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1. Introduction. Let A be a given sequence of positive integers and
K be a Galois extension of the rational numbers of degree [. By Na we
denote the norm of an integral ideal a C . We are interested in whether
the equation

(1) Na=a

has arbitrarily many solutions in a C K, a € A.
For the sequences

A= {n?+1:n a positive integer, n < x},
A={N—-Nb:bCK,Nb <N}

the corresponding problems have been considered in the literature (see [3],
[4], 7))

For the first sequence and | = 2 the existence of solutions of (1) was ob-
tained by an application of the 3-dimensional sieve (see [3]). The analogous
application of the sieve of dimension x = 1 —[~! with [ = 3 is not sufficient

2

since the limit of the z-dimensional sieve is equal to

(2) By =1.2242. ..

(see [5]) and it is too large in relation to the value of the distribution level
for A.

Therefore the article deals with the more artificial problem
(3) Na=n?+b* with b prime, b < n®*¢

(e an arbitrary positive constant, 0 < @ < 1).

The smaller @, the closer we are to the solution of the original problem.
Due to an extra variable b in (3), the resulting distribution level can be
greater than #%. The crucial point is the application of the new estimates
for the exponential sums obtained in [2]. In this direction cf. also [6] and [8].
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The method presented here works for rather general sequences of the type
{n?+b2:neN, n<z, bec B}. However, to avoid the technical difficulties
we shall assume that B is a set of primes. As an application we obtain

THEOREM. Let K be a cubic normal extension of the rational numbers
and B be a set of primes such that for x — oo we have

H{beB:b<z, b=1 (mod \)} > 2"

(v a constant, v > 3(Bp — 1), A an integer depending only on K). Then the
equation

Na=n?+b?
where n €N, be B, n <z, b<x®t¢ is solvable provided
6060 — 7
4 = = .

As a consequence we deduce for instance that n? +b% = Na for infinitely
many pairs (n,b) with b prime, b < n%3%.

2. Notation. Technical preparations

e x — a sufficiently large parameter (x — 00).
e O,y —fixed positive parameters (0 < © <1, 0 <~y <1).
e N— the set of positive integers,

N(z)={neN:n<z}.

e B—any set of primes greater than A, with A a positive integer to be
chosen later,

B(z)={be B:b<z}.
e P —any set of primes.
e (d) — the integrer part of d.
e 7(d) —the divisor function, ie., 7(d) =3, 441
e (2(d) — the number of prime divisors of d.
e e(t) — the additive character €27,
e f— the Fourier transform of f, i.e., f(t) = ffooo f(&e(&t) de.
e < —the Vinogradov symbol, i.e.,

f<ge f=0().
e (m,n) —the greatest common divisor of m and n.
e m = a(d) means m = a (mod d).
e m ~ M means M < m < 4M.
o [I£1, 1 [Ifllsc ave L2, L', L> norms of f respectively.
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e S(a,b,c) is the Kloosterman sum

Z e((am + bm)/c)

m (modc)
(m,c)=1

where 7 is defined by the congruence condition mm = 1 (c).
e ¢ —any sufficiently small, positive constant, not necessarily the same
at each occurrence.

LEMMA 1. There exists a function ¢ € C>®(R) (with the graph drawn

below) such that
_JO fort<oO,
(p(t)_{l fort>1,
with derivatives satisfying

P D) < (2212, ¢=0,1,2,...

I[fl:l

Fig. 1

The proof follows immediately from Lemma 9 of [1]. Using the substi-
tutions t — t/27 we obtain

LEMMA 2 (Smooth partitions of unity). There exists a sequence of func-
tions w;(t) such that
ij(t) =1 fort>0, suppw;C [29,2772]
JEL
w® ()] < (22g1)? 2799, q=0,1,2,...

