Contents of Volume 106, Number 1

G. SaMPsON, Nonconvolution transforms with oscillating kernels that map B(]J‘1L
into itself

......................................... 1-44
Z. 8. KowaLSKI, Ergodic properties of gkew produets . . ... .. .. .. .. ... 45-57
W. S. ConN, Weighted Bergman projections and tangential area integrals . .. 59-768
B. BoJarsKk! and P. Haspasz, Pointwise inequalities for Sobolev functions and

some applications . ... . . L L 7792
W. BANASZOZYK, Balancing vectors and convex bodies . . .. ... ... ... .. 93-100

STUDIA MATHEMATICA
.Managz'ng Editors: Z. Ciesielski, A. Pelezynski, W. Zelazko

The jotirnal publishes original papers in English, French, German and Russian, mainly
in functional analysis, abstract methods of mathematical analysis and probability theory.
Usually 3 issues constitute a volume.

Detailed information for authors is given on the inside baek cover, Manuscripts and
correspondence concerning editorial worlk should he addressed to

STUDIA MATHEMATICA
Sniadeckich &, P.O. Box 137, 00-950 Warszawa, Poland, fax 48-22-203997

Correspondence concerning subscription, exchange and back numbers should
. be addressed to

INSTITUTE OF MATHEMATICS, POLISH ACADEMY OF SCIENCES
Publications Department

Sniadeckich 8, P.O. Box 137, 00-950 Warszawa, Poland, fax 48-22-293097

© Copyright by Instytat Matematyczny PAN, Wanszaws, 1093

Published by the Institute of Mathematics, Polish Academy of Sciences
Typeset in TEX at the Institute
Printed and bound hy
e Rownwews s
hesmmon § hhenaman

U2-240 WARSTAWA, ul. Jakohindw 23

PRINTED IN POLAND

.

ISBN 83-85116-95-8 TSSN 0039-3223

STUDIA MATHEMATICA 106 (1) (1993)

Nonconvolution transforms with oscillating
kernels that map B into itself

by

G. $AMPSON (Auburn, Ala.)

Abstract. We consider operators of the form

[==]

@nw = [ 2w d

-

with £2{y, v) = K(y, u)h(y —u), where K is a Calderén-Zygmund kernel and h € L°° (see

(0.1) and (0.2)). We give necessary and sufficient conditions for such opera’cors.‘tﬂumap the
. : }

Besov space 13(1}‘1 (= B) into itself. In particular, all operators with h(y) = e Ylax>0,

a # 1, map B3 into itself.

0. Introduction. Form 2(f)(y) = [ 2(y, w) f (u) du where
(01)  0(y,u) = Zulyupply — ) — Dy + 5wy + 3~ )
with ¢ € O™, 9(x) = 0 if j¢| < 2 and ¢(z) = 1 if | > 3. It follows from

(0.1) that 2(y,u) = 0if [y—u| < 2. Here we take (y,w) = Ky, u)h(y —u)
where h € L™ and

@ K@< 55
02 (b) VK|S ——.

- uf?
Our main result (Theorem 3.2) gives necessary and sufficient conditions on

£2 in order that
(0.3) 120 o < ellFll e

where BP (=.B) is a Besov space which we discfuss molret'fuliy in Sec-
tion 1. In [20], we solved this problem for the case of convolutions.

In this paper, we work in one dime_nsiox}l and for the examples we hive
in mind we take {21(y,u) = K(y,u)e“ly"“'\ ,a > 0,a # 1. We show that

1091 Mathematics Subject Classification: Primary 42A50, 42B20, 44A15; Secondary
46E30. :



2 G. Sampson

(0.3) holds for all such {2°s; this result appears in the Corollary in Section 3.
The methods of this paper can be used to study the kernels £2y(y,u) =
K(y,u)e'*®@=*) for a large class of real-valued functions a(y) (see [17] for the
types of functions we have in mind). Also these results can be generalized
to R® (see [21] for the convolution case). By the definition (0.1) we get

(0.4) [ 2w dy=0.

This condition (0.4), which is necessary in order to obtain our results, ex-
plains our definition (0.1) (see also [13] in this regard). Note that here we
only focus on the problem at infinity (£2(y, ) is supported in |y —u| = £),
since the problem about the origin is considered in many works (for example
see [5]).

We let ¢; stand for a positive constant, and we use ¢ generically. We
define 1/p+1/p’' = 1 and here we take 1 < p < 2. When we write [ f(z) dz
we mean f_oooo f(z)dr and when we write f;f(w) dx we mean that b > g.
We let x p(x} stand for the characteristic function of the set E.

Recently, D. Fan (On oscillating kernels in B?’I, preprint, 1993) has
come up with a very interesting and very simple proof of these results in the
convolution case. '

We explained earlier our motivation for (0.1). However, when 0 < a < 1,
it follows that these kernels are in L*. In the Corollary at the end of Section 3,
we show these kernels satisfy (1.7)(c).

1. General notions and preliminary estimates. In the papers [12,
17-20] we discussed the concept of regular kernels for convolution trans-
forms. Here we generalize this notion to kernels of nonconvolution trans-
forms. Now it is these kernels /2, (y, u) defined in the introduction which will
be tested for regularity, rather than the kernels £2(y,u). We say 21(y,u) is
regular if

(11 1 (y,u) = k(y, u)gly — u),
where g : R — C, and for some z > 0 (0 < £ < 1),
(1.2)
(3 k() — k@ wllaly - w) < SEZYE iy s ey ey
ly — ult+e w
0) frlar) ~ K)oy =) < FHE ity ol 2 o),
and

(13) el ie |l <clfls for “nice” f € LA(R).
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If in addition £ satisfies the following properties we say that 2y ¢ R
for a given parameter 0 < ¢ and for some 1 < p < 2 (in case & > 1, we need
gven that p’ > a — 1) we have

(19 gelz, e lgwfly <elflh,
(15)(p) k(g )] < o and
060) o) ~e(] < s i el 2 maxt2ly - ul 1)
plus
(@) 10000 - 2l < 2

if ly — u| > max(2lu - v, 1), 0<a <1,
(1.7) () [2(y,u) - Qy,v')| < clu—|
if $<ly-u/<5, Ju—wl<landa>1,

[

(c) |Q(y,u)|ﬁm ifly—u|/>2and0<a<l.

.

Remark. In the case when p = 2, we write (1.4}, (1.5), and (1.6) re-
spectively. In case 0 < o < 1, we just need the standard decomposition (1.1)
for {2, i.e. k, g satisfies (1.4)~(1.6). However, in case @ > 1, we assume that
2 has two decompositions, one k, g (from (1.1)} satisfies (1.4)~(1.6) and
the other k, g (of course this will be different from the first pair) will satisfy
(1.4)(p), (1.5)(p), and (1.6)(p) where p' > a - 1. This latter decomposition
is confined to the proof of Proposition 2.5, in our estimates of I, there.

We stated in the introduction that £2;(y,v) = K(y,u)h(y — u) where
h € L™. We are not suggesting that this is the decomposition we have in
mind for (1.1), in fact for the most part it is not. See the Corollary in Section
3 for possible decompositions. Also, see [17].

We need to discuss the Besov space B?’L (= B). We say that f € B if

{(a«) Flz) = 552, Nby(), with

(1.8) b) b(z) = %(x[nﬂ_h)(m} = Xiphr) (z)), h >0,

r is a real number, and

iflp = inf > A,
where the inf is taken over all possible representations (1.8)(a) of f (see
[6]). An equivalent characterization of B is given. in [9]. Throughout we let
@€ C™ supp ¢ C {ly] < 1}, [0 =0,[ 181> =1, and p(y) = (1/t)e(y/t)-
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In [9], it was shown that f € B if and only if
3 dt
fi llps = £lln - < o0
0
and there are two positive constants ¢1, cg so that
° dt
(1.9) alifle < [ llee £l 5 salfls
0

Throughout this paper we let b(z) in
centered at r with rading k.

Thus, by (1.8) and (1.9}, proving that 2 maps B into itself is equivalent
to showing that

(1.8)(b) represent the special atom

o

dt
(1.10) Of leex 2B} < e,
where ¢ is a positive constant independent of 5. In Theorem 1.1 of [20],
where we discussed this problem for convolution transforms, we obtained

two conditions. Here we show that the nonconvolution kernels map I into
B if and only if

h 1
(1) f % dwlZ(—
0

le—v|>6h 4=0

U [ dype(z - )

X f k(z + ay, v Mb(u) du 1 <c¢
o0 dt 1
2 [ [ de|X1 [ dyele-v)
h |z—r|>61 i=0
X h(y+ o, m)g x by + ou) S e
where ap = 0, oy = 3, and M = g{y + @ — w(y + o — u). A complete
statement of this result appears in Theorem 3.2,
The next result which is needed here appeared in [20].

