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Pointwise multipliers for functions
of weighted bounded mean oscillation

by

EIICHI NAKAT (Yuki)

Abstract. For w : R"x By — Ry and 1 < p < 00, let bmoy p(R™) be the set of
locally integrable functions f on R™ for which

sup (E% f [fle) = frlP dm)up < o0
T

where I = I(a,r)} is the cube with center o whose edges have length r and are parallel
to the coordinate axes, w(I} = w(a,r) and fr is the average of f over I. If w satisfies
appropriate conditions, then the following are equivalent:

{1) fg € bmoy p(R™) whenever f & bmoy p{(R™),
1 n i/p

=9} n — d ,

(2) g€ L7 (R") and sup (w————* G Ef 9(z) — g1l m) <o

where w* = w/¥, ¥ =W, + ¥z and

2,lal,
- el T)W(Oat)l./_P i)
o) = el :
1
max(2,[al,r}

1/p P
o= (g

tn/ptl

1. Introduction. The purpose of this paper is to characterize the set
of pointwise multipliers on bmo,, »(R™), which is the function space defined
using the mean oscillation in LP-sense (1 < p < oo) and a weight function
w(z,r): R™ x Ry — Ry

To define bmoy (R, let I(a,r) be the cube {& € R™ : |z; — a;] <
r/2, i=1,...,n} whose edges have length r and are parallel to the coordi-
nate axes. For a function f and for a cube I = I{a,r), we denote the mean
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value and the mean oscillation of f on I by

fr=M{f 1) =Mfar)=m f
and

MO(f, 1) = MO(f, a,r) = ’-_% [ 1f(2) = il da
I

respectively, where |I] is the Lebesgue measure of I, and we denote the
weighted mean oscillation of f on I by

1 p
MOw)p(f, I) = Mow,p(f: Cl'r,'f') = ("——}m f .ff rp dil:)
I

where w(7) = w(a,7) and 1 € p < o0,
Now we define

bmoy, p(R") = {f € Lj,,(R™) : sup MOy (£, 1) < 00},

I Flemo.,, = 5up MOy (£, 1), [Iffbmou,, = IflIBMO,,, + [M(f,0,1)].

A function g on R" is called a pointwise multiplier on bmo, ,(R™) if
the pointwise product fg belongs to bmoy ,(R*) for all f € bmoy ,{R™).
bmoy, x(R™) is a Banach space under the norm | f|lbme,, ,- Therefore, the
closed graph theorem shows that every pointwise multiplier on bmo,, ,(IR?)
is a bounded operator. Usually, bmo,, ,, is denoted by BMO,, ,, and equipped
with the seminorm || fllemo,, - Then BMO,, , modulo constants is a Banach
space. But pointwise multipliers are defined on function spaces or on the
spaces modulo null-functions. To consider pointwise multipliers, the space
bmo,, p is therefore more snitable than BMO,, ;.

Our main result is the following,

THEOREM. Let 1 < p < co. Assume that there exists o constant A > 0
such that for any a,be R™, » >0, s> 1,

(1.1) _' A"t < wla,r)/wla,2r) < A,

r 1p \P
(1.2) ( Oj mf—)—dt) < Aw(a,r),
(1.3) - lo—b <r= A" S wla,r)/wb,r) < A4,
(1.4) ' w(a, sr) < As™Pr(a,r).

Then a function g is a pointwise multiplier on bmoy, , (R™) if and only if
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g € bmoys »(R™) N L (R™), where w* = w/¥, ¥ =¥, + ¥, and

max(2,aj) 1p \P
w(O, )P
(15) !p]_(ﬂ,,?‘) = ( W dt) 3
max(2,|a],”} 1/ »
' w(a, t)HP

™

Moreover, the operator norm of g is comparable to |lg|lamo,., + gl eo-

Janson [4] has characterized pointwise multipliers on bmo,,, 1(T") on the
n-dimensional torus T", where w(a,r) = r™¢(r), ¢ is nondecreasing and
there is a constant A > 0 such that ¢(r)/r < Ag(r')/r’ for v > r'. In this
case, the ¥ in our theorem is

i
v = [ 2

Nakai and Yabuta [8] have extended Janson’s result to the case of R™. In
this case,
24+al ¢
¥{a,r) = f di +

f @(t) I
-l
1

Our result is a generalization of these.

