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Semigroups with nonquasianalytic growth
by

vO QUOC PHONG (Hanoi)

Abstract. We study asymptotic behavior of Cy-semigroups T'(t), ¢ > 0, such that
()] < «f#), where a{t) is a nonquasianalytic weight function. In particular, we show
that if o{A) MR is countable and Pe(A*) NiR is empty, then lmy_.c E(IT) |7 (2)z| = 0,
Yo & X. If, moreover, f is a function in Li(lﬁ.ﬂ which is of spectral synthesis in a
corresponding algebra L), {R) with respect to {ic{ A)INR, then lims— a—%ﬁ 1T FTY =
0, where F(T) = [° FOYT(t) dt.

Analogous results are obtained also for iterates of a single operator. The results are
extensions of eatlier results of Katznelson-Tzafriri, Lyubich-Vi Quéc Phong, Arendt-
Batty, ..., concerning contraction semigroups. The proofs are based on the operator form
of the Tauherian Theorem for Bemling algebras with nonguasianalytic weight.

0. The classical Wiener Approximation Theorem is equivalent to the
General Tauberian Theorem (see e.g. [5, 10]). In the papers [11], [12], we
have shown that from this theorem one can obtain some new results (or new
proofs of old results) on asymptotic behavior of iterates of power-bounded
operators, and of trajectories of hounded Cp-semigroups (cf. [L, 2, 6, 8]).
On the other hand, Beurling has introduced a more general class of Banach
algebras Ll (R) with a weight a, and proved that the Tauberian Theorem
remains valid if « satisfies a certain condition of nonquasianalyticity (see
e.g. [10]). This theorem has then been used in [7] for spectral analysis of
groups of operators which are dominated by nonquasianalytic weight func-
tions.

In this paper, we extend the results of [1, 2, 6, 8, 1i] to a more gen-
eral case of semigroups 7 = {T'(t) : ¢t > 0} of bounded linear operators
such that | 7(f)|| is dominated by a weight function with nonquasianalytic
growth. We use an operator-theoretical form of the Tauberian Theorem
(Leramas 5 and 6), and a modification of a construction (limit semigroups)
in [11].
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1. Let «(t), t € R, be a real measurable locally bounded function satis-
fying
(1) 1<alt)<oo, alt+s)<alt)als).

Such a function is called a (two-sided) weight function. One can show that
if a(t), —oo < ¢ < oo, is a weight function, then the limits

(2) wy(a)

exist and are finite, and that w_(a) € 0 < w..(a).
A weight function a(t), ¢ > 0, is said to be nonguasianalytic if

: Flonat)
( ) : 1+t2

= lim 7 oga(t), w_(a)= i_l}l_noct'l log a(t)

It is known that if a(¢) is nonquasianalytic, then it has zero ezponential type,
e wy(o) = w_(a) =0. Let a(t),—co < t < oo, be a (two-sided) weight
function, and L1 (R) the Banach algebra consisting of functions which are
absolutely integrable with the weight «(t) and with the norm

&,

£l w) = f |fF(E)|cxt) dt < oo
—o

This algebra is called the Beurling algebra. It is well known that if o(¢)
is nonquasianalytic, then L (R) is a regular Banach algebra (see e.g. [10]).
If er(t) has zero exponential type, then the Gelfand space of L} () coincides
with R. For each f € L} (R) we denote its Fourier transform by 7. Let A be
a closed subset of R. A function f € LL(R) is said to be of spectral synthesis
with respect to A if there exists a sequence g, in L1 (R) such that, for each
n, the Fourier transform 7, is equal to 0 on a neighborhood U,, of A and
llgn — Fllramy — 0 as n — oo (see e.g. [1, 5, 6]).