PROPOSITION 1.1. Let o > 0 and a # 1. If 2y is a reqular kernel that
satisfies (1.4)-(1.6), then

h
dt
(1.13) - [ 1k, v)lige # g% b(z)| de <
0 |z—r{>6h
ond
T dt
(1.14) f? [ 1k, m)les * 9w b(a)| da < c.
h |z—r|>6t

Noneonveolution transforms 5

Proof. Incase 0 < a < 1, this result appears in the proof of Theorem 1.7
of [20] (it was called {1.9) and (1.10) in [20)). For the cage a > 1, this result
appears in the proof of Theorem 1.8 of [20]. =

We need this next series of results.
ProrositioNn 1L.2. If 2 satisfies (1.3}, then
u
dt
— [ e ) dz < c.
3710 [r| <Gt
Proof

I \
L O

3/16 o] S0
kodt
< [ Eprppanhe [ Lemahce [ Lorplce
3/16 b 3/16 3/16
PROPOSITION 1.3. Suppose (1.2)(a) is satisfied. Then
&t
JE [ a| [ avotomy) [ dulblyo)-Hewol-up)] < c.
o

lz—u|z3s
Proof We get

f’” [ | [ dyode—y) [ dubly,w) — Ko w)ely — wb(w)]

|z—u|z3s
< fsii [ s [ aylee-n)l [ I6(wu) - kzw)llaty — w)lb(w)
0 |m—u|>3s :
f f dz f dy ez — y)| f mﬁ:_%%;]b(uﬂdu
0 |z—wu|23s

by (1.2)(a), since |y — | > |z — u| — |z —y| = 25 > 2|y — x|

. podt dy _
gc(‘)j »—E#’f f du |b(w)| f Ty up f delpy(z—y) <c. m

|y ~-u]=2s

2. Preliminary estimates. The results of this section consist of mostly
technical results. The parameter c Wwe use throughout this paper just needs
to be either 0 or 1/2, but our methods actually handle all the cases 0 < @ <
z, in a uniform way. The next result generalizes Proposition 1.2 of [20] to

nonconvolution kernels,



@
6 G. Sampson Im“

PROPOSITION 2.1. Let 0 € o < % and a > 0. If (1.2} s satisfied,
My = k(y + a,u) — k(s + o,u), My = k(y+ o,u) — k(y + o,7) and N =
gy + o — u)(y + @ — ), then

B
I+ 1= EIE f a!a:l f dy o (z —y) f duMle(u)}
¢ je-r|z6h
+ mi—t S d-’”‘ I dveiz—y) [ duMng(u)‘Sc.
k fz—r|>6t

Proof. We begin by estimating I:

A
I< f% f d:r:, f du b(u) f dy (k(y -+ e, u) — k(z + o, u))
0 lz—ri>6h ly—u|>3h

X gy + &~ upply + o — u)pule )

+f? f da:' f dub{u) f dy (k(y + o, u) — k(z + o, u))
0 jz—r|>6h |y—u|<3h

X aly+o— Wl +a-weo—y) =+

Now since [y — uf > § (otherwise I; = I, = 0), we notice that [y +o—ul >

Iy —u|— |a] > 2|y — u|. Since |y —u| > 3R, by Proposition 1.3 we get I; < c.

For I, since |y — u| < 3k we have |z — u| < |z — g+ |y —u| < 3h+t < 4h

and therefore |z — 7| < |z — u|+ Ju — r| < 4h + h = 5h. But I is restricted

to &’s with | — r| > 6h, hence I5 = 0. This completes our estimate for I.
Now we estimate the term IF:

IIr< }!% f dm{f dype(z —y)

|e—r|>6t
x
ly—u|<3ju—r|
X gy + @ — Wiy + o~ wh(u)
+ f% f dmlf dy iz — y)
A

|m—7|>61
X f
ly—u/28u—r|

Xg(y+a—u)¢(y+a—u)b(U)‘ =II1 + II,.

du (k(y + a,u) — k(y + a,r))

au (k(y + a,u) — k(y -+ a, r))

Nonconuolution trensforms 7

As above |y + o —u| > 2|y — u| > 2Ju — 7| and so by (1.2)(b) we get

Iy < f% e [ dylee—y)l
h

le—r|>6t

[ T ),

_ 14-¢
yssur) YT

X

but here §ly—u| > ly—r| > 2|y —u| and Z|w—r| 2 [y~r| > 3|z —r| hence

T dt dz
Iy<eh® [ — P J dvledz ) [ dulpu) <e.
h |lz—r|>6t

For the term Iy, |z — r| < |z — y| + 4|u ~ r| < 5t; but II; is restricted
to z's with |z — r| > 6t and so IIy = 0. This completes the proof of the
proposition.

PROPOSITION 2.2. Let h > 0 and 0 < o < . Suppose that (0.1}, (1.1)
and (1.2)(a) hold. Then if

3/16

(2.1) % f dm} f dy pi(z —y) f duk(z +a,u)Mblu)] <c,
0 lz—r|<6h

where M = g(y + o — uwd{y + o — u), then

3/16@

(2.2) [ loex (b} dz < c.

0 {z—7|<Bh
Proof. Because of (0.1) and {1.1) it suffices to show that

I+11
3/16
=2 [ @[ wets-u

a lz—r|<6h

< [ du(k(y+ o u) - k(e + 0wy + o — u)gly + o — ub(u)|
3/16 4,
0 |o—r|{<6h

X |f dy wi(z — ) fk(m+a,u)g(y+a—u)'gb(y+cx-—u)b(u)du1 <e.

Because of (2.1) we need to estimate I. Since Jy+a~u| > 2y —u| > 1> 2t
by (1.2)(a) we get I < c. This completes our result. m :
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As we have seen so far, we have made use of the decomposition {1.1),
For the next result we make a further decomposition, namely,

21 (y,u) = k(y, w)g(y — u)|r{y — w)

where r(u) = g{u)/|g(v)| and does not vanish except on sets of measure
zero, Furthermore, using the notation of the introduction, we get K(y,u) =
k(y, u)lg(y — w}|- Set Ka(y, u) = k(y, u)lgly —u— N)|.

LEMMA 23. Let h > 0,0 < o < § and 8 = 1/{1 - 2a) and a > 0.
Suppose that (0.1), (1.1), (1.2)(a), (1.5) and (1.6) hold. Then if
d
(2.3) F f rz+a—u—Nx(lz —u| 2 5%) du| < g2

if M <t<landa>1, and
(2.4) K (y,u) satisfies (0.2)  if jy ~ u| > max(2|A[, 1),
then (2.2) holds.

Preof. By Proposition 2.2 it suffices to show (2.1). Now,

3/16
dt
= f dac| f dub{uYk(z + o, u)
0 Jw—r|Z6h
x [ dyo(z —v)gly + o - upply + o — u) |
3/16 4,
< n f dx ' f dub(u)k(z + v, u)
] |le—r|<6h Jz—~u|<5
x [ dyeue - yiply + o~ u)gly + o - u)’
3/16 4,
+ f 7 f d l f dub(u)k(z + o, u)
a |@—r|<L6h la—s| 25
x [ dypus - yhly +a - wgly + o - u)‘
=4 I0.
We have
3/16
dt
I< f - dmi f dub(u)k(z + o, u)
0 jz—7T|<6R jz—ul<5

x f (2 — Y)Wy + o~ w) —plo+ o — u))gly + a —u)

Nonconvolution transforms 9
816 1,
+ N f dz ‘ f dub(u)k(z + o, u)p(z + o —u)
0 jz~r|<Bh |z—u|<B
x [ dyorlz—ygly+a- U)h
=1+ I

For the term Iy, |2 4+ & — u| > 1 since otherwise |y + o ~—u| < |z 4+ o —
wl+z—yl L1+t <2andso I; =0. Thus

3/16

¢ dt
i) |z —r|LGh Je—uj<5s
x [ dylede - v)llz — yllk(z + o, u)g(y + & — u)]

and our result follows by (2.4){(a) (i.e. K satisfies (0.2)(a)) for then
(2.5) Rz +a,u)glz+a—u+y—z)| <e if

56 x4 —u| > 2]y —=z| and
(26) | + o — u| is uniformly bounded away from zero.