Next, we state corollaries for the Morrey spaces and for the space of
functions of bounded mean oscillation with a Muckenhoupt weight.

COROLLARY 1.1. For w{z,r) = r*, 0 <o <n, 1 £ p <00 ¢ ig
a pointwise multiplier on bmoOy,p (R™) if and only if g s bounded and in
bmo,,, (R} '

COROLLARY 1.2. For w(z,r) = 7%, 0 <o < n,1 < p < o0, 0N the
n-dimensional torus T", g is a pointwise multiplier on brooy »(T") if and
only if g is bounded.

Tn order to state the mext corollaries, we recall the definitions of the
classes A, of weights (see Muckenhoupt 6] and [7]). A locally integrable
and nonnegative function u is said to belong to Ay, 1 < p < 0, if there is
a congtant € such that

(mf ”d“'>(ﬁ|f “@)‘”‘p“”dw)p <c

for any I, and is said to belong to Ay if there is a constant C such that
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[

I

z)dz < C ebslmf U

for any I.
COROLLARY 1.3. Let 1 € p < oe, 0 < e < min(p, (n +p)/n), 1 € g <
{n+p)/(ne) and :
[+
w(l} = ( fu(:v)dw) , UWEAg.
I

Then g 15 a pointuise mulliplier on bmo, ,(R™) if end only if g €
bmogy »(R™) N L™= (R"), where w* = w/¥, ¥ = ¥ + ¥, and

(L7) ¥ (a,r) = ( f

I{O,max(2,la|,r)

(1.8) Wu(a,r)= ( f

I{aamax(2Jalr )N\ (a,7)

() ] ) )"
NEHO,1)

u()®/?|g — a) 1=/ L/p) dm)p'

COROLLARY 14. Let 1 <p<oo, 0<a<l,1<qg< /o and

w(l) = ( fu('.c)da:) . u€EA,.
I
Then g is a pointwise multiplier on bmo, ,(R") if and only if g €
bmoy,« »(R™®) (1 L= (R™), where

(1.9) w*(a,r) = w(e,r)

L+r—"w(a,r)’
Sections 2 and 3 contain preliminaries and lemmas. In Section 4 we give

proofs of the theorem and corollaries. The letter C' will always denote a
constant, not necessarily the same one.

The author would like to thank Professor Kozé Yabuta for his many
suggestions, and also to thank the referee for his criticism and helpful sug-
gestions.

2. Preliminaries. In this section, we state some simple lemmas, The
first three lemmas are shown by elementary calculations. (See for example
Spanne [91.)

Leva 2.1 ([ 1£(e) - 1l d:c)w < 2int [ |#() - " da) o
I I

LemMMa 2.2, If |F(21) — F(22)| < C|21 — 20|, then

MOu ,(F(F(1), I) € 20 MOy (f, ).

icm
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LEMMA 2.3. If I} C I, then

() M7 1) = M7, < HEhogs,
and
(22) MO(, 1) < 22 MO o).

LeEMMA 2.4. There is a constent C > 0 such that

MO(f,a 1)

(23)  |M(f,a,7) - M(f,e,8)| < C f dt for0<r<s

where U is independent of f,a,r and s.

Prool By (2.2), we have

(24) MO{f,a,r)=

(log2)~ f f’a’r‘)d,fﬁiﬁ?fM-S)—'gmji’f«—t2

r

If 275 1g <r < 275, then

|M(f,a,7) — M(f,a,s)]
< |M(f,a,7) = M{f,0,27"s)]
k—1
+ 5 1M(f,0,27771s) - M(f,a,2775)|
§=0
b k 2™ i1
gQ"ZMO(f,a,Z"J OZ f MO(fa #) .
j=0 J=Ug-ig

by (2.1) and (2.4). This proves {2.3).
Lumma 2.5, Let 1 €p < oo, There 15 o constant C > 0 such that

how(a,t)1?
/ ( J =

|z—al<r Me—al

»
dt) de < Cw(a,r)

where C is independent of a and 7.
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Proof. We denote the volume of the unit ball by o,,. Then we have
f wla, ) /® o owlet) P NP 4
f ( f /ol ) do = f ( Jr tn/p+1 dt ] oug™ de

Jz—a|<r Na—al
t Upw(a, )P \P
n—1 ) )

™ 1/p 3
_n ( I &aa;)_dﬁ) < Cuwla,r)
0

cL‘ﬁﬂ
P

by Minkowski’s inequality and (1.2).
Leyvama 2.6. Let 1 < p < 0o. There is a constant € > 0 such that

wia, t)L/? yi/e
f /ot dt<ofwdt for0<2r<s

”

where C is independent of a,r and s.

