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Topological tensor products of a Fréchet-Schwartz space
and a Banach space

Iry

ALFREDO PRRIS (Valencia)

Abstract. Wo exlihit examples of countable injective inductive limits & of Banach
spaces with compact linking maps (Lo, (DFS)-spaces) such that B ¢dg X is not an induc-
tive limit of narmed spaces for some Banach space X. This solves in the negative open
¢mestions of Biersteds, Meise and Hollstein, As a consequence we obtain Fréchet-Schwartz
spaces ' and Banach spaces X such that the problem of topologies of Grothendieck has
o negative answer for P&, X, This solves in the negative a question of Taskinen, We
also give examples of Fréchet-Schwartz spaces and (DFS)-spaces without the compact
npproximation property and with the compact approximation property but without the
approximation property.

Tn this article we present a negative solution to the following problem
stated in 1976 by Bierstedt and Meise [3]: Let E = ind, B, be an injective
inductive limit of a sequence of Banach spaces with compact linking maps;
i.e., a (DFS)-space. Is it true that B @, X = ind,(E, Q. X'} holds topolog-
ically for every Banach space X7 This question and several partial positive
answers of it are of relevance in connection with weighted inductive limits of
spaces of holomorphic functions with values in a Banach space (see [1]) and
also with vector-valued germs of holomorphic functions defined on compact
subsets of Fréchet-Schwartz spaces (see [2]). The question was formulated
again by IHollstein [G].

If 17 is a (DIS)-space, then its strong dual E} is a Fréchet -Schwarta
space such that (EL), = K. It turns out that the problem mentioned above
is equivalent to a “dual” problem on the projective tensor product of Fréchet
spaces, explicitly mentioned by Taskinen [13]. According to Taskinen [12],
a pair (F, G) of Fréchet spaces is sald to have the property (BB) if every
bounded subset B of F&,G is contained in the closure of the absolutely
convex hull of the tensor product ¢ @ D of a bounded subset C' of F and
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D of G. With this notation, Grothendieck’s problem of topologies [5] asked
if every pair of Fréchet spaces satisfies (BB) and was answered negatively
by Taskinen [12, 14]. Taskinen asked in [13] if, for every Fréchet-Schwartz
space F' and for every Banach space X, the pair (F, X) has property (BB).
In [1, 2.1] it is proved that if £ = ind,, E;, is a (D¥FS)-space, then (£, X) has
(BB) for every Banach space X if and only if F @, X = ind,, (K, ®, X) for
every Banach space X. Accordingly, in this paper we also exhibit examples
of Fréchet- Schwartz spaces that give a negative answer to the problem of
Taskinen [13].

In {2} we proved that if B = ind, B, is a (DFS) such thot the linking
maps are approzimable by finite rank operators, then E @, X = ind,,(E,, @,
X) holds topologically for every Banach space X. This result covers all the
positive answers known before [13], [4].

Our counterexample is constructed as follows. First we show (in Proposi-
tion 1) that a (DFS)-space E = ind,, B, such that E®,; X = ind, (&, ®. X)
holds topologically for every Banach space X must satisfy the compaet
approzimation property; ie., for every compact subset K of F and every
neighbourhood V of F there is a compact operator T on F such that
Tz -z €V for every z € K. In the main part of this paper we construct,
using an example of Szankowski (cf. [9, pp. 107-110]), a (DF$)-space which
does not satisfy the compact approximation property. In Proposition 4 we
use an example of a Banach space with the compact approximation prop-
erty but not the approximation property, due to Willis [15], to construct
a (DFS)-space E = ind, E, without the approximation property but such
that E®. X = ind,,(E, ®. X) holds topologically for every Banach space X.

Our notation for locally convex (Lc.) spaces is standard; see, e.g., Jar-
chow [7], Pérez Carreras and Bonet [10]. If X is a Banach space, By denotes
its closed unit ball. For a l.c. space F, FIN(E) denotes the set of all finite-
dimensional subspaces of E. If E is a Lc. space, Uy(E) and B(E) stand for
the families of all absolutely convex closed O-neighbourhoods and hounded
sets in E respectively. If V' € Uy (E) we denote by py the Minkowski fanc-
tional of V. If E and X are l.c. spaces, and A € X' as well as ¢ ¢ £ are
absolutely convex subsets, we denote by W{4, () the following subset of
E @ X (considered canonically as a subspace of L(X', B)):

W(AC):={z€ E®. X:2(A) c C}.

