,T)/T, where [¢p] denotes the coset of ¢ mod A.

In the first part of the proof we have shown that [¢,] does not converge
to1in @(X,T)/A, yet ¢, 0 T/by, — 1 80 0(¢r) — 1 in ¢(X, T) and conse-
quently ¢”([¢n]) — 1in @(X, T)/T. This implies that ¢” is not an open map.
By the open mapping theorem for topological groups (see [P], Thm. 7) the
set 0 (P(X,T)/A) = o (&(X,T)) is of the first category in #(X,T)/T. Since
the quotient homomorphism is open, this implies that the inverse image

{ApoT/p:NeT, p € P(X,T)}

of o/((X,T)) C (X, T)/T is of the first category in &(X,T).

Clearly the above argument is also valid for any finite subgroup F' # {1}
of T in place of T (choose a € F'\ {1} in Lemma 2). In particular, we may
apply it to B(X,v(G)), v € G\ {1}, so for a fixed 7 the set

Py ={¢ € 6(X,G) : (AN €7(G))(3F¢ € (X, 7(G))) Yo =Apo T/}
is of the first category. This follows from the fact that
Oy =117 {ApoT/p: X €7(G), ¢ € 2(X,1(G))},
where I, : #(X,G) — &(X,v(G)) is the continuous open homomorphism
given by II,1) = yo1). Since G is countable, we obtain the desired result. m

4. Continuous Anzai cocycles of topological degree zero. In the
present section we consider an irrational rotation Tz = €™z of the circle
group T. We let G = T (with multiplicative notation) and denote by @ the
set of all continuous Anzai cocycles ¢ : T — T that have topological degree
zero. In other words, ¢ € @ iff there exists a continuous 1-periodic function
f:R — R such that

¢(e27riz) _ e27r'if(m)7 reR.
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Certain ergodic properties of the group extensions Ty with ¢ € ®¢ have
been studied in [G-L-L]. Below we prove two genericity results which can be
viewed as a counterpart of Theorems 1 and 2 above.

We endow @ with the uniform metric dy, i.e.

do(¢, ) = sup{[¢(z) — (2)| : z € T}.

It is clear that dy is a complete metric so that &3 becomes a Polish space
and the category considerations are meaningful as in the case of @(T,T).
The idea of the proof of our next theorem is similar to that of Theorem 1.

THEOREM 3. Let o be an irrational number with unbounded partial quo-
tients and let Tz = e>™z. The set of cocycles ¢ € ®g such that the exten-
sion Ty 1s rank-1 is residual in Po endowed with the uniform metric.

Proof. By assumption we have |a — a,,| = &, = 0(1/¢2) for some a,, =
P/ Gns (Pn,qn) = 1, g — 00. Fix a sequence of integers r, — oo such that

1
o = 0<angl>

and let 0 < 0, < 1/qn, nn = 0(1/(rnq?)). For every n > 1 we denote by
Do, the cocycles ¢ € P, that are constant on the arcs A; = {62“” 27/ qn <
< (+1)/qn—1m},J=0,...,q, — 1, taking value z; = e*™%i (depending
on ¢) on A; and

¢(€27Ti$) — 2™+ (i1 (@—(G+1) /an) /1m)

if (j+1)/gn—nn <z <(j+1)/¢, (j =0,...,¢,—1), where we let y,, = yo.
In other words,

¢(627ri:r) — 627rif(z) ’

where f(z) is constant with values y; on the intervals [j/¢n, (7 +1)/qn —1n)
and linear between them.
It is clear that the set |J,,~ y Po,n is dense in @ for every N > 1. For

2mix

any ¢ € &g, and z =c¢ we have

P (2) = B(2) BT 2) ... (i)

_ 2mi(f(@)+ (@t om)t ot f (@ (gn—Dam))

Since (pn, ¢n) = 1 and g, = py, the sum in the last exponent is a periodic
function with period 1/g,. On the other hand, each term is constant on
[0,1/gn — np) and linear on [1/q, — 7y, 1/¢,) so the same must be true for
the sum. As the functions are continuous, the sum must be constant with
value yo + ...+ y4,—1. In other words,

) (2) = 20... 24, 1 -

Consequently, by multiplying ¢(z) by an appropriate constant 270 () <
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xo < 1/q,, we will obtain
Qb* — 627rimo¢ c ¢O,n
with
¢*(qn)(z) = 20...2g,_1 - €TI0 — e2mi/Tn
Denote by & ,, the set of all ¢ € &g, with @lan) (z) = €27/™ Since 0 <
zo < 1/qn, it is clear that the set J, > v 9§ ,, is still dense in @. Now around
each ¢ € &, take the open ball of radius g, = 0o(1/(r2gn)) in (Po,do).
Denote by Uy the union of all such balls for all n > N. The intersection
W = (] Un
N>1

is a dense Gs-set in &g, hence residual.