LEMMA 3 (Truncated Poisson formula for arithmetic progressions). Let

f be a smooth function with compact support in [y,4y], where y > 0, such
that

f(q)(t) <<y_q7 q:071727"'7
with the constant implied in the symbol < depending on q only. Then

S fmy=dt > f(h/d)e(—ah/d)+O(d7).

m=a (d) |h|<dltey—1

The proof follows immediately by integration by parts (2/e) + 2 times.
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We define the sequence
A={(M)?+b*: necN(z), be B(x°), (\n,b) =1}.

For technical reasons we introduce smooth functions drawn below with
derivatives satisfying

g9 <« t71, BYOWt) <t ¢=012,...

gl B[]

= 4 ¥ & 4 B
Fig. 2

Here B = z°.

In the sequel we shall use the abbreviated notation |B| for the number
of elements in the set B(B).

For a given P and z > 2 define

P(z) = H D.
pEP,p<z

We define the sifting function (modified by the weight functions g(t), B(t))
as follows:

S(A,P,z) = > B(b)g(n)

(An,b)=1
()2 +82,P(2))=1

where the double summation is taken over b € B and n € N.
Next we shall need some results of algebraic character.

LEMMA 4 (see [4]). There exists a A divisible by all ramified primes, and
only by them, such that a prime p splits completely in K if and only if

p (mod A) e H

where 'H is the subgroup of index 3 in the group 77, of residue classes modulo
A, coprime with A.

By Lemma 4 it follows that if a positive integer m satisfies
plm=p (mod A) € H

then m is represented by the norm of an ideal a C K. We take as B the set of
primes congruent to 1 (mod 4A). Letting ¢ be the natural homomorphism

¢:Zip—Zy (¢:a (mod4A) — a (mod A))
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we set H' = ¢~ (H). Then we have
LEMMA 5. Let G be the subgroup of 7}, defined by
G={9e€Zin:9=1(4)}.
Then (H': H'NG) =2.

Proof. The natural epimorphism ¢, : Z} , — Zj maps ‘H’ onto Zj since
otherwise H' = ¢; (1) would have an even index in Z ,, which contradicts
the assumption (Z; , : H') = 3. Therefore (H': H'NG) = |H'/H' Nkerg;| =
2 as required.

3. The sieving problem and the estimate of the main term. We
start this section by the remark that the proof of the Theorem reduces to
the nontrivial lower bound for the sifting function S(A, P, z), where

P = {pprime: (p,\) =1, p (mod \) € H'},
z=A+1)z, A=4A.

Let a € A. We observe that if a prime p such that p|a is in H' then by
Lemma 4 it is of the form Na for some a C K.

Since H' is a subgroup of Z3 we see from the congruence condition
= (An)? + %=1 (mod \)

that a € H'. Moreover, the group structure of H’ ensures that a = (An)2+b2
cannot have exactly one prime factor outside H’. Therefore it is sufficient
to sift the sequence A by the primes p ¢ H not exceeding the value (\2z2 +
)2 < (A + 1)

To complete the proof of the Theorem it remains to estimate (from
below) the sifting function S(A,P,z). We shall use the results obtained
in [5].

Let D > 1. By p; = p, (D) we denote the Rosser weights of the lower
2-dimensional sieve (|uy| < 1). In view of Lemma 1 of [5] we have

S(A,P,z) = Z ZB Z p(d)

(An,b)=1 d\()\n)2+b2
d|P(z)
> Y > Bhgn) > g
(An,b)=1 d|(An)%+b*
d|P(z)
= py Y. Bdgn)= > pylAd
d|P(z) (An,b)=1 d|P(z)

(An)24b%=0(d)
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where p(d) is the Mobius function and

Ad= > BB > gn

(b,Ad)=1 (n,b)=1
(An)24+b%2=0 (d)

= > o X dm- Y )]

(b,d)=1 neN n=0(b)
(An)?+b°=0(d) ()2 +62=0(d)

> B0 X { X am— X alb)}

(b,d)=1 ¥ (modd) n=9b(d) n=v (d)