28

Proof By a change of variable and (1.1), we have

}““ (a, )" a, 24)/7 (A)VP Fue e

5
tn/;u+l }f n/p+1 an n/p-1
s

dt.

w

(2¢)
e s a t 1/p
tn/p+1

Therefore
25 i/p s
wla, 1)1/? A w(a,t)!/?
I #n/p+l dt< {1+ S ) f s ptl dt
* "

3. Lemmas. Iu this section we show some lemmas needed to prove the
theorem. Let'l < p < co. First, for « € R™ and r > 0, we define

p £L/e
3.1 I
(3.1) W(a,r)= [ pryrxenel 2
T .

LeMMA 3.1, For a € R™, lel

Ja(z) =W(a,|z - al).
Then HfaHBMOw,p < C independently of a.
Proof We show

(3.2) MO.yp(f2,0,7) < ¢ independently of a,b, and r.
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Case 1: |a — b} < /nr. Since I(b,r) C {|z — a| < 24/nr}, we have

[Vue) Waavanfde< [ ”fMM/_’.'idt)pdm

pn/p+l
I(br) |z—a|<2v/nr lz—al
< Cw(o,2v/nr) < Cw(b,2v/nr) < Cuw(b,r),
by Lemma 2.5, (1.1} and (1.3). This inequality and Lemma 2.1 show {3.2).
Case 2: la —b| = v/nr. It follows from (1.3) and (1.4) that

n+p
(3.3) wla, o — b} < Aw(b,|o - b]) < A? (EL%H—) wlb, 7).

If © € I(b,r), then |z — a| is comparable to |a — b|. Therefore, for |z — al <
t<la~blorfor |z —a|l>1t2>|a—b

w(a,t) <Gw(a,[a—b|)-

tntp T 7 |a — b|ntP

(3.4)

By (3.3) and (3.4), we have

[a~—b] /p P
w(a, t)? |
f‘fﬂ( ) (CL,M—“ Dlpdm: f f tn/P+l dt| da
I(b,r) Itb, }!m aE
<20} [lla=ti—jo-alf ds
I(b,r}

wib, ) »
< 5T e [ e — b7 dz < Cw(b, 7).
(b"f‘)

This inequality and Lemma 2.1 show (3.2).

LEMMA 3.2. Suppose ¥ is defined by (1.5) and (1.6). Then there is a
constant €' > 0 such that

IM(f,0,7)] € C|lf l[bmoy,., ¥ (ar)?
where O is independent of f € bmoy p(R™), ¢ and 7.
Proof We show
(3.5) M (f,a,7) ~ M(F,0,1)| £ Clf om0, Fla )
by using (2.1}, (2.3), (2.4) and Lemma 2.6. :
Case 1: max(r,1) < laj/2. Since I{a,r) ¢ I{a,|a}/2) ¢ I{O, 3{a]) and
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I{0,1) C I(0, 3|al), we have
|l

|M(f=a:’")—M(f:as|a\/2)[§ Ol f

T

MO(f,a,t)
t

dt

le| 1/
wla,t)*/ P
<Gl flemon,, [ %‘

r

dt

and
EM(f,a,|ai/2) _M(f70’3|ai)‘ + |M(f,O,3JG|) - M(f101 1)|

6ja| 8la
<6"MO(f, 0,3la)) + 0 [ LU0y < g YOO

1 1

| lal
w(0, 1)/ w(O, /P
—er 4 < Callfllemo,,, lf —

dt

Gja

< Cslifllsmo,, , f dt.
1

Hence (3.5) follows.
Case 2: max(|a|/2,1) < r. Since I(a,7), {0, 1) C I(O,5r), we have
|M(f,0,7) = M(£,0,1),
< [M(fa,r) = M(f,0,5r)| + |M(f,0,5r) - M(f,0,1)|