To end the proof it suffices to show that for any ¥ € ¥, the extension
Ty, admits a cyclic approximation with speed o(1/n). To this end we choose
¢y, € D5, with do(v, ¢;,) < o, (this can be done for infinitely many n’s)

and denote by %L the step cocycle such that
Fu(277) = g5 (¢
on [/qn, (3+1)/an), j =0,...,qn—1. Now we have Glan) — yrlan) _ omifry
so that T}, (z,w) = (e?™®n 2, w¢, (z)) is a cyclic automorphism of period g,,7,
which permutes cyclically the rectangles C¥ (j =0,...,¢nr, — 1), where
CO = {(2™,e*™ W) : 0 <z < 1/qn, 0<y < 1/1,}

and CJ = T,Ci71 (j =1,...,gnrn—1). To evaluate the error of the approx-

imation of Ty, by T,, we compare the sets T,,C?, T*C4 . and TnC,];, where
T (z,w) = (e*™n 2 we? (2)). Note that

gnTn—1
S <uxu><TsczATnca>Sqnnn—o( ! )

=0 ndn

as here the only errors occur outside the intervals [j /¢, (j+1)/¢n—nn). Also,

gnrTn—1
, 4 1
> (X TECLATACH) < e + 2t + 200, = o )
, Tnln
7=0
where the three parts of the error are caused by ¢! # const on [j/gn,
(J+1)/qn), @ # an, and do(¢, ¢%) # 0, respectively. Since clearly &, =

{CO ..., Cin™=1}Y — epy 1, by the last two inequalities we obtain

gnTn—1
3 (uxu)(TnCZATwCi)Z()( ! )

j=0 "ndn

which ends the proof of the theorem. m
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Our final theorem shows that the rank-1 extensions obtained in Theo-
rem 3 are generically not of discrete spectrum.

THEOREM 4. Let o be any irrational number and Tz = e*™*“z. The set
of weakly mizing cocycles in @y is a dense Gs-subset of &g endowed with
the uniform metric.

Proof. We apply a theorem of D. Rudolph ([Ru], Thm. 12). Denote
by A the uniformly closed algebra of all continuous functions f : [0,1] — R
satisfying f(0) = f(1). It is clear that if g € L'[0,1] and |g| < M < oo then
there exists a sequence f, in A such that |f,| < M and ||f, — g|i — 0.
Therefore, by Rudolph’s theorem, for every g € L'[0,1] there exist f € A
and a measurable function A : [0,1] — R such that

g(z) — f(x) = h(Tx) — h(x) ae.

(here we identify T with the mapping T2z = = + a (mod 1) of the unit
interval).

Now if ¢ € (T, T) is any measurable cocycle then clearly

1/}(627”@) — e27rig(z)
for some g € L'[0,1]. By the above there exist ¢g(e?™®) = 2™/ (*) in &,
and ¢(e?™®) = ¢2™h(®) in G(T, T) such that ¢ = ¢o(¢ o T/p). Since 1) and
¢o are cohomologous, the extensions they generate are isomorphic. In par-
ticular, there exists a cocycle ¢g € @¢ which is cohomologous to the cocycle
1 (z) = z, hence weakly mixing (see [A]).

In the rest of the proof we use some ideas of Baggett [B]. First note that
if 9(e2™®) = e>™P(*) where p(z) is a real-valued trigonometric polynomial
then there exists a cocycle ¢ € @ such that ¢ = ¢ o T /¢ (see [B], Thm. 1).
Now it follows by the Weierstrass theorem that the cocycles of the form
1 = ¢ oT/p are dense in Py. Since Py is a topological group, the weakly
mixing cocycles of the form ¢g(¢ o T/¢) are dense, too. To end the proof it
suffices to show that the cocycles ¢ that are not weakly mixing, i.e., those
¢ € ¢ such that ¢™ = cip o T/4) for some m # 0, ¢ € T, and ¢ € &(T,T),
form an F,-subset of @y. Define

iy ={p €Dy : (e T)(F € &(T,T)) ¢™ =cp o T/, [¥(j)| = 1/k}

~

where 1(j) denotes the jth Fourier coefficient of the function ¢ : T — C.
We prove that @7 is closed in &. Assume ¢,, — ¢ in &y with ¢,, € DT,
¢™ = ¢, 0T /1hy,. By the weak compactness of the unit ball in L?(T) there
exist a cocycle ¢ € &(T, T) and a subsequence n’ (we write n for simplicity)
such that 1),, — 1 weakly in L?(T). This clearly implies that ¢, — ¢™1)
weakly. By choosing a further subsequence if necessary we may assume
¢n, — cin T so that ¢, = cp, ¢, 0T — cpoT weakly, whence ¢ = cypoT.
Besides, [¢(j)| > 1/k > 0, so 1 # 0. Since |1| = [¢™| = | o T| = ) o T,
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the function || is constant by ergodicity. By multiplying v by the constant
1/l¢| > 1 we may assume without loss of generality that ¢ € &(T,T) so
¢ € 7 in view of the equality ¢™ = ctp o T /1. It is now clear that the set
Ujs1 Uks1 Usgo @7 of all cocycles ¢ € &g which are not weakly mixing
is an F,-subset of @y. m
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Added in proof. By a recent result of the first author (Cyclic approximation of
irrational rotations, Proc. Amer. Math. Soc., to appear), Corollary 2 is valid for all
irrational numbers a.