But in fact we get |z + o —u| > 1 > 2¢, hence I) < e,
Now we estimate o

316 4,
(2.7) Ip= " f dn:’ f dublu)k(z + o, u)yp(z +o- u)
0 |o—r|<Bh le—ui{<h
x [ dyeie—y)(oly+a—u) ~9(w+a—u))|
316 4
<ef % @ [ pwleto—ul [ dylede )
(‘] |g—r|<6h |jr-u|<h

by (1.5) and {1.6), since |z +a—u| = 2 > 2t > 2|z —y|, and since |z + o —ul
< ’3’3 it follows that o < e
Now for 0 < a < 1 we get

ﬂ.—.nm%ﬁ | dn:l [ dublwk(z+,u)

0 |e—r|<6h |z-ul25
x fdw-t(w—y)g(wa—u)i

since |y+ o —u| > z—ul—}~1t>3andso (y+a—u) = 1. Now arguing
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as in (2.7) we get
3/16
dt
II<e - f dx

a |z—r|<6h

f du |bu)|lz + o — u|*™%t < ¢,
lz—u|>5
and this completes our result in case 0 < a < 1.
To obtain (2.1) in case a > 1, we notice that
3/16

II< %{ f dm\ f duk{z + o, w)b(u)e, * g(z -I—amu)\
0 |z—r|<6h B< |2 —u|<5t?
3/16
+ " f dx ‘ f dub{u)k(z + o, u)e * g(e + o — u)[
0 jz—r|<6h  {z—u)>5t?
=+ 1.
Asin (2.7),
3/16
mM<efda [ d [ dub(u)e—mur? [ dyleuz ~y)|
0 le—r|<6h  5<|p—u|g5t?
3/16
<c f dt1=(e=D/@a-) < ¢ gincea > 1.
0

We are left with estimating the term I75. We consider the integrand of
I, which becomes

1
A= f ds o(s) f

-1 |z—u|>5t7

X|glztoa—u—st)r(z-+o—u-st),

dublu)k(z + o, u)

Thus, b(u)x(|z—u| 2 5t°) is supported in a fixed finite number of w-intervals
{for each 2) whose endpoints we shall denote by ¢ and d, and so after inte-
gration by parts a typical term becomes

(2.8) A=k(z+ a,d)glz+ o — d - st)|

d
X f @+ o~ u—st)x(|e -~ u| > 5t7) du

[

d
*%fdu (k(z + o, u)lglz + o ~ u — s1)])

X f dor(z + o —v — stix(|z ~ v] > 57

icm
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By (2.4) and {2.8) we conclude that

d
¢ a
|4 < ml fr(a:—{-cx—u—st)x(]m»u‘ > 5t )du‘

o

‘ f dvr(z + a—~v— st)x{jz — v >5tﬁ)‘

h f |.’L u|2

tu,/' (2em1)
- h

by (2.3) and hence it follows that I7y < . This completes the proof of the
lemma. =

(2.9)  Let 1,9 € C™ so that 0 < ¢ < 1,4y is supported iziciu| ¢
supported in 3 < |u| < 2 and ¢{u) = 1 (u/2") with 37,7, ¥i(u) =

= [ 2y, u)¢y(y — u)f(y)dy and
2N = [ 2 uibly - u)f(u) du.

We need the next condition for either representation of {2;:

(2.10) 2 (f)llz < ellflla-
PROPOSITION 2.4. Let a > 0,a # 1 and 0 < o < §. Suppose (0.1), (1.1},

Next let £2;(f)(u)

(1.2)(b), (1.4), (1.5), (L.7)(c), (2.10) hold and there ezists a 8 > 1 so that
o o0 (+4)8

(2.11) > e+ Z 23/2 S e <.
I=1 I=j+4

Then

I
ﬁ f o % 2(b)| dz < c.
3/16  |w—r|<6h
Proof. Since (2.11) implies that 2 satisfies (1.3), by Proposition 1.2
we get
h
dt [ dalesr Q@) S e

3/16  |e—r|<6t

Also, we obtain

bodt
L[ wlasawmi<e
3/16  |o—r|<6h '
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(note h > ). We need to estimate

h
dt

6t<|a—r|{<Bh
oo [--2
x| [ dyee~y) [ dub(Rpe Y ni-u) 3 paly )
=0 a={~2

where v, ¢ satisfy (2.9) and (372, wi(z))? = 1 while P, =01 Ly~ 3
or I > s+ 3. By (0.1) since 2(y,u) = 0 if |y — u| < §, we get

dt

6t |z—r|<Bh

=) {42
x ’ [ dye(z—y) [ dub(w)2(y,w)> wily—u) Y. f/).y(y-“)‘-
=1 s=i—2
Furthermore, by (0.4} (and (0.1)) we get
142
f Zw,[q — ) Z Ps(y —u)2(y,w)dy =0 for each u.
s=l-2
Thus,
A
s
I= f%— f dw|fclub(u)
1 6t<|w—r|<6h
00 142
x [ dy(ode ~v) - ole - u)Quu) Y ity - Y puly -
I=1 ==l —2
Now (with 271 < h < 2™) we get
m 27 i+4 142
f f dmlz Z fdub(n)
1oi-1 6t<|J. —p|<6h i=1 g=|-2
by f dy (@i(z —y) — op(w — w)) 2y, v (y - Ut (y )I
m 24 f='s} -2
Z f f (i:z:‘ Z fdub(u)
F=1gi~1 6t<|m —r{<6h =45 s
x [ dy(edle =) — ool — u) Ry, Wiy — u) LM u)‘
= JT 4+ JIY .

Now let us consider II. In the integrand of II we can always take

icm
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s <1 < j+4. Note that the y integral is supported in u+2/2 < y < w421
oru — 2" <y < u — 2872 for each fixed u. We shall argue the case of the
first interval (u < y); the second is similar and will be omitted here. Using
integration by parts we get

u.+21'|'1
(orle — y) — i@ — u))ibs (y —~ w)2(y, w)thu(y — u) dy
u.+2£ 2
upattt
= -5 [ @il -we-y) - el )
up2i=2

X f v, uypi(v — w)g(v) dv
1 " y—3t=2
+ n f dy iz — ) f duz’(“)'ﬁbs(y —u)

y—altt

X f (v, ulhi(v — w)g(v)dv = A + By,

where g(v) = 1 if y —~ 21 4 2172 < ¢ < y and zero elsewhere. Notice that
we are in the case where | < j +4, and 22 < |y —u| < 2/*!, and so
|y — 1| < 2778 < 2% If |z - y| > 128t then |z —ul > |z —y| — |y — u| > 64¢
and so both ¢, (z — u) = ws(x — y) = 0. Thus, the integrand would be zero
unless |z — y| < 128¢. Therefore,

m J+4 142
HESIDY f [ de(lAu) +|Bu)
jel l=1 s=l—2gi-1 6.&<|m—r§§6h
m J+4 [+2
IS YA fY e [ ow
gl il aemlo 22 gi—1 6:g\m—r|56h jo—y|<128¢

x [ dulb(w)|[$ily )20 lpelz —9) ~ pulz — )|

m J4 42 2J dt f ” f dy

tey > > f@
Bt<|z—ri<Bh  |z—y|<128t

gl =1 asmi—29i-1
< leb(e =yl f dulb(w)[aly — w)l12(0)
m J+4 142

<czzz;f I

g=l =L s=l=2  9i-1  6t<fjr—r|<6h  |z—y[L128¢

< f a5 - w0



14 G. Sampson

m j+4 1+2 2F dt
fSS Y TE e [ ow
j=11l=1s=

1s=l-29i~1 ~ gi<|a—r|<bh  |z—y|L128¢
y——2’ 2
MM@—M( [ ey - o) 126
2!‘!*1

m j+4 I4+2 2’

593 Sl K I

j=11=1 s=l-25i~1 6t<|m—r|£6h |e—y|Li28t

X f du |9, (y — u){| 2(9)|

m j+4 142 2’

+ed 3N f—QI/?'CzHg”z by (2.10)

F=11=1 g=|]— 22.7 1
m F+4 142 m j+4 [2

<Y Y Tk S, B

J=1l=1 s=l—-2 gi~1 J=1 {=1 sm=l—2

m 25
o<y % | dm‘ [ dyplz—y) ) [ du

j=lgi-1 = gt<|o—r|<6h [z—y|<2t
i+2
Z iy —u) Y waly~ )
i=j+4 gu=i—2
™ oo 42 23
.;_ZZ Z f f d:vJ f dyfclu
J=11=f4d ge=le2 gi-1 Gt<|m—-7‘|§6h | =y |22t
% £2(y, w)b(uw) i (y — w)rhs (y — w)py (2 — 'u,)‘ = IIT) + IIIy .
Now,
m o0 142 a4 di
sy 3 ¥ f ~ [ dzlps )|
F=li=j+de=l-29i-1 ~ 5t<|e—ri<6h
m oo 42 24 di
<> J 0 e ud)]lo
J=Ll=j+4 s=1-2 i1

icm

j=lgi-1 G| —r|<6h
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42
> R2qblla by (2.10)
=l-2

%‘2
53

HMS |M3

o0
<Yl <c by (211).
=1

For IIl, we first notice that with 8 as chosen in the hypothasis,

ey

(i+4)8 I+2

de| 3 Y [ a4y [ o

l=j44 g=]-2 \y-m|~2‘

xM@ww—mww—MWw—w|

3

(3

m (F+4}8 142
< Z f f dz .f ay Z Z 12 (bt )|
je=1opj-1 61:<|m--r'|56h Jy— o2t l=j4d4 s=]—2

m (J+4)8 142 2?‘

SNV

J=1 l=j44 s={—-2qi—-1 6t<]m—rl56h

da 22| 2y (bepy) |2

m (G+8)8 142 23'

Z E >, f [ de2albeyls

j=1 l=j4d s=l-29i-1 6t<|m—r\56h

m (G082 o (7+4)8 o
Z E Z .[ 3/2“'32U2 CZZ/ Z a2 <e,
J=1 l=j+44 e=l—2 pi-1 I=j+4

by (2.11). In order to complete the estimate for IIl», we need to estimate
the piece

" o0 1+2 2j
v-Y > Y [T [ w [ oa

J=l s (f k)3 swml—3 pd—1 6t<|:r.-—-r\§6h, fy—m|~2t

X f du 2(y, w)b(w)e (z — w)h(y — w)ps(y — U)L .