107 107
SSnMo(f,O,5T)+O5 f wdtgcﬁ f MO(f, Oat) dt
1 1
10rw(o,t)1jp m.ax(Q,ur)w(C),t)lnJ

< Collfllao,,, [ =i dt < Clfllsvo., [ = dt
1

Hence (3.5) follows. 1
Case 3: max(|al/2,7) < 1. Since I(a,r),1{0,1) C I(a,5), we have
[M(f,0,7) = M(f,0,1)]
< |M(f,a,r) = M(f,0,5)| + |M(f.a,5) = M(f,0,1)|

10 ]
MO(f, a,t 10
<o [ MRS 4 gios,a 6 < 0 [ MOULSY g

10
w(O, 1) /7 2 w(0, )P
< Gsl|#lemo, , [ W)l—dt < Cl\flemo., [ % di |
T r

Hence (3.5) follows.

The next two lemmas show that the estimate in Lemma 3.2 is sharp.

icm
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LEMMA 3.3. Let

max(2,]z|) w(O, t)l/p

f(2) = max(-W(0,2), -W(O,lel)= [ —iim—dt
. 1

Then f € bmoy, ,(R™) and there is o constant C > 0 such that
(3.6) M(f,a,7) = C(a, )"
where C is independent of I{a,r).

Proof. Tt follows from Lemmas 3.1 and 2.2 that f € bmo,, ,(R™). Next
we show (3.6), by using Lemma 2.6 and the fact that W(O,r) is decreasing
with respect to r.

Case L: 4ja] < r. Since {|2| <r/4} C I(a,r), we have

M(faryzr™ [ fl@)ds

r/8<L|z|<rf4
>rt [ max(-W(0,2),-W(0,r/8))dx
r/8<fz|<r/d
max(2,r/8) w(O,i)l/p . C,S max(Q,r-/S)M
=C Tinprl = / /el

This proves (3.6}
Case 2 4]a| > r. Since I(a,r/(4v/n)) C {|z| = |a|/2}, we have
M(fiary2r™ [ flz)de
HERYICIVD)
=" f max(—W(0,2),~W (0, |a|/2)) dz
HERFICVY)

max(Q,{aUQ)w(O,t)l/p e C"Smax(l\al/z)w(o,t)l/?

=C ¢n/pt+1 = : tn/ptl

This proves (3.6).
LEMMA 3.4. For any I(a,r) there is.an f € by p(R™) such that
(37) [Fllbmo, < O and
(3.8) M(f,a,r) > CoWa(a,r)/?
where Gy > 0 and Cy > 0 are independent of I(a,r) ond f.
Proof Case 1: max(r,1) £ |a|/(24/n). For I(a,r), let
F(z) = Wias |z — al) ~ M(W(a,la ]}, 0,1).
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Then M(f,0,1) =0, s0 Lemmas 3.1 and 2.2 show (3.7). To prove (3.8), we

note that W{a,r) is decreasing with respect to r. Since | —a| = |a| — 2| =
\a| — v/n/2 > |a|/2 for z € I{0, 1}, we have

M{W{a, |z —a|),0,1) £ Wi(a,|a|/2).
Since |z — a| < «/n7/2 for z € I(a,r),

MW (a,|z - a|),a,7) = W(a,v/nr/2).
Therefore, by a change of variable, (1.1) and Lemma 2.6, we have

\”|/2w(a’t)1/p
M(f,a,r) 2 Wla,Vr/2) - Wia,lal/2) = [ S5
Var /2

Iy Iy
w(a, t) b ’ w(a, t)"P
¢ f e 20 [ ST db.

ksl

A%

This proves (3.8).
Case 2: max(l, |a|/(2+/n)) < r. For I{a,r), let
f(z) = max(W(0,1/(8vn)) — W(O, [z]),0

)
which is independent of I{a,r). There is a cube I(b,7/4) C I{a,) N {|z| >
r/4}. Since 1/(8+/m) < r/(8+y/n) < r/4 < |z| for z & I(b,r/4), we have

/4 1/
f(z) = W(O,r/(8v/m)) — W(O,r/4) = (8&)%“

! 2y/nr
w(0, )P
of t“/P+1 dt  for z € I{b,r/4)
and

2”mrw(O,t)”‘"

-1 ~1
M(f,ar) 247" M(f,b,r/4) > 47C [ o di.
7

For r <t < 2¢/nr and for {a| € 2/mr, w(O,t) is comparable to w(a, ).
Then

2\/??.-7‘ ; ]./
' 'w(a" t) P
M(f,ar) 20 f nlptl

This proves (3.8).

