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0. Introduction. The study of curves of genus 2 and their Jacobians
is rapidly becoming more constructive in nature. An explicit embedding of
the Jacobian variety has been described in PY for the case when there is
a rational Weierstrass point [10], and in P!5 for the general situation [7].
The defining equations have been determined in a manner which preserves
the arithmetic information of the original curve, and a number of additional
structures concerning the Kummer surface [8], the formal group [7], [10] and
the global group law [8] have been made both constructive and computable
in practice.

The most glaring gap in the constructive literature is the lack of a viable
and widely applicable procedure for determining the rank of the Mordell-
WEeil group of the Jacobian. The motivation for such a procedure is con-
siderable, as there is a large body of general theory and conjecture which
has so far existed in a vacuum. For example, theorems of Chabauty [5]
and Coleman [6] (relating the rank of the Jacobian to finding the ratio-
nal points on the curve) have not so far had an opportunity to be applied
(apart from conditional bounds on the number of solutions to the Fermat
curves in [11]); the higher dimensional analogues of the conjectures of Birch
and Swinnerton-Dyer have not had a chance to be tested; branches of the
Mathematics of Computation (such as the search for large rank) have so far
been restricted to elliptic curves. Apart from the new classes of Diophan-
tine problems in genus 2 which could be solved, there is also the reasonable
chance that a constructive genus 2 theory will serve as a testing ground for
developing more general explicit structures for curves of any genus.

The best attempt so far is due to Gordon and Grant [9], which de-
scribes a complete 2-descent. This applies to the Jacobian of any curve of
the form:

V2= (X —a))(X —a)(X —a3)(X —ay)(X —as), a;€7Z.

The author thanks SERC for financial support.
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The problem here is that this severe arithmetic restriction on the curve
forces up the number of primes of bad reduction: no such curve has < 3 bad
primes and only a few have < 4 bad primes. As a consequence, we find that,
apart from a tiny handful of examples, the number of homogeneous spaces
to be checked becomes large. Only two examples were computed in [9] and
significant enhancements will be required before the strategy in [9] can yield
more than a few additional ranks.

We overcome this difficulty by developing a technique applicable to
curves of the form:

(%) C:Y? = q1(X)qa(X)gs(X)

where the ¢;(X) are quadratics with coefficients in Z. It is straightforward to
compute many curves of this form with only 2 or 3 bad primes (for example
the infinite family of curves: Y2 = p(X?2 + 1)(X? + 2)(X? + 2X + 2) has
bad reduction only at 2, 5 and p), and so the technique can be expected to
produce substantial rank tables. We illustrate this by deriving ranks of a
selection of curves in Section 3, and indicate how many can reasonably be
expected in the near future as enhancements are introduced. The technique
employed will be descent by 4-isogeny, which is analogous to descent by
2-isogeny on an elliptic curve. An unexpected bonus (which significantly
eases the computations) is that the isogenous variety is also the Jacobian of
a curve of the same type, given in Section 2; this feature is discussed in [1]
in a different context.

In Section 1, we present results which are a well known and elementary
part of the classical theory of elliptic curves (descent by 2-isogeny), but in
a manner somewhat different from the standard textbook treatment such
as that in [4], [12]. Specifically, we use a particular P? embedding (relating
to the eigenvectors of a translation map) of the elliptic curve which allows
the underlying linear algebra to be exploited, simplifying and motivating
both the isogeny and the twisting of the curve to obtain the homogeneous
spaces. In Section 2 we present the analogous structures on the Jacobian of
a curve of genus 2 of the form (x), including a concise description of a group
L? which lies above the Selmer group and assists in computing the rank.
Section 3 illustrates the technique with a selection of worked examples for
which the rank of the Jacobian is determined. A fringe benefit is that, in
the rank 0 case, it is easy to find all Q-rational points on the original curve.

1. Descent via 2-isogeny on elliptic curves. The results in this sec-
tion are well known; however, we still suggest that a perusal will assist even
the well informed reader, as the presentation of Section 2 will closely imitate
the format and style of this section. The purpose of this section is to present
a slightly unorthodox development of descent via 2-isogeny on elliptic curves
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using a P3 embedding of the curve, which allows some of the underlying lin-
ear algebra to be exploited. The presentation will be entirely elementary in
spirit; in particular, we bypass any mention of cocycles, cohomology and so
on. We also introduce a group L? which lies above the Selmer group and
enhances the computation of the rank. The emphasis will be on formulating
structures in a way which is highly amenable to generalisation to higher
dimension.