We first suppose that 0 < a < 15 then by (1.7)(c} we get
|20y, w)| <

< ly - wf?e

since |y —u| 2 |y — | — [z - u] = 3|y~ =zf with |z — | < ¢ < 27 and
ly— 2| > 22 with I > (j +4)Band 82 L.
For the integrand of I'V we get
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x4t o
S au 0y, etz Wl = uly ~ )| < oy
z—t
and so
m o0 I+2 24
c dt dy
EZ Z Z f T [ J g — e
J=li=(j44)8 s=I-29i~1 = GtZ|e—r|<6h  |y—ux|~2!

bl o0 [-2

S Y Y gumse

3=1 l=(j+4)B s=1-2
This completes the argument in case 0 < a < 1.
In case a > 1, we are left with

since 0 <a<l.

I/\

oo vz 2d

ey ¥ S T4 w

j=li=(j+4)B s=l-249i~1 6t<|m—v-]§6h

x| [ dy [ ly+anu) - k(y+o,z)

|m—y| =2t

X gy o = Wpe(z — uh(y — uebe(y — w)blw)

f dy f dub(u)

gt —r|<6h |o—y|>2t

') i+2 of

Y Y Y 4

F=11=(j+4)3 s=1—2 -1

X k(y + o, 2)gly + o — w)pi(z -~ w)i{y — u)bs(y - u)‘ =1V +IV,.

By (1.2)(b) we conclude that

o0 42 2J

52221 [ e

j=1 =g+4)ﬁs~z 22: =L Bt || <00 26|y <82

X fd |1+e“> w)|leee(x — w)||e (y — w) || (y — )]
1 . .

Z Z f _t ¢ since 4 > 1.

J=li=(j+4)6 ~1

Finally, notice that
o 142 23

IVZWZ Y J‘_.

F=1I=(j+4)8 s=l—-29i~1

[ @

6is[w—r|<6h

f dy k(y + e, )
|-y} z2t

x [ dugly+a- U)b(%)sﬂ._{(% = uppi(y — ulrhs(y — u)} .

icm
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But ju — 7| = |z —r|— |z —u| > 5t and 2 — ¢t < u < z 4, therefore u is
always either above 7 or below ¢ since if there are uy, up so that u; > r and
uy <7 and z —¢ < up <up <zt this would imply that z ¢t <r <z +1¢
and hence |u; — r| < 2¢, which is a contradiction. Therefore, b(u) = 1/h or
= —1/h but not both and so by (1.5) with a > 1 we get

m na 1432 21
f dz

msiy Y Y [T
ht<!m~r|56h

J=1 b () sl gi—t

1
) ( / , Iwmy|”'dy

1/2
)l el

dz 2419 2)g,]l2 by (1.4)

<c" 203
SRy, s ._Z 15,4

BLC || <6k

<c¢ {sincea>1) =

PROPOSITION 2.5. Let 0 < b < &, If 4 € R, and (0.1) and (0. 2}(a)

hold, then
T di
[ 5 [ lexo@lde <e.
h |le—r|L6L
Proof. Since 2 is supported in |y —u| > 2 it follows that

3/16dt
Z e Q) de =0

h J—r| L6
for |y —u| < ly —z|+ e —ri+ju—r|STE+ h<32. We are left with the term
T dt
I= |~ [ levx ()l de.
3/16  |e—r|<6t

Because of (0.4) we get

T dt
1= [2 [ de| [ dyleulz—y)—ele=r)R0)
3716 w0t

PO [ o] [ dylode—o)—ple—ruly—rl <2000
316 |e—r| g6t '

T dt
+ [5[ a! [avleda-v
316 |w—r|Z6t
= + 1.

~prle— Py — 7| 2 326)2)|
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‘We begin with I; it suffices to estimate, with 0 < o < %,

xR dt

- f dm‘ fdub('u,) f dy (k(y + o, w) — k(y + a,7))

8/16 = |a—r|<6t ly—r| <32t
X gly + o — wp(y + o —wip:z — ) = wi(e = 1)
+ C—? f d:c| f du b{u) f k(y + a,r)

3/16  |z—r|<6E Jy-r|£32¢

X 9(y +a— WPl +a— )@ —y) - euls = 7))

==y 4+ I
By (1.2)(b) we get
T dt |u— 7l
I]_]_SC f t—3 f dx f du|b(u)| f le—'l"[gc,
3/16  |z—r|<6t 1<y —~r| <32t

tmd since [y+a—u| < |y—r|+3+h < [y—r|+1, we infer that ¢(y+a—u) =
if jy — r{ < 1. Next notice that

I]_g S ? f d$| f
3/16 le—r{<6¢ 1<|y—r|<32t
x [ dub(u)p(y+o—u)(gly+ o~ u) - gly + o — 1))

+ m%i f d$’ f

3/18  |x-r|<6i 1<|y—r|<32¢

dy (pu(2 — y) — pulz — 1)) k(y + o, 1)

dy (pe(z — y) — @iz — 7))

x 2y +a,r) [ dubluyply +a - ’M){ == Iioy + Iygg .
Since h < 1, if 0 < a < 1, by (1.5) and (1.6) we get
T dt -
LT by = rlfu 1|
s f‘bB f dz f dy ’y..,ﬂz S
3/16  |z—r|<6t  |y-—r|<32

Next since [ b(u)p(y + o —u)du = [ dub(u)

Iyg = T% f d.’ﬂ‘ f

8/16  |u—r|€6t  1<|y—r|<32t

Xy +a,r) f dub(u)(P(y + o —uw) —1)|.

Wy + o~ )~ 1) du we get

dy (pe(z ~ y) — pi(z — 1))

icm
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Now |y+a—u| > |y—u|—é and if [y~ u| > I then J1p3 = 0, thus |[y—u| < z
and so |y — r| < ly —u| + |u — r| < 4. Hence by (0.2)(a) we infer that

no
d
t—:fdx f

8/16  |u-r|<bt  1<|y-r|<4

Iy S e dyly —rll @2y +a,r)| [ dulbu) < e
Notice that (for 0 < a < 1) ly+a—u—h|2ly—rl—f-2n2>|y—7[—1
and so [y+a—~u—hl28and ly+a—ul = 3if |y —r| = 32t > 6 since
> T 5 . Hence

|f31(’y+ o, u)p(y + o —u) = My +o,u+t h)ely +a—u—h)
eh

= |+ ou) - Ay +o,ut+h) < e

by (L.7)(a) if ly — r| = 32¢. Next by (0.1) we get
(2.12)  {2(6)|x(ly — r| = 32¢)

1 T
= [ 2(y;w) -
r—h

2y, u -+ h)du

x(ly — r| z 32¢)

ch
< Wx(ly ~r| > 32t)

and hence

Tt d
I SCh( f"t— [ delodz—7)l f ly—_‘%‘gt;
3/16  |w—r|<0t |ly—r|=32t
T dt d
+ /7 f I_”:%‘z_}; f dﬂ?isﬁt(ﬁf—y)l) <e,
3/16 |ly—r|=32¢ y jo—r|<6i

since A < 1 and 0 < a < 1. This completes the proof for the case D<a<l.

Next suppose that o > 1 and choose the decomposmmn (1.1) where
(L4)(p), (1.5)(p), and (L.6)(p) are satisfied with p' > a— 1. We begin by
estimating J; and note that the estimate for Iy; works ag above, whereas

pi/t-a)

Iy = f + f = Jyoa + Tioa
3/10 hl/(l o)

Now,
h.lfl(l"'")

Iiog < f % f dw f

3/16 |w—r|<Bt  1<|y—r|<B2

x| [ oty o= )= oy o= YWY e -

dy |k(y + o, 7)|ly — 7|
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pHO=
+ [ 7 [ = [ dyiu(y+enlly—7l
3/16 lo—r| 26t 1<|y—r|<320
xrf dubuv')(y-i-a—u)‘
1/ (1—a) t
<ch f 7 f dx f dy |y —r|*!
3/16 lo—r|<6t  1<|y—r| <82
' by (1.5)(p) and (1.6)(p)
pl/1-a) d
+ch f 5 f dx f dy |y~ r||[ 1y + o, )]
|Jz—r[<Bt 1<L]y—r|<4
X | f dub(u)(¥(y + o —u) — 1)' <ec
Furthermore, by (1.5)(p) we get
Iz <ec T ﬁ f dx f dy—i—‘—\gw* by + )|
- 3 ‘J ,r‘m/p’
pi/ el [z—r|<6E 1€ ly—r|<32¢
o0 "
dt " 1/p
<c B [ o ( S oy dy) g Bl
Copi=a) |a—ri <Rt 1< y—r| <32t
Tt arnyy - /
<ec f 7 — P PUbll, by (1.4)(p) and also since p’ > a ~ 1
pi/i-a)
¢ T dt .
— 4(l=a)/p i
Shl/P'./(‘!)tt <c sincea > 1.
pifQ=e

Now we estimate the term Ip {for a > 1); we return to the decomposition
satisfying (1.4}-(1.6):

R/ (10}
-7+ ]
3/16 R/ {L-u)