Here 9 (mod d) runs over the solutions of the congruence \*t?> + 1 = 0 (d).
Letting o(d) stand for the number of such solutions we obtain, by Lemma 3,

Aid= > BO) > d‘l{ 2 §<§>e<‘”’§>

(b,d)=1 Y (mod d) |h|<dite )z
h h .
+ Db (bd> (—193>}+O(]B]g(d)d )
|h\<d1+€B/x
0)) " B(b) < ) +7'(A, d)
beB
(0)) B(b) + (A, d)
beB
where
(5) T(-A7 d) =T (‘Aa d) + TQ(Aa d)
d) /.
+o(22 (a0 > a+ B0+ ).
(b,d)>1
h h
o >at Y §<—>e<—19b—>,
(b,d)=1 9 h7é+0 d d
h<d'*e/z
" >yt X a(f)e(vh).
bd d
(b,d)=1 ¥ h#0
h<Bd'*¢/x
Therefore
_ . _o(d _
SAP.2 > Y wilAd =g B0) Y 1 8D S e
d|P(z) beB d|P(z) d|P(z)

= main term + remainder term.
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In the next section we shall prove the following estimate for the remain-
der term:

(7) > Ir(Ad)| < |Blz'
d<D

o — 19¢

provided D = x , Where

4 61— 7 6
() ar=ao(10) =min{1140,2 - LN T, B0 41
3 3 6 6
Obviously, if © is defined by (4) and v > 3(5y — 1) then
ao(7,0) = fo -

The main term will be evaluated by means of the following result
(see [5]).

LEMMA 6. Let w(d) be any multiplicative function satisfying

() 0 <w(p) <p forpeP,
(ii) there exists a constant C' > 2 such that for all z > w > 2,

[T -we)/m < (fggw)/{l + 1o§w}'

pEP,wp<z

Then
S w@ddug (D)= ] (1= w®)/p){f(s) + 0¥ (log D)=/}

d|P(z) p|P(z)
where s =log D/log z and f(s) is positive provided s > (.
To complete the proof of the Theorem we notice that for

2 ifpeP, p=1(4),
W(p)zé’(p):{o ifie?’,§53(4),

the Mertens prime number theory and Lemmas 4 and 5 imply the inequality

T log z \ /3 C
[T @—ep )" < (=2 1+
log w log w
peP
w<p<z
with some constant C' = C(\). Hence by Lemma 6 with w(d) = o(d), (7)
and (7') we conclude that S(A,P,z) is positive provided ag(v,0) > [p.
This completes the proof of the Theorem.

4. Estimate of the remainder term. Applying the smooth partitions
of unity {wj, (h)};, ez, {wj,(d)};,ez in the right-hand side of (6) we conclude



290 J. POMYKALA

that the estimate (7) reduces to

B Y S | S S wm@sego (L) -wee)]

d~D 9 (mod d) beB h~H
(b,d)=1

+(x+1B) Y o(d)2(d) < |BIDz' >,

d<D

where

= h h
H < Dz ‘B2, §© (E) = [ g(ben)e<n3>dn,
e=0or1 and D =g 19,

Moreover, the condition (b,d) = 1 in the first term of (8), and the second
term in (8), may be omitted, since for (b,d) > 1 the suitable contribution
to the left-hand side of (8) is bounded by

< DHG®(0)2® < D*z% < |B|Dz'~2

(since ag < 14++O by (7')), while the second term contributes Dz'*¢, which
is < |B|Dz'~2¢ since vO > 0.