Now let a{t) be alocally bounded measurable function which is defined
and satisfies (1)-(2) for ¢ > 0. Such a function is called a one-sided weight

function. Let LL(R) denote the Banach algebra of functions on R such
that

[ 1F®le(t)dt < oo.
0

If wy (@) = 0, i.e. a(t) has zero exponential type, then the Gelfand space of
LL(R,) coincides with C_ = {\ € C: Re A < 0}.
We assume, moreover, that a(t) satisfies

(4) lim inf aft + 5)

22 "l

=1, Vsx=0.
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(It is not difficult to see that condition (4) holds for every s if and only if it

~ holds for a certain s > 0.) With each one-sided weight function (2}, £ > 0,

we also associate a one-sided weight function a1 (t), t > 0, defined by

@1 (8) = lim sup alt+ s)
oo C(t)
Clearly, a1 (t) < a(t) for each ¢ > 0, and, thanks to (4), @;(t) is a non-
decreasing function. Note that o (t) may be essentially less than «(t). For
example, if at) = (#+ 1)%, k > 0, or a(f) = exp{t’}, 0 < k < 1, then
a1 (t) = 1. We call g (t) the reduced weight function of aft).

Since o (f) is nondecreasing, it can be extended to a two-sided weight
function by putting oy (2) = 1if ¢ < Q.

Now let 7 = {T'(t) : t > 0} be a strongly continuous semigroup (Cp-
semigroup) of bounded linear operators in a Banach space X. We say that 7
is dominated by a (one-sided) weight function a(t) if | T(t)] < «(t) for each
t > 0. If T is dominated by a weight function which has zero expomnential
type, then the spectrum o{A) of its generator A is contained in the left
half-plane {)\ € C:Re A < 0}. We define, for each f in L. (R,), its Laplace

transform f ( ) with respect to the semigroup 7 by

ff T(t)dt.

(The integral is a strongly convergent Bochner integral.)
We shall need the following preliminary lemmas.

LEMMA 1. Suppose that T = {I'(t) : t = 0} is a Cp-semigroup with
generator A. Assume that ||T(t)z]| > ||z|| for each x in X. Then
(5) 1Az — Az = [Re Alll]]
for every A with Re A < 0 ond every z in X.

Proof We write A = —p 4w, w € R, p > 0, and consider the vector-
valued function u(t) = e"MT(f)z, t > 0. From the assumption we have

(6) ()l = e**{l]].

On the other hand,

[

ult) =z -+ f dq;(:)- dr =z + f e () Az — Az) dr.
0 ' D

Therefore
¢
) (@l < el + [ o7 dr mp 1T Az =)
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From (6) and (7) we obtain

eb ]
(e? — D)||z]| < £ sup ||T{r)(Az — Az)],
0L <t

or

(8) le < & sup |T(r)(Az — Aa)]l, V> 0.
0 o<gr<t

Since the semigroup 7 is strongly continuous, from (8) we get (5). =

From Lemma 1 we get the following sufficient condition for extendability
of 7 to a Cp-group.

Lemma 2. Suppose that T = {T{t) : t > 0} is a Cy-semigroup which
is dominated by o weight funciion with zero exponential type. Assume that
[T{t)x|} = ||=| for each z in X, and, moreover, a(A) does not fill the whole
imaginary axis. Then each T(f) is invertible, so that T con be extended to
a Cy-group.

Proof From Lemma 1 it follows that the half-plane {A € C: Re A < 0}
is contained in a regular component of the operator A (see [3]). It is known
that the defect number §(}) = dim{¢ € D(A*) : A*¢ = \¢} does not
depend on A belonging to the same regular component. Since 7 is dominated
by a weight function with zero exponential type, the half-plane {} € C :
Re A > 0} is contained in a regular component (in fact, the resolvent set)
of A. From the existence of a point in (iR) N p(A) it follows that the defect
number of A corresponding to the half-plane {A € C: ReX < 0} is zero.
Thus we have

(9) {AeC:ReA< 0} Cp(A).
From (9} and Lemma 1 it follows that the operator —A satisfies
{AECT:ReA >0} C o(~A4),

and

1
Re X’
By the Hille-Yosida Theorem (sce e.g. [9]), —A is the generator of a strongly
continuous semigroup of contractions S(¢), £ > 0. It is easy to see that

d

—H{T(H)S(t)e} = T()5(1) dv - T($)S(H) 4z =0, Yz eX,
so that T()S(t) = I for each ¢ > 0. Thus T(¢)~* = S(t), and 7 can be
extended to a Cg-group. =