We notice with this decomposition that

pl/=a)  pa/{i-a)  |per <8

X f (k(y + o, u) — k{y + o, r)g(y + o — u)b(u) du

+ f Cit I da;‘fdy (elz - 1)

pt/l=a)  |z—r|g6t

~ (1))

icm
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X x(ly = r| 2 320)k(y + 2, 1)g + bly + )|
=lay -+ Ios .
By (1.2)(h) we can conclude that
In <e f gét- f de f du |b(u)|h®
B o] <ot
since i < 1. Also,

_J, ‘Td—z dz

pA/me) m—rjgt

d
[ o se
[y—r|=32¢ ly =7l

1'\

I kly + o, llg = by + @) dy
jy—r| 232t

J 20 f mranra) " o,

“a) |y—r|282t
which by (1.4) and (1.5) is (since a > 1)

T dt 1
J

t tla-1)/2
pL/(1=a)

<e Bl < ¢

Now we are left with estimating

hl/(‘l- )
dt .
[ 2 [ de| [ dytede - v) — e — )iy - vl = 326
3/16 Jar - 6
and since |z —y| > |y — r| — |z — r| > 26t and so wi(z —y) = 0, we are left
with
R
Iy = f y f d93|90t(59"’")w f ﬂ(b)dy!.
3/16 jz—ri<i |y—ri=32¢

By (0.4) we get

f 20y, w)x(ly —r| = 32t)dy = — f 2y, w)x(ly — rl < 32t) dy
~ [ Ryu)x(1 < ly—r| <32t)dy.
Therefore,
hlf(l«u) y
Iyzy = f %E [ dalpilz—r)|
3/16 ja 7| <6t
lfdub ) [ @y, wx(L < ly—r| £326)dy
h’l/(l )
dt
= f 7 [ delpife—r)l

a/16 |s—r| <6t
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X l f du b{u} f 2y, w)x{1<|y—r| <4)dy i By (1.5) and (1.6) this is
h,ll(i"ﬂ)
pi/1—a) —
dt <ch [ & gyly-rree
+ 3/{; ! f<6¢ dz lpx( = 1) 3/16 4<|y~7‘|_<_32t
- 19 since @ > 1. This completes the proof of the proposition. =
<y —r| <32
% I J dub() [ Q@ upxd<ly—rls )‘ PROPOSITION 2.6, Let h 2 &. If 2y € R and (0.1) holds, then
= Iy + Joo1z. o 4
— <
Now, = | s a0)de <c.
, [ |e—r]<6t
2(b) = % f (2(y,w) — 2y, u+ h))dy Proof. Arguing as in Proposition 2.5, we notice that
—h T dt
I< — dm‘ dy (pe{z — y) — pe{z — 1))
and by (L7)(b) we get [2(5)] < ch if < Jy — v < 5. Thus I5 L=l
Ry " x xly = vl < 320)020),
Ins [ % [ deleda—n)| f it <ly =rl £ 900) w© 5
3/16 ]m <6t + f — f dw\ f dy (e (x —y) — pe(z — 1))
plfei—a) ’ 3 |m—ri <6t
<eh [ T<e (smcehsi). X(32h < |y —r| < 32t)(2(b)‘
3/16 T di
+ )7 da| | dy(er(z —y) — ez — 7))
Note that |y —u+al > |y—ul—3 2>y -r|- Iu—?"|—%2iy~r\—~l hf t|m-—r|<6t ’f '
andso¥(y+a—u)=1if |ly—r| >4 (note 0 <@ < £). In order to estimate x x(ly -7 > 32t).(2(b)|
T3912 it suffices to estimate
hl/(l—n)dt =y + I+ 13,
f "y f da:|<,o,;(a:-r)[| f du b(u) First we get
3/16 z—r|<6t T dt
e e ne<an [ [ @ [ o0l
x [ (bly+ea,u)— by + o, r))gly+a—u)x(4 < |y — 7| < 32t) B le-r|<6t  jy-r|<32R
e o < Q)]s < hM2bla S e by (13).
+ f f dz [pe(z — 7”)|‘ f du b(u} In order to estimate Io, it suffices to estimate (0 < < %)
3/16 {T—r\ﬂﬁt oo
dt -
. - dm‘ dy (ps(z = y) — pu(z — 7))x(32h < |y — 7| < 32t}
x f ky+o,rgly+a—ulx(@ <ly—rl < 5%)1 = Dyoig1 -+ Tagiog - gt [w_“?"{:m f (
X f (k(y + o, u) ~ k(y + 0,7))g(y + o — w)b(u) dul

By (1.2)(b) we conclude that Isg;2; < ¢ since b < 1. At the same time,

Rt/ (1a) o N

Tyo12s = f @| f dyk(y + o, r)x(4 < ly —r| < 32t) P [ 2 dm‘ f dy (os( — 1) — rl — 7))
e t h l.z:m'r[<6t

x x(32h < |y — | £ 32)k(y + r)g* b a-|—y)‘ = Iy + Ioo .

x [ dulgly+a—u)—gly+a—r)bu)|.
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Now by (1.2)(b) we get
I <h5wdt dyly—r ™ <e if 0<e<l
21 & ¢ f t—?‘ : f Yy < .
B 32h<|y—ri<32t
In case e = 1, since

&
or(z — ) — eulz = 1) S glee(e —y) —pula - )l

for some 0 < 8 < 1, we get

2
cly —r
ouls —3) - e — )| < LD

and

=]
Iy <ch f 1+2ﬁ f dyly —r[?~2 < chh™#he1 < ¢,

3 32h<|y—-r|L32t
Next we note that for a > 1,

Tt
z J od [ dyly=rllkly +eunllg xbla+y)l
b lo-r|<6t  32h<|y-r|<32t .

<ofa( J

32h<L|y—r[<£32t

<ol [ %

h 32hL|y—r|<32¢

Inp<c
1/2
ly = rPlk(y +aur)Pdy ) g # bla

1/2
|y — ri2-e dy) by (1.4) and (1.5)

<e Sinceu,>landh21%

Now for 0 < a < 1, we get

pAf{1-a)

Iy < C( f + f ) == lao1 - Jaog.
hl./(l -

v (1.4) and (1.5),

PG
I <e f t—z( f
s 32h<|y—r| <32t
L ()

<elpl. f

h

1/2
ly = r?k(y+ o, r)2dy) " g * bl

E; {312-0/2 < ¢
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On the other hand,
o
di
Lo < f = f
pU A=) 32|y —r|<30¢
x| [ {oly+ o~ u) = gly+a - r))bu) du
X
vt

< f vl du [b{u) f

VIR 32h<|y—ri<32t
X gy + v — ) — gy + @ — )|

dyly - rllk(y + ,7)|

dyly — r||k{y + a,r)]|

i

< ch ] % f

IAVAIEE TR VY e P T

dyly —r|*”' Dby (1.5) and (1.6)

e sinced<a<l.

Finally, in order to estimate I3 it suffices to estimate

0t
= aslea 1)l

oo [ ey

ps } f dy f du b(u)(k(y + a,u) — By + o, r))gly + o — 'u.)’

[y |z A2t
Tt
L[ delle-nl| [ dykly+arosbatu)
b |m—r| <6t ly—r|=32¢
=Ja1 + Inn.

Since |z — y| = |y | — |& — r| = 26, therefore p¢(z — y) = 0. Now by
(L.2)(h) wo get Ty S ¢
Next assume that @ > 1. Then

T dt 1/2
s [2( [ ku+anPda) loxbl
T yer|2a2s

f lf 1=/ 2pll, by (1.4} and (1.5)

< since h>—anda>1

This completes our argument in case a > 1.
Next suppose that (0 < & < L. Then
PRYACELY
I32 < f + f = I3p1 + Ig22.
3 pii(i—e)
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We notice that (as for Igaq)

[+ =]

dt
f - I 1k +a,r)llg * bla+y)l
RU/—a)  jyer| =801
o0

dt a2 1 '
<ch < [ dyly—r| by (1.5) and (1.6)
pl/i-a)  |yer| 232t

<e¢ sincel<a<l.

Now putting this estimate together with I3, we deduce that for
0<a<l,

T4 [ ape-n| [ eva|<e

plit—e)  |z—r|<6t jy—r|=82t
Next by (1.7){c) we get
pHG=e)
[ 5 [ @wlwe-nl [ obd
h |z—r| <68 ly—r|>32¢
R1/{1-a) .
<e f f dy —————— < ¢

gince 0 < a < 1.
|y — ,',-|2——o.
h ly—r|>32t :

This completes the proof of the proposition. w

3. Main theorem. In this section, we prove our main Theorem 3.2
and give two applications in Theorems 3.4 and 3.5, Next we show that our
examples 21 (y,u) = K(y,u)e!l"%" satisfy these theorems; this is done in
the Corollary at the end of the section. '

LeMMA 3.1. Let 21 € R, and assume that (0.1), (0.2)(a), (2.3), (2.4),

(2.10) and (2.11) hold. Furthermore, if
h oodt

6y [ [ laxo@®ldz+ | - [ oo * 02(6) dee < ¢,

0 |{z—r|>6h o |e—r| 28t

then 12 maps B into itself.