Now the application of Cauchy’s inequality reduces our problem to the
proof of the inequality

Z Z Z Z wj1(h)e<(hlb}e—h2b%e)§>G(d,b1,bz,h1,h2)

b1,b2€8B hy,ha~H d~D 9 (mod d)
< D|B|*B* x5

where

G(d7 b17 b27 h17 h2)

n e e
= (g e (DB (00) Blba)e (= o) ) a(bima (650

Let k = hib;™© — hoby ©. The diagonal k& = 0 provides an admissible
contribution since

eife=0itis

< D2® ) 1 < D|B|Ha® < D**¢|B|z~""*B® < D|B|*B*z~ >,
b1,h1

eife=11tis
< D|B|*Hz2® < |B|?D*s*7'B < |B|?DB?z75¢

(in view of the condition ag < 1+ O, see (7')).
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Now we consider k ~ K with 1 < K < HB'7¢ < D*¢x=1B and
investigate the exponential sum

T.(z,B,D)=>_ > > ( > (d, b1, bz, iy, ha)

(k) d~D ¥ (mod d)
where ) (k) denotes the summation over the variables by, b, b1, ho such that
hlb}_e — hgbé_e ~ K. Our aim is to show that
(9) T.(z,B,D) < D|B|*B**x~°%
provided D = g0 —19¢,

4.1. Application of Gaussian theory of binary quadratic forms. The
following result can be inferred from the article 86 of [9].

LEMMA 7 (see [3]). Let f(y) = ay® + by + ¢ be a polynomial with integer
coefficients (a > 0) and discriminant 8 = b*> — 4ac < —4. Select one form
(o, B,) from each class of primitive definite forms of determinant 0 (1).
There exists a one-to-one correspondence between the roots of

f(¥) =0 (mod d)

and the pairs £(r,s) of proper representations of 4ad by the given forms,
such that

(10) ar + (B+b)s =0(2a).
This correspondence is given by

v (T ar + (B+0b)s
(11) d 2(3 s(ar? + 20rs + vs?)

where
rr=1(s).
Remark. Since we may choose the forms («, 3,7) satisfying (a3, 2a) =
1, the conditions (7, s) = 1 and ar+28rs+vs? = 4ad imply that (s,2a) = 1,
hence s # 0 and thus the right-hand side of (11) is well defined.

We apply Lemma 7 to
0=—-4)%, a=X, b=0, c=1.

Denoting by F = F(0) the system of representing forms ¢ = («, 3,7) we
have

(12) T.(x,B,D)

1 T P(r, s) ar + Bs
= — E E E 2k— h 2 .
9 Lt o e< kfs>G< 4A2 b17b27 17h2>e< ks'l/)(',"j s)
ar+£s=0(2)?)

(1) Following Gauss’ notation we denote by («, 3,~) the form with coefficients «, 23, 7.
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Since (af,2X) = 1 we may split the summation over r, s above into a double
sum over s such that (s,2A\) = 1 and over r coprime with s such that r =
—fBas (22?), with a@ = 1(2)%). Moreover, applying the smooth partitions
of unity {sz (r)}js'EZ’ {wj4 (8)}j4€Z we obtain

T.(#,B,D) < 2 max > 3 3 e<2k§>G1(r)

(k) (5,20)=1 r~R,(r,s)=1
s~S  r=—Bas (22?)

where @, § are fixed numbers that depend only on A and the maximum is
taken over

1< R,S<C,DY?,

with some constant C depending only on A. The function G;(r) has the
form

Gl(r)za<¢fw) bl,bg,hl,h2> < 2/{%)%3&)%(3).

By Lemma 3 the innermost sum over r ~ R in the right-hand side of (12)
is equal to

(13) Y Gire <2kf>

r=pas(2A?)

- <k

v (mod s)
(v,8)=1

_ <;€s

v (mod s)
(v,8)=1

G1(r)

VNIN

r= t/()
r=Bas (2)?)

> (20%5)
><< ( P (2X202)% — ﬁas)>@1<2$8>+0(1)>
|m|<Stte /R

- 5l

Im|<STHe/R

72k —12X2m\ 5 [ m 2 \—1
x Yy e< p >G1<2)\28>(2/\s) +0(1)

v (mod s)
(v,8)=1

[N

= Z e(— f%m)S(Qk, —Wm,s)@1<2:z8>(2/\2$)_1 +0(1).