In what follows we will use the spaces C), (1 < p < 00) of Johnsou as
defined, e.g., in [7] except that we assume Ch=Cy (1/p+1/g'=1). This
amounts to choosing a sequence (Fj,) ey of finite-dimensional Banach spaces
which is dense in the set of all finite-dimensional Banach spaces endowed
with the Banach-Mazur distance and letting €, be the lp-direct sum of
@B, Fr x Dy, Fy- The space O, (1 < p < 00) is reflexive and has a Schauder
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basis {cf. [8]). We recall that a Le. space E is called quasinormable if

YU € Up(E) 3V e Uy(E)Ve>0AB e B(E): V cCceU+B.

Every (DF)-space is quasinormable (cf. [7]). A Lc. space is called quasi-
normable by operators {(cl. [11]) if

YU € Up(l2) AV € Up(B) Ve > 0 3P € L(E, B) :
PV) € B(E) and (I — P){(V) C U

These spaces are thoroughly studied in {11].

PROPOSITION 1. Let E = ind,, By, be ¢ (DFS)-space such that F &¢ X

= ind, (E, ¢, X) holds topologically for cvery Banach space X. Then E

salisfies the compact approzimation property and i is quasinormable by op-
erators.

Proof. We divide the proof in two steps.
Step 1. We show that our assumptions on E imply

YU € Up(E) 3V € Up(E) Ve > 0 3B € B(E) VM € FIN(E)
3Py € L(E, E):

(i) Pu(MNV)cB,

(i) (I—Py)(MN Vycell.

Indeed, we take X := Co. By hypothesis £ ®¢ X is a (DF)-space, hence
quasinormable. Accordingly we have
(1) YU eUy(E) IV elp(E) (VCU)¥e>0 AB ¢ B(E):

W(Bx:, V) C W(BxB)+ eW(Byx:, U).

Given M € FIN(E) we write M = M' & N with N C %ierpv and
M' N ker py = {0}. We select k € N such that for the kth cc.)orc.hna.te Fy, of
X' = (Y we can find an isomorphism T ¢ Fy, — (M V) sat:sfymg'HTH g 1
and [T~ € 2. We denote by iz : (M',pv) = E the canonical 1nc:,1u,s‘1on1
(which ls continuous since py is a norm on M') and we define R : X' — E
by R({2e)ner) = ip(Tag). Clearly R € E}@ X ar\u:l} R e W/(st(a?V).
since || T]| € 1. By (1) we can find § :+ X' — £ with finite rank such that
S e W(Bx,B)and R -8 € eW(Bx,U) ‘ ,

Define Q : M — E by Qe +y) = S(i(T™(2))) for z € M, y € N,
where 7, ¢ Fy — X' is the canonical inclusion. If a € M ﬂ_V and ¢ = b+ e,
be M.ce N ¢ kerpy, then py(b) < 1; hence [T (b)|m, £ 2 and
s (T=L(b)) € 2Bx:. Accordingly Q(M NV) < 2B, since 5 € W(Bx:, B).
On the other hand, if z =2y 23 € M NV, 21 € M', 220 € N, we get

&~ Qz =z — S(p(T " (21)) = (R = $) (T (@1))) + z2 € 26U
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To conclude, if Py is any continuous extension of ¢, we have obtained
(i) and (ii).
Step 2. First we show that E is quasinormable by operators, i.c.,
(2) YU €Uy(E) 3V € Up(E) Ve > 03P € L(E,E):
(a) P(V)eB(E),
(by I-P)YV)cel.

To see this define J := FIN(F) and consider any ultrafilter D on J comtaining
the filter generated by the natural order of J. We apply our first step aud
define P : E — F by setting P(z) := limp P,{z), the limit taken for those
i € J such that x € ¢. Since B is compact in E, P(x) is a well-defined
element in B and (i) and (ii) of Step 1 now imply conditions (a) and (b). In
‘particular, it follows from (a) that P € L{E, E).

We finally check the compact approximation property. Given U & Uy(F)
and K € B(E) we apply (2) to find V € Us(E) and we select & > 0 with
eK C V. Again we apply (2) for this ¢ > 0 to find P L{E, E) will
P(V) € B(E), which implies that P is a compact operator and if » € K,
ez € V, hence (I - P)(ezx) € el; le, z —~ Pz € U. This completes the
proof. =

We construct now a (DFS)-space without the compact approximation
property. To this end, we recall the necessary notations and facts from 9,
Section 1.gj.