1

c-l-l@.‘

Proof. It suffices to show (1.10). We break up the argument into two
cases, h < «& and h > ;_Ss For 0 < h < 4%, by (3.1) and since the support of
2(y,u) is contained in |y —u| > , we have

I

(32) S & [ ey ao <
0
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we argue as in the beginning of the proof of Proposition 2.5. Next hy Propo-
sition 2.5 and (3.1) we get

(3.3) ff‘iffmm(b)\dm <e,
h

and so by (3.2) and (3.3) we get (1.10) for h < .
Next for b 2 ﬁ;, by {3.1) and Proposition 2.4 we deduce that

h
dt
(3.4) f? [ s 2(b)|de <e.
4/16

By (3.1) and Lemma 2.3 we get
3/16 4,
(3.5) Df " [ lpex 2(b)de < c.

Now by putting (3.4) and (3.5) together we conclude that
h

1t
(3.6) f (—1‘— f [y * £2(b) dz < ¢ forhzf—ﬁ.
0
By (3.1) and Proposition 2.6 we get
T dt
(3.7) f - [ lpr2@)de <c forh> .
h ’ '

Now by (3.6) and (3.7) we get (1.10) for h = 5, and this completes our
argument. m

Now we are in a position to state and prove the main result of this paper.
THEOREM 3.2. Let 2 satisfy the hypothesis ofLemmaIB.l. Then {2 maps
B into itself if and only if both (1.11) and (1.12) are satisfied.
Proof. We Erst assume that (1.11) and (1.12) are satisfied and then
show that £2 maps B into itself. Since {2 is regular, by (0.1} and (1.1) we get
1
Qo) = Ky waly ~ Wy - u) = by + 5 wlgly + 3 —wply+ 5 — v,

Thus
1

(3.8) by =y (-1} [ (kly + csy ) = k(2 + i, u))
pml)
% gy - o — u)p(y + o = w)b(u) du |
-+ \i(——l)*' [ bz + i, ugly + o — w)dly + o - u)b{u) du

=0



28 G. Sampson

with ap = 0,01 = % It follows that

L] lero@la

0 |m—| =6k

4

|e—r|>6h =0
x [ du by + ) - k(e + o))
x gly + o — u)ip(y + o — u)b(u) du

N E NN ya

0 |z—7|>8h =0

A=

Ea

Y [ dyaila - y)

1A
S,

V[ dy iz - y)

x [ du k(s + on,u)g(y + 05 ~ uly + oy ~ w)b(u)| = I+ 11

But I < ¢ by Proposition 2.1 and 17 < ¢ by (1.11), therefore we get

(3.9) A<e.
Also,
1
(3.10) 02(b} = Z(-—l)*l‘ f (k(y + o, u) ~ k(y -+ i, 1)
i=0

X g(y + o~ ut(y + oy — u)b(u) du

+Z Vh(y + i, r)gt * by + o)
i=0

%. It follows that

[ leex () da

{zer{>6t

with ap =0, o =
=]

B= [%

¢

d ! .

T f dm‘Z(—l)"f dy (2 — )
le—r| > 6t i=0

x f y+a,,u

% gy + i —u)p(y + o — w)b(w) du ‘
d

N

IA
;-"%8 =

k(y + oq,7))

(Y + o, ) gt * by + o)

=MI+IV.

icm
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But JII < ¢ by Proposition 2.1 and IV < ¢ by (1.12), therefore
(3.11) B<e.
Now by (3.9) and (3.11) we see that Lemma 3.1 applies and hence we obtain
the sufficiency of (1.11) and (1.12),

To show the necessity of (1.11) and (1.12), we assume that {2 maps B
into itself. We notice from. (3.8) that

h 1
fi-f f da ’ Z(—

1 [ dyeia—y)

0 | |Gl ia=()
X f Ele+ o, u)gly + o — w)(y + 05 — u)b(u) du
% odt
< ]f - [ delor = 02(v)]

b | 261

+Z f S/ d:v|f dy oz — )

i=0 0 \r r| 260
X f (k(y + i, u) — k(e + oy, u))

x P(y + e — u)gly + a; — u)b(u) d"i —V 4 VI

Since {2 mapy B into itself, we infer that V < ¢, while by Proposition 2.1
we get VI < c¢. Hence (1.11) now holds.
In order to see (1.12), we notice from (3.10) that

—C-fi d’r|z

h [.z' 7|>(>¢ =0
< [ [ jpenp
S :

I || 2 Gt
o0t 2 i .

« [T |0 [ et anw) b+ )
e j | 2 G i=0

X g(y -+ o =~ w)p(y + o — w)b(u) du’ = VII + VIII.

Once again, VII < ¢ since 2 maps B into itself, and VI < ¢ by Propo-
sition 2.1, This implies (1.12). Putting all these estimates together, we get
our result. m

We heed the following technical lemma.

D' [ dypia —y)k(y + o5, r)g * b(y - o)
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and N =

LEMMA 33. Let 0 < R <1, 0€a <3, a>0,a#1
d (2.4)(a) hold.

gy +a —uh(y + o — u}. Suppose that (1.1), (1.4)-(1.6) an
Then if

(3.12) |k{y,r) — k(z,r)| gc% for {z — r| > max(1, 2jy — x|}
and

(3.13) sa)i<c  for2 el <10,

then

P f duk(m-{—a,u)Nb(u)‘ <e,

f da:\ f dy oi(z —y)

Gt<lz—r|<6

xkr(yélﬂce,r)f duNb(u)' <e

Proof. We begin with (i). Notice that

o Bh<|m—r|<6
X (Pply+o—u) -z +a-— u))b(u)‘
bodt
+ n .[ dm‘ f dy oz — y)hplz + o —u)

0 Gh<|z--r|<B

e f duk(z + o, w)gly + o — ulblu)| =

I+ 1.

We first estimate I,. Because of (2.4){a} we get (2 5) if we can show

(2.6). Notice for I that |z +a-u| > 1. Now if () <h <4 then w4 wul =
1 > 2|y —~ z| and so (2.6) holds. Next suppose £ < i < 1. Then
leta—ul2|z—ul—5>z-r~ju—r|—L5>5h- 42222y
and so again (2.6) holds. Thus,
t dt
e f— [ de [ dylesla—)lla—yl [ dulptu) by (25)
0 Bh<|z—r|<8

icm
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Since 2y — x| £ 2 < |z 4 a —u| < 75 just as in (2.7) we get

IQSCI% f dccfdu[uf)(
0

Gh<jz—r|<6
x|z +a—ul*2bu)| [ dylee—y)llz—yl <c.

z+ o —u)

Now to see (ii), first assume that 0 < A < . Then
1/8dt
<[5 J de| [ dyous - yky+ o)

h 6t Ljm—r|<6

x [ du(gly+a—u)-glz+ao—u))ply+o—ub)
1/8dt

- [Z [ @[ wee-pky+an
h 6tz —r|<6

x [ duglo+o—uybly+ o~ u)b(u)]
rdi

+ | = f cl:c1 f dy pi{z — y)k(y +a,r)

178 6t<|z—r|<6
X f dug(y—&-a—u)w(y—l—a—u)b(u)l = JI + I 4+ II5.
For the term I7T3 we note that |k(y +a,7) gly+a—r+r —u)| < c by
(2.4)(a) since

ly+a~ri>ly+to—u~|lu—ri22-F>12>2u—r|,

and so

1
dt
Ifgsch f dr f dy |ps(z ~
1/8 | mr|<B
For ITy, since 2|y — x| < 2~ é <ly+o-—ul—
deduce as in (2.7) that
178

Hl<(f% f

h Gt | —r| <6
x [ dulb(u)lvly+a—ul e
Next notice that

1/8
e [& [ do| [ dvede-9)k+ o) - betar)

h Bt<|z-r| <6

vl [ dulpw)l<e.

lz—y < |z +a—u|, we

dz [ dyleu(z — vy +o—r|"%
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x [ dugly+a - upply +o - u)hu)|
I/Sdt

+ T f dw’ f dyei(z ~ y)k(z + a,r)
h BtL|m—r|<6

x f dugly+ o —uhply + o u)b(u)‘ =Ty + Iy

Now by (3.12) since [y + a — 7| 2 [y + o —u| — Ju—7] = 2~ % and
lz+a-—r|Zjy+a—rl-lz-y>2-1 %213 > 2y~ 2|, we get

1/8

dt (ee(z — y)l|z ~
Iy <c f T f .d"n f 4y ly 4+ c — r|T+ar?
h Gt <|m—ri<6

X f dulg(y + o — w)p(y + o — u)b{u)]| .

As also 2 < |y + o — uf < 83, thus by (3.13) we get /I3, < e

In order to estimate IT3y, we argue as we did in Lemma 2.3, but in place
of (2.5) we need to show that |k(z+o, r)glz+a—r+y—z+r—u)| < ¢, and in
place of {2.6) we get [z+a—r| = [e+a—ul~|u—r| > T > 2(|ly—z|+|u—r|).
Once again we get Ty < c.