Im|<StHe/R
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Here S(k,—2)\?m, s) is the Kloosterman sum. The error O(1) contributes
to Te(x, B, D) a quantity less than

e 2 172 (R(2 de 5/2,.—2 p2e| B2
x néfag(ZZl«x H?|B|*S < " D*/*x~“B=°|B|
(k) s~S
< D|B?B%*z7%  since D < z*/® by (7).

In view of (9) this proves that the above error is admissible. In the case
m = 0 the Kloosterman sum reduces to a Ramanujan sum, hence by the well
known estimate we find that the corresponding contribution to T (z, B, D)
does not exceed

—1_¢ 2e M1/2 172 2 2 p2e, ,—6e
%?5%25(2/{,0,3)35 2° < x¥DYV?H?|B* < D|B|?B*x

as above. Therefore we shall assume in the sequel that m # 0, which
implies that S’ > R. In view of Lemma 7 we have (S'*¢)? + 52 > D,
hence D'/2=¢ < § < C,\D'?. Applying the smooth partition of unity
{wj, (m)};,ez we have, by (12) and (13),

(14) T.(z,B,D) < z* L ax E(H,K,S, M) + admissible error term

IR L]

where
_ﬁa
(15) E(H,K,S,M)=RY_ Y e<Wm>
(k) m~M

X Z 8_15(2]€, —Wm,S)Gg(m,bl,bg,hl,hg,s)
(s,20)=1

and the maximum is taken over

1< H < Dz~ 'B2°/?,

1<K < HB'Y™° < DBz~ 1*+¢/%,
pDl/2—« <S< C’,\DI/Q,
1<M<SR‘'2f, R<Sa".

(16)

Here G5 is defined as follows:

G2(m7 b17 b27 h17 h27 S)

= G<¢§1§’28) ’ b17 b27 h17 h2>

x e( - 2kj§)(_g i§>e<;}r\§8>sz (é)chx (s)wj5 (m)x_GE

where ¢ is a fixed parameter (R < £ < 4R).
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Letting z = (z1,...,25) € R® we see by the definition of G that

8Q1+.--+q5

(17) WG2(£73)<<H$;% (0<g; <2 j=1,....5).
1 5 nh

For the s-derivatives, one obtains

Golz,s) < s “(1+ KD ')y a2

0
(18) 957

<s", v=0,1,2 (since ® <1).

4.2. FEstimate for sum of Kloosterman sums. In this section we apply
the method developed by Deshouillers and Iwaniec in [2] for the group I" =
Io(v), with v = 2)\2. We start from the separation of variables in G5(Z, s).

Let
= 471'\/ 331]{3
=~
where
k=k(z)= x4xé_e — x5x§_e.
Then
(19) Ga(z,s) = [ v, (ue(t z)dt
R
where t = (¢1,...,t5) and by the inversion formula

0= =S

For ti,...,t5 # O integrating by parts ¢; times with respect to z; (j =
1,...,5) and then differentiating v times with respect to u we obtain, by (17)
and (18),

> (—z t)dx.

V

5
(20) S—v 1;[ (2rt)

Q1+ +qs5+v 4:7T\/{El—k
8 f aqu...8$g58uVG2<L uo ) (—z t)dz
< (B <tzB> © (3 B) "% (t,H) "% (tsH) % (VMK /S) ™ MB*H?

where 0 < ¢; <2, 0<v <2, j=1,...,5.
In view of (15) and (19) we have

(21) E(H,K,S,M)=R>» > <2A2 ) > sTIS(2k,2)%m, 5)

(k) m~M (s,20)=1
s~ S
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x [ o [ e(we(tim)e(taby )e(tsbo)e(tah )e(tshs) dty . .. dts
R\{0}  R\{0}
since the remaining set of integration has measure 0 in R®.
For any t # 0 the function v, (u) satisfies