Let 1 < p < 2 and let X be the space of all sequences z = (w4, 25, 2,...)

so that

> B2y 1/p

el = (2 3 (X)) < oo,

n=2BeA, jEB
where A, is a suitable partition of o, 1= {2m,2™ 4 1,,, ., 27+l 1} {see
19, 1.g.5]). It is easy to see that a fundamental system of absolutely convex
compact subsets in X is given by {K(a) : @ = (o0,)%%, converges to 0,
oy, > 0,n=4,5,...}, where

Kla)={ze X |lrp(@) <on n=145,.1}

and vy (2) 2= (0,...,0, 20, Tyer,.. ), m o= 4,5, ... We denote by {e;}i,
the unit vector basis of X and by {e}}32, the corresponding biorthoﬁdnal
functionals in X’. We let Z be the closed subspace of X spanned by the
sequence

Ti 1= €2i — €241 + €4i + B4it1 T €dipn + Eagpn,  t=2,3,...

Now it is possible (see [9, L.g.4]) to find a sequence {Fp}nen of fnite subsets
of Z such that, defining 2} := J(e}; — e}, 1) € Z/, the following holds:
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(1) 2/ () =1, §=2,3,...,
(ii) 1B (1) = B3 (1) < sup{|Te|: 2 € Fu}, forn=1,2,..., and for
every T': 2 — Z linear, where 3(7) := 0 and

Bul(T) =27 %" 2t (Tz),

i€my

n=12...,
(iii) 3o v < 00, where v, = sup{|jz/| : @ & F,.}.

THROREM 2. There are (DFS)-spaces and Fréchet-Schwartz spaces with-
owt the compuat approzimation property.

Proof Let {, }neu be a sequence of positive numbers tending to oo so
that o= 370 Have < 00, and put K == {0} U |S2, () "4 Fy,. Clearly,
K is a compact subset of Z. Take a decreasing sequence o' = (al)%, of
positive mumbers which converges to zero such that X' C & := K(al) N 2.
Find another decreasing sequence a? = (a2)S2, convergent to zero with
limg vy /gy oy = 0. Defining Ky = K(a?) N Z it follows easily that K, is
a compact subset of Zg, (the linear span of Ay endowed with the norm
associated with the Minkowski functional of K3). By induction we find a
seuonce {w”}nem of decreasing sequences convergent to zero such that

- |
(1) 11;111 Clg;ﬁg 0.

We put Ry, := K(e™)N Z and E = ind, Zk, , which is a (DFS)-space.
Clearly the natural inclugion E — Z is continuous. If E has the compact
approximation property then, in particular, for every & > 0 there exists a
compact operator T in E guch that

(2) sup{|Te —z| 2 e K1} <e.

By (i) and the definition of K, B(9) := lim, §,(9) exists for every
S e L(E E) and
(3) B(8)| £ Csup{[|Sz] : = € K}.

Obwviously, by (i), if I is the identity operator on E, then 8.(I) = 1,
n & Ny thus (1) = 1. Let us see that F{T) = 0 for every compact operator
T in J; that implies

sup{|Tz — o s 3 € K} 2 OB - T) = C7,

which contradicts (2} for ¢ < C'~!. To do this, if T is a compact operator

in B, there are n € N and M > 0 such that T(K,+1) C MK, Since

%afﬁﬁﬂgzi € Kp.1 by definition of z; and K41, the element y = (y;)52, :=
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T( %oyt z:) belongs to MK, and we have

n+1 ' "
|z (Tz)| = L (T(%ﬁz))i _ 6 lya pa
7 1 - +l ~p i = n-{-]‘
443 6 agipy | 2 2
3 6Maf, o
< oy (lyas] + [y2i4a]) < ot 2,3,...
di43 A4 43

Therefore, by (1), lim; 27 {Tz) = 0 and we obtain (1) = 0, concluding
that F does not have the compact approximation property.

The dual F' = E] is a Fréchet-Schwartz space which does not have the
compact approximation property. =

As a consequence we obtain the negative solution to the problems of
Bierstedt, Meise, Hollstein and Taskinen.

CoROLLARY 3. (1) There are Fréchet-Schwartz spaces F such that (F, X))
does not have property (BB) for some reflexive Banock space X with Schau-
der basis.

(2) There are (DFS)-spaces E = ind,, E,, such that E®, X = ind, (B, &,
X) does mot hold topologically for some reflexive Banach space X with
Schauder basis.