Case 3: max(r, |a|/(24/n)) < L. For I(a,7), let
- fa) = max(W(a, |z — a|) ~ W{a,n),0).

icm
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Then || fllBmo,, , is independent of I, and

[ 1iras)”
10.1)
© wla, )7\ ifp

S ( f ( f tnip+l dt) dm)

le—al<n “|z—al
< Cwla,n)? < C'w(0,n)VP.
This proves (3.7). Since |z — a| £ /nr/2 for « € I{a,r), we have

A’f(f,ﬂ.,?") = W(G,\/ﬁ""/g) - (G’ n)

n 1/1)
( wiea, )
= f E“/ +1 2C f tn/p+1
T2

[M(f,0,1)|

This proves (3.8).

LEMMA 3.5. Suppose f € bmoy, »(R*) and g € L™ (R™). Then fg belongs
to bmoy p(R™) if and only if

F(f,g) = Sl}p\leMOw,p(g,I) <00,

In this case,
(3.9) ||l f9lemo.., — F(£:9)] < 2[iflimmo., , 19lico -

Proof For any cube I, we have

NFN ) — (Fadrllzey — Frlllgl) = grll= ]
< 1)) — (Fg)r — Fra() + frarllzan)

< WFG = 8 o + [(Fa)r — froal\ TP
1) ~ £ e + \fﬂ [ ()@ — Frg@) o177
I

<o [ () - foaPn)

I

< 2w(I)Y* MOy (f, D9lleo -
Hence

MOup (£, 1) — [£1iMOup(0, D)l < 2MOup(f, T lghec
which shows (3.9).



116 E. Nakai

4. Proofs of the theorem and corollaries. We write ¥{I) = ¥(a,r)
for I =I(a,r).

Proof of Theorem. Suppose g € bmoy. ,(R™) N L=(R™). For any
f € bmoy ,(R™) and for any I, by Lemma 3.2, we have

‘fflMOw:P(gﬁ I) S O‘lf”hm-nm.rlW(I)l/pMO'WJJ(g7 I)
< GHf”bnmu.,p HgHBMOw*,p <00,

Therefore, by Lemma 3.5, fg € bmo,, »(R") and

“ngBMow.p S OHf”leOw.pHQHBMOW* P —}- 2“fHBMOw.p”g”W ‘
Since |M(fg,0,1)] < |gllea{MO(£,0,1) + [M(f,0,1)]), we have

[l £9llbmo., » < Clligllzmo,x, + |9l Fllbmon, , »

which shows that g is a pointwise multiplier on bmo,, ,(IR"}, and

lgllop = Clgllmon,. , -+ [1glleo)

where ||g]|op is the operator norm of g.

Conversely, suppose g is a pointwise multiplier on bmo,, ,,(R™). First we
show g € L*°(R"). For any cube I = I(a,r) with 7 < 1, we define h(z) as
follows:

nwla,Ht/r
h(z) = max(W(a,|z — a|) ~ W{a,r),0) = ma.x( f HIE—T;—/’%Q:I—dt,O) .

lz—al

Then it follows from Lemmas 3.1 and 2.2 that ||| gmo,, , < C independently

of I. For la| > 1+ /n/2, M(h,0,1) = 0, since I{O, ljl:gnmc‘l the support of h
are disjoint. For |a| <1 + /n/2, by Lemma 2.5,

(2 (h,0,1)| < ( f}h|"’dm)1/p
o1y -

L 1/p
w(a, )P \P
< ( f ( f {n/ptl dt) C]T)