MK
Sy
Py (u) < (M)~ 1 (T, B) ™% (t3B) ™% (ta H)“(ts H) "> MB*H? .
Therefore there exists § > 0 such that the function
@, (u) = 0ty M) (t2 P) % (t3 P)% (ta H) ™ (ts H)® (M B*H?) 4, (u)

supp ¢, C [X, 16X] with X =

satisfies
supp @y C [X, 16X],  |[|P,]lc <1,

16X A7\ —1
du<ﬁf< MK> du <1,

16X a
= | |50
X

— 167 S
X
16X 16X —2
9? v vVMK
|| = @ < Y <X 1.
I EH ){ ‘Guz i(u) du < 16772)! < S ) du <

The required bound for E(H, K, S, M) is due to the following
LEMMA 8. Let ®(u) be a smooth function satisfying
supp® C [X,16X],
[Blloc <1, &' <1, |1 <X,

Then
dmvmk
—1 _
(22) Z s Z bi, Z amS(2/<;,vm,s)€15< o >
(s,v)=1 k~K  m~M
s~S
14+ X1/2
< [1 o UHX VM X + VE)||am| kuH] (MKS)®.

Proof. Follows from [2], Theorem 8, p. 234, by the observation that
0<0,<1/2, pula) <1, ub) < 1.

In view of (21) and (22) we have
E(H,K,S, M)

1+ X-1/2
<R [ ... [14—HiX(1+X—|—\/M)(1+X+\/K)||amH kull}
R\{0}  R\{0}

x(MKS)MB?*H?*(t, M)~ ... (tsH)" % dt, ...dts
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where
lam|* = >

2 e < _fam> e(tym)

ol = ‘ > e(tim)e(tabr)e(tsbs)e(taha)e(tshs)

k~K  hi,b1,ha,ba

2
<4M,

2

h1bi—haoba=k
CY St X )
k~K hz,bg hlyb17h27b2

hibi—haby=k
<(HB+K)\HB Y Y 1< H B2,
h1,b1 ha,ba

In order to estimate the 5-dimensional integral in question we consider for

instance the integral
o0

f (tsH)™% dts .

—o0
Let g5 = 0 if |t5] < 1/H and g5 = 2 otherwise. Then it contributes the
quantity

3
-2
[ vdts+ [ (tsH) ?dts < &
|ts|<H ™! lts|>H "
Following the same arguments for the remaining ¢;, ¢ = 1,...,4, we obtain

E(H,K,S, M)
< RMY2(H|B)*?1+ 1+ X HY2(X +VM)(X + VK)|z*

< RMl/Z(HyBy)?’/?{ <1+ \/%> wx/W(H\/g) <1+\/§> }a:25

1/2
> vV MKz
MK

since in view of (16), M < S? and K < S?z%¢. Therefore by (14) and (16)
we obtain

T.(x,B,D) < gln%xs(H]B])?’p{S\/E(l + S/VE)Y 2 alte

< RM'Y?(H|B|)%/* <1+

Splitting the right-hand expression into two terms coming from the two
terms of the sum 1+ S/v K shows that T, (z,B,D) < Ty + T5 where

Ty < max (H|B|)*2SVEKz', T, < max (H|B|)*?832 K/ 4g1e
H,K,S H,K,S

Hence by (16) we obtain
T, < (Dz7Y|B|)*?|D(DB/x)]*/? B3¢/214¢
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< D|B[2B2[D3/2|B|~1/2 B1/24 =214
which is admissible since
D < 2%/3(|B|/ B)Y/34— 14
Finally,
T < mgx(Da;_l181)3/253/2(DB/m)1/4B3e/2x155

< (D YB|)¥/2D¥4(DB /x)\/4 B3e/25 15
< D|B|? B2 { D323~ T/4|B|~ /2 gL/4y 415
this being also admissible since
D < 27/8(|B|2/B)/0x 1%
This completes the proof of (9) and hence the proof of the Theorem.

Acknowledgements. The author is grateful to the referee for his re-
marks that much simplified the final version of the paper.
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