Lemma 3. Let T = {T(t) : t > 0} be a Co-semigroup dominated by a
weight function cu(t), t > 0. Then there exist a Banach space E, a confinuous
homomorphism © : X — E, with a dense range, and a semigroup ¥V =

i(—4) =AY < YReA > 0.
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{V(t) : t 2 0} in E, with generator S, such that V is dominated by the
reduced weight function oi(t) and the following properties hold:

) V()2 Z l|zlf for each z in E and t > 0;

(i) V(t) om = w o T(t) for each t 2 0; thus w(D(A)) C D(S) and
Somz =170 Az, Yz € D(A);

(i) ||z = limsup,. .., ?ﬂlﬁHT(t)z”, Yo e X;

(iv) o(S) C o(4), Po(S*) C Po(A*), where Po denotes point spectrum.

The Bamach space E and semigroup V with the above properties are
unique up to unilary equivalence.

Proof We set, for each ¢ in X,

1

I{z) =1 — .
(10) (2) =limsup s [T (2)z]
Clearly, I(z) is a seminorm in X and
(11) {(@) < |l

for each z in X. Let L = kerl = {x € X : {(z) = 0}. From (11) it follows that
L is a closed subspace which is invariant with respect to every operator T'(t).
Let X denote the guotient space X/L and 7 the canonical homomorphism
from X to X. Then I naturally induces a norm I in X by I{rz) = I(z) and
each operator T(t) induces an operator T(t) in X by T(t)(rz) = w(T(t)x).
Since the seminorm I(x) is dominated by the original norm in X by (11), the
gemigroup f(t) is strongly continuous in the norm 1. Let E be the completion
of X in the norm 7 and V(t) be the extension of 7'(t) by continuity from
X to E. It is clear from the preceding remark that V = {V():t>0}is a
strongly continuous semigroup. From (10} it is easy to see that
(T(s)z) < ar(s)l(z),

which implies that the semigroup V is dominated by the weight function
(). ‘

1(]F)’roper‘uy (i) follows from (10), and (ii) and (iii) follow easily from the
consgtrugtion. To prove o(S) ¢ o(A) let us first remark that if R is any
bounded operator commuting with T'(t) for each ¢t > 0, then R induces
naturally a bounded operator & in E. Thisis a simple consequence of the
invariance of I, with respect to R and of the obvious inequality

I(Rz) < ||R][i(z).
It is well known (see e.g. [9]) that each A such that Red > w,y (o) is

contained in the resolvent set p(4) of A and

RN Az =(A-N"a=— [eMT(adt, YzeX.
_ J _
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Therefore
R(x; Ayme = w(R(\ A)z) = — [ e V() dt,
0

or
By A)= R(\; S).
Let g € p(A). From the Hilbert identity
R(A; A) ~ R{ps A) = (A — p)R(N A)R(p; A)
it follows that
R(p AT+ (3~ wR(X A)) = R(x 4),
or

Ry AT + (= RO S)] = ROG 8) = Rigs ST + (A — wROS )],
which implies that u € o(S) (and R{i; S) = R(u; 4
o(4) C o(S), or o(5) C o(4).

Furthermore, suppose that A € Po(S*) and ¢ is a corresponding eigen-
functional such that 5*¢ = A¢. We put f(z) = ¢(rz) for each z in X. From
(11) it follows that f is a nonzero continuous functional; moreover,

(A" f)(2) = J(Az) = ¢(x 0 Az) = ¢(§ o 7x)
= (5"¢)(ma) = Ag(mz) = Af (),
so that A*f = Af, i.e. A € Po(4%).