[mal<l |@—al

< Cuw(e, VP < Cw(0, 1)1/

Hence {|hllbiwo,, , < C independently of I. Now, if |z — a| < r/2, then

r w(a,t)*/p P | (a,r)/P
A > 1 ] AL/ _ w Gr,?")
(z) 2 /J; e 4t Z Cwla,r)M? Gl =C0— 2 —.
r r/2

icm
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Therefore, by considering the support of h, for & = M(gh, a,4r),

f lgh(z) — o|P dz > f lgh(z) — a|P dz + f le|? dx
I{a.4r) lr—al<r/2 I(a,4r I\ (a,27)

> [ (loh(@) o +|of) da

|z—al<r/2
> [ 2V Pgh(z)Pds
lz—a|<r/2
>oen [ ey
|p—al<r/2
Hence
= [ @A <C—r— [ |ghlz) - ol da
T — " wla,r)
|w—al<r/2 I{a.dr)

< C(llghllbmo., )" < Cllgllop)?

Letting v tend to zero, we have
9(a)| £ Cllgllop ae. and gl < Cllgfop-
Second, we show g € bmo,. ,(R™). By Lemma 3.5, we have
Sl}PIfriMOw,p(gaf) < Ifglleso,,, + 2l fllBMO. 5 9llo
< (lgliop +2lgllsa)ll f lbmon,, < Cllglloplifllbmon 5 »
for any f € bmoy, ,{R™). Applying Lemmas 3.3 and 3.4, we have
& (1YPMO0 (g, 1) < Cllgllop forany I, i=1,2,

which proves g € bmoy- ,(R") and |gllemo,., < Cligliop. The proof is
complete.

Proof of Corollary 1.1. In this case, w satisfies (1.1) to (1.4). Since

p

P

tofesr) = (-t P (ol ) ) )
n - o

@ (a,r) is comparable to 1, ¥3(a,r) is comparable to r=(n=0) for p < 1, and

Wy(a,7) is less than a constant for » > 1. Therefore, w*(a,7) = (w/¥)(a,r)

is comparable to r® (r <1),7% {r > 1). On the other hand, if g is bounded,

then MOy, (g, a,7) < MOuy= »(g,¢,7) < 2[/g|lo for r < 1.
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Proof of Corollary 1.2. This corollary is obtained from Corol-
lary 1.1, since, in this case, we can assume that w is defined only for r < 1.

In order to prove the last two corollaries, we state some basic properties
of A, weights. (See for example [3].)

LemMA 4.1. If u belongs to Ay, 1 < p < oo, then there are constants
C >0 and § > 0 such thot

(1B L gy |E
ot (L—) < E” < (*(
|| J} ]
for any I and for any meosurable st E o

LemMA 4.2. If u belongs to Ap, 1 £ p < oo, then for 0 <o £ 1 there is
a constant C' > 0 such thaet

[49 1 o
T fu (m fu(a:)d:c) ﬁCmIfum

LeMMA 4.3. If u belongs to Ay, 1 € p < oo, then for § > 0 and for
0 <~y <1 there is a constant C >0 such that

2r o
o1 < f fI“ (z) dz)7t nf-L g o
N fI(U,QT)\I(a,r) ( )’Y|x —_ a."'n(l—’H'ﬁ) de = 77

foranye € R™ and r > 0.

LEMMA 4.4. If u belongs to A,, 1 < p < oo, then for p’ > p and p' > 1
there is a constant C > 0 such that

fI (e, R\ (m,r) ¥ u(z)le —a| ™" du <0
—'n.p d et 1
fI(ar (E) Z
forany e« €R™ and 0< 2r < R.

c1

Proof of Corollary 1.3. By Lemma 4.1, w satisfies (1.1) to (1.4).
It follows from Lemma 4.3 that

R. /v
f‘l (It

tn/p—l—l dt

.
is comparable to

f w(z)?|g — g| " ML=0/PHL/E) g
I{a,R\I(a,r)
for 0 < 2r < R. Therefore, we have (1.7) and (1.8).

Proof of Corollary 1.4. If u belongs to A, then u®/P belongs
to Agg-1)a/ps1- Therefore, by Lemmas 4.3, 4.4 and 4.2, the following are
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comparable:
R
- w(a, t)1/? —n(1—
IW“’ f w(z)/P|g — a| e/ PHLD) go
r I{a.R)\ (a;r)
prll—a/p+1/p) fu(:c)"‘/” dz, r~"Py(a,r)?,

I{a,r)
for 0 < 2r € R. This shows (1.9).
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