Finally, suppose that § < h < 1. Then

I < f% f dmf dyﬂf:ti%n|gqp*b|

/8 la—r|<6

by (1.5); but [y + a—r| = |y +a — u| ~ ju — 7| > 1, therefore

1
di
I<e f— [ dolipdallgw «bls
/8 |u-r|<8

A

1
dt
cfwm [ delble by (04)
1/8 le—r|<6
1

¢ dt
RZ fgé‘/'—ziﬂ since b > L. u
1/8

(AN

THEOREM 3.4. Let 0 < a < 1. If £ satisfies the hypothesis of Theo-
rem 3.2 along with (3.12) and (3.13), then 2 maps B into itself.

Proof Arguing asin (2.7) we get
~odt
T [ | [ dubwie+ o) [ dygds -yl +a )

¢ |z—r|26

icm
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lz—r|26

h

cfdt [ dz [ dylpelz~y)| [ dulb(u)ljw —ul*
0
}

cfdt f dz |z — ri®~2
0

7126

x [ dylpuz-9)| [ dulb(uw)i<c for0<h<l.

Putting this together with Lemma. 3.3(1), we conclude that

(3.14)

hodi
I
o

f da:’ [ dubfuk(z + o)

x—r|>6h

X f dypi(z—ylgly+a—wP(ly+a—u)<c forO<h<1.

For h > 1, arguing as above, we get

;dt
(3.15) f—i- f dwl f dub(u)k(z + o, u)

a |

w72 6h

x [ dyeia~ygly+a—u)| <e.

By Proposition 2.1 and (3.14) we get

(3.16)

h

J

0

El; f oy 2(b)|dz <c  for 0<h<1,

|z —r|>6h

and again by Proposition 2.1 and (3.15)

(3.17)

1
dt f lps * 2(B) de £c  forh21.

0 Je—r|z6h

2
Furthermore, note that since ly —u| = |z —r| = |u —r|~|z2—y| = 3|z — 7|

and |z —r
Thus,
h
dt
318 [ ~

1

> 6, we have |y — u| > 4 and so by (1.7)(c) we get

[ [
|'Q(yau)| S ly_,ulzu-a S ‘17—’."12—“ N

f e * _-Q(b)|d95

|#—r|=6h
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< lj% | i [ dvleda =l [ dulotu)

<ec¢ forh>1.

Now by (3.17) and (3.18) we get

h

(3.19) i’ltf [ leex2)lde e forhz1.
0 le—r|>6h

By (3.16) and (3.19),
" dt

(3.20) f " [ leex2(b)|dz <c  for > 0.
o] jg—r|>6h

Now for 0 < h < 1 we obtain

% f d$| f dywi(z —y)k(y + a,7)

by
fl
:‘gﬂg

|z—r|>61
x [ dugly+a - wply+ o - w(u)
1 1 o0
dt dt dt
h i<z —r|<6 h |x—r|>6 1 je— rlzﬁi

=L 41+ I5.

By Lemma 3.3(ii), [; < cfor 0 < h < 1.

Since fz — u] > 6|m -7l and for the terms Ip, Iy, |z — u| > 5, we get
ly+o—ul 2 |lz—u|-lz—y| -} > f|lz—u|-} > 3 and thus Y(y+a—u) = 1.
Our problem reduces to showmg that

D dt

f da:l f dy i (z—=1)k(y-Fo, 7)g* by +a)
h Ja—r|26t,

for all b > 0 where £; = max(¢, 1}, We first consider

(3.22) T % ji

(3.21) T =

| f dy i(z — y)k(y + o, 7)g % by + o)

< hf%f [ [ dvlede - )by +arr)

fm—rfzEel (2

< | [ (ow+a =)= gly+a —r)blu)du

Le
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y (1.5) and (1.6)

IA
o
=2

| &

[ f ayletezu

[e—r|>6et (he)

<e

1A
[v]
=
= | &

ok | =

;—Q'ﬁg ;‘;—"8

Notice that if h < 1, arguing as above we get

(3.23) II<e for0<h<l,

Next suppose that h > 1. Then

[e =]
dt
T
h Gtﬁ!m—rlgﬁﬂ”“"")
T dt
<f7 ] @
i Gts‘if’—ﬂﬁﬁtl”l_a)
X ‘ f dy wi(z — y)(k(y + o, 7) — k(z + o, 7)) g * by + a)’
T dt
T
b Gtg|m—r]<BtM/ O
By (1.14) of Proposition 1.1 we get IIy < ¢, while (disregard the first term
for h< 1)

dml] dy tpt(m——y)k(y+a,1~)g*b(y+a)|

dx |k(z + a,7)|jpe * g = b(z)| = II1 + 1.

pi(1=e)
me< [+ f =Ty + 145
h p1/(1-a)
By (3.12), since
(3.24) o+ a—r| 2|z —r]~%>6t — 5ty > B4 > 2y — =
we get
Tt V‘Pt($ —y)lt
Mg <e f ) f dz f dy l1+a/2
h.l/(l.-mu‘) Gttslm__rls&"i/(lwu)
x| f (gcy+a—u>~g(y+a—T>>b(u>du|
T ! du|b b . (1.6)
J\ d f dﬁm f ’lL| (u)| Y .
R/ e 6t£|$“7'1sstlf(1pu)
<ec.
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By (3.12) and (3.24) we get

pi/(1-a) dz
Hy<e [ at I mopen

h 6ty <[z —r| <6t/ 7

x [ dylpie—y)llg « by + o)

R1f(1=28)

da
<c f dt f m”‘ﬁ’t”ﬁ”ﬂ*b”z

h

6t<|e—r| <62/ (1 —a)
piti~a)
' dt

<dlbllz f diras oy (14)
h
<e.

Therefore,

(3.25) %f f

6t < [m—r| <t/ (1)

dw’ f ay pi(z ~y)

Xk(y+a,r)g*bly+a) <e forh>1.

Putting (3.22) and (3.25) together and using (3.23) shows that (3.21) holds.
Now this implies that I < ¢. By Proposition 2.1 we get

(3.26) di f log = ()| dz < ¢  forallh>0.

h fz—r| 26t

By Lemma 3.1 we get our result from (3.20) and (3.26). m

THEOREM 3.5. Let a > 1. If 2 satisfies the hypothesis of Theorem 3.4
and

(i) g € L= in case a = 2, and

. =7 : .

(i) |k(z,u) — k(z,7)| < cm if |2~ r| > max(1, 2ju - r|),
then 12 maps B into itself.

Proof. In fact, it suffices by Theorem 3.2 for o = 0, % to show that with

N=glyto—-wdly+a—u),

we have

Nonconvolution transforms ar
( h dt
@ A= [ [ d| [ dypuio—y)
0 jz—r|>6k
X fduk(m—i-a,u)Nb(u)[ <ec,
(3.27) S % g
(b) B = f-t~— f dmlfdy%(m—y)
h jx—r|=6¢
{ X fduk(y+a,r)Nb(u)\5c.

We first show (3.27)(a). We begin by assuming that 0 < h < 1; then

h h
dt dt B
A= [~ f do...+ [ = f de ...=I1 + 1.

0 Gh<|z—r|<6 0 jz—r|>6
By Lemma 3.3(1), Iy < ¢. For the term I we get |y + a— u| > 3 and so
¥{y + a — u) = 1. In order to see (3.27)(a), it suffices to prove that

h dt
(3.28) Il = " f ’f dy pi(z — y)

0 lz—r|>6h,
X f duk(z + a,u)gly +a— w)blu)| < e,

where h; = max(h, 1) and h > 0.
We note that

h
< f% f dm‘ [ walz—-y)
[ || 26z ’

% f du(k(x—l—a,u)—-k:(¢—|—a,r))g(y+a—-u)b(u)

h
+ dt f dalk(z +a,r)|lgx bz + )| = I + I3
0 ¢ | ~r| 26k
By (1.13) of Proposition 1.1 we get II2 < c. Next (disregard the second:
term for h < 1),

h,l“"'“ h
m= [ + [ =In+Iy
0 ;

,1—a

1
But by (ii) and since [z +a—7| > |z —r[ -3 = 6h1 — 3h1 = 2ju—r| we get

h
dt dx N
Il < ch f? f PR [ dulb(u)loc* g(z + o — u)]

pi—e  |o—r|26h
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dt dz
O A e L RN
N <

h
dt 1
< ch/? f - W”%HQ by (1.4)

Now by (1.6) since |z+a—u| > |ota—r|—|ju~r| > 6hy—thi~hy = Bhi—%hy

we get,
(3:29)(&) o *gla+o - u)]
=| [ es)gle+a—u—s) - gle+a—u)ds|

< ct
~z - le-aafz

(3.29)(b) | * g(z+ o — u)|
<o [ lpsllgtata—u—s)—glata-ulds) by

< etz — 7|2 by (1.6) if a = 2.
Now by (3.29)(a} and (ii) as above we get

ifas2, and

hla

dz
II;1<Chf f W’; f du\b(u)!
|z—r|>6h

<c ifa<2.
By (3.20)(b) and (ii) we infer that
L/h
dt dz /91
II11<Chf f W f du|b(u)Hw-'r'|/ tl'/“'
0 6!L5|:r:—-'r|
1/h

dx
<chf A f —————|E_r|3/2£c fora =2,
Gh|m—r|
while for a > 2,
hl—-a hlﬁu
dt dt
Il = ) f de ...+ —t— f dz .
0 Bhy < |z~r|<6eH/ (o) 0 |2z | > 683/ (1)

= ITy1 + g
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By (3.29)(a) and (ii) we get

f]' a.
Iy < ch f -—t f dz |z —r|*~8
0 6h< |z—r|<Bl/ (1)

e

< ch f dite=B/0-8) < ¢ gincea>2>1.
o

Also by (it) we get

h.l il

dt Blu '
My & ch f T f dz f d“| _l(ll)-iajzi%*g(m”i’a—uﬂ
a &~ | 262/ (1-2) gr
h-l u dw
< ch f ) S T“fmallbllzllg* el
|m~r‘i26t1/(1"“) vor
/ w dt
1/2
<l [ ey oy (14)
0

<¢ sincea>1.