Finally, it is easy to see that such a semigroup V is unique up to unitary
equivalence. Indeed, if £’ is another Banach space, 7' a homomorphism from
X to E' with a dense range, and V' = {V'(£) : £ 2 0} a Cy-semigroup with
the same properties as (i)-(iv), then the operator U : £ — E' defined by

Unz = n'z ( first for all vectors from m(X) and then extended by continuity
to the whole ) will serve as unitary transformation of V to V', =

A)). Thus we have shown

Ve X,

The semigroup V with the properties (i)-~(iv) will be called the limit
semigroup of T.

From Lemmas 3 and 1 it follows that the left half-plane {A € € : Re A<0}
is contained in one regular component of §. Lemma 2 shows that if T is
dominated by a sequence «(t) which has zero exponential type, and if J(A)
does not fill the imaginary axis, then V can be extended to a group V(1)
—oo < t < co} such that [[V(—t)|| < 1 for each t > 0.

The following result is a slightly improved version of the Gelfand Theo-
rem (see [4, p. 128]). We formulate it in a ready form for later use.

LEMMA 4. If T is an invertible linear contraction in a Banoch space X
such that the spectrum of T' consists of a single point {Aa}, and if ||T77) =
O(nk) forn =1,2,..., with some k >0, then T'= Agl.

icm

Semigroups with nonquesicnalytic growth 235

Proof We can assume, without loss of generality, that Ap = 1. Proceed—
ing as in {4, Theorem 4.10. 1] we see that the function R(\T) = (T — A)~1
is an entire function of {1 — A)~! which has the following two Laurent ex-

pansions:
T)=>% Tty for (A <1,
Ta()
RGT) == T"A™™ 1 for 3] > 1,
n=0

with the coefficients satisfying |7 || = o(n**1). By [4, Theorem 3.13.5],
R(\T) is a polynomial in (1~ A}~* of some degree N, say R(\T)} =
Ej\;o()\ — 1) AN_j, Ag #0. On the other hand, since T is a contraction,
we have |[R(A;T)[ < (A~ |TH)~* (A > 1). Therefore

ol = Jim (3 = DY RO 7)) < lim (3~ )N~ |7~

Since R(A;T) is not constant, we have N = 1 and R(\T) = Ag(A — 1)71
+ Aj. Comparing with the corresponding Laurent expansion of R(\;1") we
obtain T =1. w

For the convenience of the reader we also formulate the following two
lemmas, which can be derived from the Tauberian Theorem and regularity
of the Banach slgebra L (R), with a nonquasianalytic weight [7].

LEMMA 5. Let T = {T'(t) : t € R} be a Cyp-group which is domanated by
a nonguasianalytic weight function, and A be its genemtor Then o{A) is
nonempily. :

LeMMA 6. Let T = {T(t) : t € R} be a Cp-group which ts dominated
by a nonquasianalytic weight function, and A be its generator. Assume that
f is o function in Ll ~(R) such that zts Fourier transform f vamshes on a

neighborhood of io(A). Then A7) =
Now we are in a position to prove the following theorems.

THEOREM 7. Suppose that T is ¢ Cy-semigroup which is dominated by
o weight function a(t), t > 0, such that ay(t) = O@*) for some k = 0.
Assume, moreover, that the imaginary spectrum of A, o(A) NiR, is count-
able, and the imaginary point spectrum of A*, Po(A*)NiR, is empty. Then
1M ;;——5|[T ()| = 0 for each x in X.

Proof The statement means that the limit semigroup V of T is equal
to 0. Assume that E # 0. Since o(4) N iR is countable, from Lemma 3(iv)
it follows that o(S) M iR is countable. From Lemma 3(i) and Lemma 2 it
follows that ) can be extended to a group {V(f) : —oo <t < oc}. Thus
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{V(t) : 00 < t < o0} is a nonquasianalytic group which satisfies
(12) V-nl <1, Iveli=0i") (>0).