According to Proposition 1 and the positive result [2, Theorem 1], men-
tioned in the introduction, it is a natural question whether a (DFS)-space
E = ind, £, such that £ ®, X = ind,(E, ®: X) holds topologically for
every Banach space X must satisfy the approximation property. The an-
swer is negative.

PROPOSITION 4. There are (DFS)-spaces E == ind,, B, without the ap-
prozimation property for which E &, X = ind,,(E, ®¢ X) holds topologically
for every Banach space X.

Proof. By Willis [15] there are Banach spaces Z without the approx-
imation property having the compact approximation property. Then there
is an absolutely convex compact subset Ky of Z such that the identity [y
of Z cannot be uniformly approximated on K by finite rank operators in
Z. Since E has the compact approximation property, there is a sequence
{Pn}nen of compact operators in Z such that

Ros=(Iz - P)(K1) € 5Bs  WneN.

Now take an absolutely convex compact subset Ky of Z which satisfies
(1) Upen((n/2")Bz NnK.,) C Ko,

(ii) Yn e N 2A, > 0: P,(Bg) C Ap Ko,

(iii) the natural inclusion Zg, ~+ Zg, is compact.
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From this we oblain

(a) p?‘,.”l(f{g) & ZA'()(Z),
{b) (Iz — PL)(R7Y) C (1/n) Ky, ¥n e N.

Proceeding by induction wo construct a sequence {I, e of absolutely
convex compact subsets of Z such that, for every n € N,

(1} Zge, o=+ &y, 1y I8 compact,

(2) thore iy a sequence {Q% }nen of compact operators in Z with
(a) (Q)" (Koy1) € Uo(2),
() (L =~ Q)(K) € (LK) Ko, Vh € N,

We define B, = Zy, and E = ind, E,. Clearly E is a (DFS)-space
without the approximation property (see e.g. [7, 18.5.8]). On the other hand,
it is casy to sec that (2) above hmplies that the injection from B, into
Ly can be approximated in the operator norm by restrictions to B, of
continuous linear maps from ¥ into Z,.5. Now the proof of [2, Theorem 1]
shows that E 6o, X = ind,(E, ®, X) holds topologically for every Banach
space X. m

CoroLLARY 5. There are Fréchet -Schwartz spaces and (DFS)-spaces
which have the compact approzimation property but not the approzimation
property.
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Properly semi-/-embedded complex spaces
by

ANGEL RODRIGUREZ PALACIOS {Granada)

Abstract. We prove the existence of complex Bapach spaces X such that cvery
element F' in the bidual X™ of X has a unique best approximation w(F) in X, the
equality [F|| = [lr(F)|| 4 |[F - #(F}|| holds for all F in X**, but the mapping = is not
Tinear,

L. Introduction. Semi-L-summands were introduced by A. Lima [8) in
connection with his study of subspaces of Banach spaces having the so-called
“2-ball property”. A semi-L-summand of a Banach space X is a subspace
M of X such that every element  in X has a unique best approximation
m{x) in M and the equality ||z| = |7 (2)| + ||z = = (z)|| holds for all z in X.
If in addition the mapping « is linear, then Af is said to be an L-summand
of X, while otherwise M is called a proper semi-L-summand of X. A semi-
L-embedded (respectively: L-embedded, properly semi-L-embedded) space is
a Banach space X which is a semi-L-summand (respectively: I-summand,
proper semi-L-summand) of the bidual X** of X.

Real Banach spaces containing proper semi-L-summands are exhibited
in the quoted paper [8]. The casiest exaruple is the space of all real-valued
affine functions on the triangle, the set of constant functions being then a
proper semi-L-summand. Nonreflexive real or complex L-embedded spaces
are also well known: 1y, the preduals of infinite-dimensional von Neumann
algebras, and, more generally, the prednals of nonreflexive JBW*-triples [2]
are exainples of such spaces, and a complete information about them is
to he found in [7]. Recently R. Payd and A. Rodriguez [11] have proved
the existence of properly semi-L-embedded real spaces, the easiest example
heing the space of all real-valued continuous affine functions on a countable
infinite product of copies of the triangle. More recently E. Behrends [3] has
shown that a compact convex subset K of C? with the property that f(X)
is a disk for every linear mapping f : C? — € need not have a center of
symmetry, a fact which is equivalent to the existence of complex Banach
spaces containing proper semi-L-summands [12].
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