This completes the proof of (3.27)(a).
Now to show (3.27)(b), we suppose that 0 < h < 1, and as we estimated
I in Theorem 3.4 we again get

1 1 o0
dt dt dt
h Gt e —r| <6 h lz~r|26 1
= Ty 4 Il + 114 .

By Lemma 3.3(ii), III; < c. For the terms [IT; and IIfs again we get
ly+ o —ul =3 and so 9(y + o —u) = 1. Thus in order to see (3. 27)(b), it
suffices to prove (3.21). We begin with

H

1V = %E f ah:\f dy we(z — v)k(y + a,m)g by + )

ho o jer|268
< ffl—t- f dmw [ dyeulz—v)
- i

h jo—r| 20t

x (k(y + o, r) — k(m+a,r))g*b.(y+a)‘

+ [ [ e ranlecsgxbleta)l=1Vi+IVa.
h |g—r|26t1



40 G. Sampson

By (1.14), IV, < ¢, Next (disregard the first term if h > 1),

pi/(i-a) o
v, = f + f =IVy +1Vys.
h pi/(i—a)

Notice by (3.12) and (3.24) that

T dt t
IVia<e f Y f mmfdyltpn(w“ymg*b(y“’rﬂ)i

plfi—a) = |x—r|>6+
i - dx
e 1/(! )dtf { W]hptlbug - bHZ
piiti—a z—r|>62
o0
dt
S C”bllz f W by (14)
pif(A-a}
<ec.

‘We are left with estimating V11 only when 0 < & < 1. By (3.12) (see
(3.24)) we get

pi/a—a)
dt los(2 — )
IVy <ch i Wl Z Y7
un< ,‘!. : f dz f dy PysE=n f du | ()|
|x—7|=6¢
RAA(A—-0) d
<ech dt — 2 < i
|/ f oS¢ fl<a<2
h |&—r|Z6L
Next,
p1f(i-a) P p1/ih—-a) di
h St glm—r[g6R1 /0 h farmr| @R (L)

=V +1Vy2.
By (1.6}, (3.12) and (3.24),

p1/(Ema)
dt
111 < ¢f ;!‘ -t f ) dz f dy To— e f das |b{u)|
6t |ar| G111 a)
R (wa)
< ch f - di f dm|m—r|""3£c for a > 2.
i Bt <|z—r[<6RY (1=e)

icm
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Next by (3.12) and (3.24) we get
hl/(1~—rl) db
IV ge f —_-L_—L‘

h Lpmri =GR/ (1)

IAYAREEY |
T

e ] J Wllw li2fig = blia

f [~r{zapt/ (18l

pr/G-a

»di dz
<clpliz [ve) J [z — r|irelz

h Je—r|z@nt/(1ma)

[ d dyMig*b(MﬂN

@ — Tll+a/2

by (1.4)

<e.
Finally, we do the case where a = 2:
l/hdt
[ | [ dyele-9)kly+enn) - ke tar)
h Giq Ll
x [ dublu)loly +a—u)—gly+a—r))|
1/h onla
pi(z—y)l
h Btlslx«—rl
x [ dulbla)lloy + o — )~ gy + o — 1)l
by (3.12) and (3.24); but lg(y+ o —w) —g(y +a—r)| <cly - r|1/2R12 by
(i) and (1.6), and therefore, the above is

1/h

dx
< ch1/2 dt —_— < c.
P! |:t.'—-r"1f26t 11: - T|3/2

This completes the proof of (3.27)(b). Putting all these results together, we
get the proof of the theorem. w

As a consequence of the Corollary below we conclude that 12; € R, where
(y, u) = K (y,u)el=4" and K (y, u) satisfies (0.2).

COROLLARY. Let a > 0, a # 1. Then if 1 (y,u) = K(y,u)etlV " where
K(y,u) satisfies (0.2), then
12(NHs <clflls,
where 12 is defined by (0.1).

Proof Most of what we show here is routine; however, there are lots
of things to show. We need to show (1.1), (1.2), {1.3), (1.4){p), (1.5)(p),
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(1.6)(p), (1.7, (2.3), (2.4), (2.10), (2.11), (3.12), (3.13) and (i) and (ii) of
Theorem 3.5.

By Theorem 2.2 of [20] we find that (1.3) holds and by (2.2) of [20] we get
¢ = 1/2/% in (2.10). Thus (2.11) holds when ¢ > 2 and any 8 > 1 works,
while when 0 < a < 2 we need to choose § so that 1 < 8 < 1/(1 — a/2).

Next take

etlyl®
(1 [yl)tmar
By Theorem 5 of [12] we deduce that (1.4)(p) holds (in Examples 7/, &, &
of [17] we also showed (1.4)). Next consider

k(y,u) = K(y,u)(1+ |y~ u))* %" and g(y) =

Bk a ‘ BK t
. —_— = _ — — —afp Pl _ l=a/p
630 3= (1= 5 )K=+ Gy iy
ak a 0K ; ‘
. i e . —af el _ l—a/
a0 g = (1= 2) Koy —u) % + Gy -,

89 ilul® [2) ' I T
(332) 5L = e (1= S) 04 P2+ 1+ e gl

(3.33) V2| < if ly ~ul > 1.

Yy — ujE-e

By (3.30)~(3.33) we conclude that (1.1}, (1.2), (1.5)(p), (1.6)(p), (1.7)(a)
{L.7)(b), (3.12), (3.13), and (i) and (ii) of Theorem 3.5 hold.
To see (1.7)(c), since K satisfies (0.2)(a) and by (0.1}, we infer that
(L7)(c) holds if 2 < |y ~ | < 5. If |y — u| > 5 then |y + 1 —u| > 3 and so
‘Q(yz ‘M) = 'Ql(yﬂ u) - Ql(y + %7“’) y

and now (1.7)(c) follows from (3.33). Hence we get (1.7)(c} for all |y —u| > 2.
In order to see {2.4) note that

Ky, u)(3 + |y — u))'=o/¥
PR

?

K}\(y: ’L&) =

and so again K, (y, u) satisfies (0.2} as long as |y — ul > max(1, 2|A)).
Finally, to see (2.3) we need to check

d
f eleta—u=A"y(|g — | > 5¢7) du
4}
where |A| <t <1, a>1and 8=1/(1 - 2a) < 0. We rewrite it ag

d —
f gz —uto—al® |$ Ut — )\la '

|z — 1+ o — A\a—lx

(2 — ul 2 5t%) du .

[
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Since
Bmuta~ X 2lz—u-1- A

2o~ ul - &z —ul — Ho— ul = Llo - ul,

and since |z —u| > 5¢% and |z —u+a— A|*~! is monotonic in u we conclude
that {2.3) holds. This completes our proof. =
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Ergodic properties of skew products
with Lasota~Yorke type maps in the base

by

ZBIGNIEW 8. KOWALSKI (Wroclaw)

Abstract. We consider skew products T(z,y) = (f(x), To(my) preserving a mea-
stre which is absolutely continmous with respect to the product measure. Here f is a
1sided Marlkov shift with a finite set of states or a Lasota~Yorke type transformation and
T;, i=1,...,maxe, are nonsingular transformations of some probability space. We obtain
the description of the set of eigenfunctions of the Frobenius—Perron operator for T and
consequently we get the conditions ensuring the ergodicity, weak mixing and exactness
of T. We apply these results to random perturbations.

0. Introduction. Let {T;}{_, be a finite family of nonsingular trans-
formations of a probability space (¥, B,p). Given a nonsingular transforma-
tion f of a probability space (X, A, u) and a mapping e from X to {1,...,s}h
we define the skew product transformation

T(may) = (f(2), Te(m)y) .

The purpose of this paper is the description of the ergodic properties of T,
To this end we use our results on eigenfunctions of the Frobenius-Perron
operator for T. The above problem was considered in [10] and [11] where
the transformation f preserves the Bernoulli measure s and the family of
transformations may be infinite.

The paper consists of two parts. In the first part we assume that f is a
L-sided Markov shift preserving the measure y with a finite set of states. In
the second part we assume f to be a general Lasota-Yorke type transfor-
mation, Le. f is plecewise ¢! and uniformly expanding.

PART I

1. Introduction. Let o be the shift endomorphism in & space X C
{1,...,s}" preserving u. The measure p i3 Markov and it is determined by
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