In particular, the spectrum of S lies on the imaginary axis, hence () it-
self is countable. Moreover, it is a nonempty set, by Lemma 5, so there
exists an isolated point iw in o(S). Let @ be the projection in F which cor-
responds to this isolated point according to the Riesz-Dunford functional
calculus. Then @ commutes with each V{¢), so that the image Im @ is an
invariant subspace on which the restriction of V (¢} is a nniformly continuous
semigroup whose generator has one-point spectrum at jw. By the spectral
mapping theorem (valid for all uniformly continuous semigroups), each op-
erator V{t)[Im @ has one-point spectrum at e**. From (12) it follows that,
for a fixed ty > 0, the operator V(—t), and hence V*(—1p), satisfies the con-
ditions of Lemma 4. Consequently, there exists a nonzero eigenfunctional ¢
in E* such that V*(fp)¢ = e*'0¢. Hence S*¢ = iwg . By Lemma 3(iv),
iw € Pal{A*), which is a contradiction. =

THEOREM 8. Let T = {T{t) : t > 0} be a Cy-semigroup dominated by
a weight function a(f), t > 0, such that (1) is nonguasianalytic. Assume
that f is o function in LL(Ry) which is of spectral synthesis in the algebra

LY (R) with respect to the set (io{ A))NR. Then lim;_,q a%ﬂ-HT(t)f(T)H =0

Proof. We can assume that the function f is not identically zero, which
implies that (ic(A)) NR is a proper subset of R. Consider the limit semi-
group V of 7, and its generator S. By Lemma 3(i), (iv) and Lemma 2, V
can be extended to a group {V(t) : —o0 < t < oo} such that |V ()|} < 1 for
each ¢ < 0. Therefore, {V(t) : ~cc < t < oo} is dominated by a nonquasi-
analytic weight, namely by the (extended) reduced weight function o (t),
—00 < t < 00. Moreover, ¢(5) lies on the imaginary axis and is a subset of

o(A) N iR. Therefore, the function f is of spectral synthesis in L1 L(R) with
respect to §(c(S)). If g is a function in L) (R) such that g is equal to Qin a

neighborhood of z(cr(S)) then §(V) = 0, by Lemma 6. Hence Fv) =0, or
equivalently, lim; o = ||T(t) F(T)zl =0 for each z in X.

So far we have establlshed the strong convergence of T(t) F(T) to 0,
as t — oo, for each semigroup satisfying the conditions of Theorem 8. In
order to get from this the convergence in the operator norm, let us consider
the Banach space L(X) of all bounded linéar operators in X, and define
a semigroup 7 = {T(t) : ¢ > 0} on L(X) by T(#)Y = T{)Y for each
Y € L(X). The semigroup 7T in general is not strongly continuous, but we
can consider the subspace Ly(X) of L(X) consisting of ¥ € L(X) such that
I7(8)Y ~ Y| — 0 as t— 0. Since |[T(t}||.is locally bounded, the subspace
Lo(X) is a closed subspace of L{X) which is invariant with respect to T( )
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for each ¢ > 0, and the restriction of 7 to Ly(X) is strongly continuous.
Moreover, Lo(X) contains every operator of the form §(7) for each g in
LL(R). This follows from the well known Lebesgue Lemma which asserts that
the translation group is strongly continuous (in L!(R) but this fact remains
true in L} (R), see {10, p. 15]). Tt is also easy to see that the spectrum of the
generator A does not change under this construction, Therefore, applying
the proved above to the restriction of the semigroup 7 to Lo(X), we have

Ty =0

for each g in L!(R). Now from the existence of the approximate identity in
LL(R) (see [10]) it follows that lim;..ce ﬁﬂT(t)f(T) |=0 = :

It is known that the Wiener approximation theorem remains true for
Beurling algebras with nonquasianalytic weight (see [10]). In other words,
this means that the empty set is a set of spectral synthesis in LY, (R) (i.e.
with respect to any function g in L, (R), hence to any f € LL(R)). Thus
we have the following corollary.

\ 1
Jim IO

CoROLLARY 9. Let T be a Cy-semigroup dominated by o weight function
o(t) such that the corresponding reduced weight function o1 (t) is nonguasi-
analytic. Assume that the intersection of the spectrum of the generator A

with the imaginary azis is empty. Then limy a%—ﬁﬂT(t)f(T) | = 0 for each

f in LA (Ry). In particular,
1
lim ——||T(t)A™| = 0.
Jm, o 1A~
If the function o (t) satisfies
on(t) = O(1 + |t])?
with 0 < B < 1, then the corresponding Beurling algebra L}, (R} satisfies
the Ditkin condition (see [L0, p. 132]). In particular, in this algebra every
closed countable subset of R is a set of spectral synthesis. Thus, applymg
Theorem 8 to the function f = (67> % §; — e™**) (where §; is the Dirac
measure concentrated at s), which is of spectral synthesis with respef;t to
the set {0} by the Wieuer"-Ditkin theorem, we get the following assertion:

(t HT +5)R(N A) - TER(X 4)| =

for each semigroup 7" dominated by «(¢) such that o(4) NiR C {0}.
For a more general class of weight functions a(t) we can prove the fol-
lowing theorem basically by the same method.

TuroreM 10. Let T be a Cg-semigroup with generator A, which is dom-
inated by o weight function a(t) such that ay(t) = O(*) for some k > 0.
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Assume that o(A)NiR C {0}. Then lim, .o ﬁEIT(t)(T(s)ﬂl)R()\;A)H =0
for each s > 0 and A € p(4).
Proofl Again consider the limit semigroup V of 7. We first prove that

1
Jim 17T () = De =0

for each s > 0 and each x in X. Thus we can assume, without loss of
generality, that £ (and hence V) is different from zero. Proceeding as in the
proof of Theorem 7, we see that ¥V can be extended to a group {V (%) : —oo <
t < oo} with the same generator S such that the spectrum of 5 is at most
one point {0}. Since V is dominated by a nonguasianalytic weight function,
o(S) is nonempty, so that (S} = {0}. Consequently, o(V{s)) = {1} for each
5. Since V is dominated by ay () with c; (t) = O(2*), we can apply Lemma 4
to get V(s) —I = 0 for each s > 0, or equivalently, lim;., o —ﬂlf—}HT(i)(T(s) -
DNzl =0 for each s >0and z € X.

So far we have proved the strong convergence of T'(t)(T(s) — I} to 0. In
order to get from this the convergence in the operator norm of T(#}{(T'(s) —
I)R(); A} to zero as ¢ — oo, we can cousider, as in the proof of Theo-
rem 8, the semigroup 7 in Lo (X), noting that R(A; A) € Lo(X) for each )
€o(d) =

2. Theorems 7 and 8 are also true, with corresponding simplifications
in the proofs, for discrete semigroups of operators {T™ : n = 1,2,...}. We
restrict ourselves to statements of the results and an outline of the proaofs.

A sequence a(n), n=1,2,..., is called a weight sequence if

an}>1, ¥Ya=12_.; an+m)<an)dm), Yn,m.

A weight sequence a(n) is said to be nonquasianalytic if

o
lo
S gan) _
14 n?
. ]
Assume that also
| lim i S0 L)
T+ 0Q ch(’n"L)
With a weight sequence «(n) we also associate its reduced weight se-
quence ay(n) by

=1.

oy (n) = lim sup an +m) .
m—co (1)
We say tl}at a bounded linear operator 7" in a Banach space X is dominated
by a-weight sequence a(n) if |T%|| < a(n) for each n = 1,2,... Below we
denote by I’ the unit circle. :
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THEOREM 11. Suppose that T is a bounded linear operator in X which
is dominated by o wetght sequence a(n) such that a;(n) = O(r*) for some
k > 0. Assume that the peripheral spectrum of T, o(T) N T, is countable,
and the peripheral point spectrum of T*, Po(T*Y N I, is empty. Then

. 1
lim
n~+ca ¥ n)

|77z =0
for each x in X.

The proof is analogous to the case of continuous semigroups. Namely,
if the assertion does not held, then we can associate with the operator T°
a nonzero lmét operator V of T in a Banach space E with the following
properties: there exists a continuous homomorphism « from X to B, with
a dense range, such that Vor = nwoT, |Vz|l = |z for each z in E,
a(V) C o(T), Po(V*) € Po(T*)and V is dominated by the weight sequence
ay(n). In particular, the spectrum of V lies in the closed unit disc. From
V|| > ||2] it follows that the spectrum of V is either the whole unit disc,
or a subset of the unit circle. Since o(V) C o(T"), we see that (V)N T is
countable; thus V is invertible, in particular the spectrum of V is countable
and hence contains an isolated point Ag, and ||V 1| < 1. Consider the
spectral subspace corresponding to {Ag}, and the restriction Vg of V to it.
Then ¥y, and hence V', satisfies the conditions of Lemma 4. Consequently,
Vi = Ag. Thus V™, and therefore T™, has an eigenvalue on the unit cifcle,
which ig a contradiction. The proof is complete.

Proceeding in the same way, we see that if the spectrum of T' does not
fill the unit circle, then the limit operator V is invertible and, moreover,
|[V™] < 1foreachn = —1,-2,... Therefore, V is dominated by a two-sided
nonquasianalytic sequence oy (n) (ay(n) = 1 for n = —1,-2,...}. Now we
can consider the subalgebra A, (") of the algebra of absolutely convergent
Fourier series f{z)=3 oo, an2™ such that [|fl|a.ir=2one o [@ale(n) <
co. For each f(z) = Yoo anz™ € Ag(I') we can define the operator
FIT) = 3000 u, T A function f € An(I') is said to be of spectral syn-
thesis in the algebra A, (I} with respect to a closed subset A of I' if it can
be approximated (in Aa, (I"}-norm) by functions which vanish in a neigh-
borhood of A. From the spectral theory of invertible operators which are
dominated by two-sided nonquasianalytic sequences {an analog of Lemma 6)
it follows that if a function g € Aq, (I') vanishes in a neighborhood of (V')
then (V) = 0. Therefore, f(V) = 0 for each function f which is of spectral

v . : . 1 i) _
synthesis with respect to o(V), or equivalently, lims..c0 W-HT f(TMez|=0
for each 2 in X. Applying this assertion to the operator T' in L(X ) defined
by TY = TY for Y € L(X), we have limy o0 57| T"F(T)| = 0. Thus we
have proved the following theorem.
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THEOREM 12. Let afn), n = 1,2,..., be a weighl sequence such that
its reduced weight sequence ai(n) i nonguasianalytic. Suppose that T is o
bounded operator dominated by a(n). If f(z) = Yol sanz™ € Aa(l) is a
function which is of speciral synthesis as an element of A, (I') with respect
to the peripheral spectrum of T, then limy, o0 ﬁ \T™ f(T)]} = 0.

The analog of Corellary 9 for discrete semigroups makes no interest he-
cause if the spectrum of T is inside the unit disc, then obviously || 7| - 0.
The following analog of Theorem 8 i3 a direct generalization of a theorem
of ¥. Katznelson and L. Tzafriri [6].

THEOREM 13. Let a(n) be o weight sequence such that ai(n) = O(n®)
for some k > 0. Suppose that T' is a bounded operator dominated by a(n)
such that the peripheral spectrum of T consists of at most the point A = 1,
Then lim,, o0 E%FF)HTH(T - =0.

The proof follows the same method. Indeed, if we consider the limit op-
erator V' of T, then V is invertible, dominated by a1(n), [|[V™"|] < 1 for
each n =1,2,..., and the spectrum of V' consists of one point A =1 (f V

is not zero). By Lemma 4, we obtain V -~ I = 0, which means that
ik s PN ﬁ[lT“(T —1I)|| = 0 (first strongly, and then in the operator norm

by passing to the operator T in L(X)).

Finally, we remark that Theorem 12 for the case limy, .o a(n + 1) /a(n)
=1 (thus a@;(n) = 1) was obtained earlier in [1].
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