For a general elliptic curve C : Y? = X3 + aX? + bX + ¢ (a,b,c € F
of characteristic # 2, discriminant of C # 0), we define J(C) to be the
embedding of the curve in P? given by a = (ag..3), where ag, ai, as, az are the
functions 1, X, Y, X2, respectively (we shall often use (a;. ;) as a shorthand
notation for the column vector with entries a;, ait1,...,a;). See [12], p. 27,
for a brief discussion of the geometric properties of this embedding. This
has the structure of an abelian variety with defining equations given by a
pair of quadratic forms: a? = agas; a3 = ajaz + aa? + baga; + ca?, and
group law given by a biquadratic map. We now assume that our curve has
a rational point of order 2, which can be taken to be at (0,0). From now on,
the curve C will be taken to have the form

(1) C:Y?=X(X?4+aX+b), b#0,a>—4b#0.

The key advantage of embedding into P3 (rather than the usual P?) is that
addition by (0,0) induces a linear map on the curve. In terms of the coordi-
nate functions, addition by (0, 0) gives 2 +— b/z, y — —by/z?, which induces
the following linear map 7 on J(C):

0 0 0 1
0 b 0 O
= 0 0 =b O
¥ 0 0 0

Note that T2 = b%l,, and that T has F-rational eigenvalues: b, —b, each
occurring with multiplicity 2. We therefore perform a change of basis to

0 —I
The resulting embedding of the curve provides a better foundation for con-
structing twists and isogenies.

. . . 1
new functions: vg, v1, v2,v3 so that T" becomes diagonalised as b ( 2 0 >

DEFINITION 1.1. Let C be as in (1). Define J = J(C) to be the embedding
in P3 given by v = (vg.3), where vg,v1,ve,v3 are X2 +b, X, X? -0, Y,
respectively. For any (z,y) on C, we let |x,y| denote the corresponding
vector v € J. The defining equations of J are

(2) A:vd=v]—4bwi, B:vi=uvov; +avi.
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With this embedding, the identity, O = |oo], the rational point of or-
der 2, @ = |0,0], and the translation-by-a map, T, : v +— v + «, have the
form

1 1
0 J2 0 J2
O: = . R = = . s
1 (32> R <—J2>
0 0
(3)
Vo
v Vo
= | = ()
Iy

where jo = ((1]) We now discard our original J(C) entirely, and exclusively
use J = J(C) of Definition 1.1 as the embedding of the curve for any curve of
the form (1). An immediate benefit of using J is that we can instantly write
down a spanning set of all quadratics in v invariant under T,. Namely, all
quadratic monomials v;v; where v;, v; lie in the dual of the same eigenspace;
these are: v3, vov1, v%, v3, vavz and v3. However, the defining equations (2)
give two linear conditions on these monomials so that we may discard v?
and v3. The map 7 from v to the member of P? given by the remaining 4
monomials clearly satisfies 7(v + a) = 7(v), and composing 7 with a linear
adjustment creates a 2-isogeny from J(C) to J = J(C), where C is described
in the following lemma.

LEMMA 1.2. Let M, U, 7, ¢, <$, C be as follows:

202 8ab 2(2b—a?) 0 17 0 —-15 0
a 4b —a 0 0 8 0 0
M= 8 8ab —4b 0]’ U= -15 0 17 0|’
0 0 0 4b 0O 0 0 4
(4)

- (’Uo..1> s <'UOU0..1> 7 ¢ =Mr,
V2.3 V20V2..3
6=UMr, C:Y?=X(X2+aX+Db),
where @ = —2a and b= a2 — 4b. Then the following hold:
¢:J J, g/zgt J r—i\J are 2-isogenies.
ker ¢ = {0, a}, kerop = {O, a}.
(i 5 chp=pod=1[2.
(iv) (| (—a = V0)/2,0]) = &, (| (—a+4v5)/2,0]) = . =

We now assume, for the rest of the section, that F = Q, so that we may
take a,b € Z. The following two lemmas construct the usual injection from

J(Q)/¢(J(Q)) into Q*/(Q*)>2.



Descent via isogeny in dimension 2 27

LEMMA 1.3. Let w € J(Q). Then there exists a unique d € Q*/(Q*)2
such that every v € ¢~ *(w) is defined over Q(v/d). When d # 1 this gives
the existence of v such that:

(i) {v,oa(v)} = ¢~ (w),

(ii) T (V) = 04(V), where o4 represents conjugation in Q(v/d).

Proof. Definer = M~'w, d = ry/rg. Then

Comero (o)
LEMMA 1.4. Let ¢ : J(Q)/d(T(Q)) — Q*/(Q*)? : w + d, where d is

as in Lemma 1.3. Then 1) is a well defined, injective homomorphism, and

b= (@) € imip.

Proof. Let ¢ be the same map, but defined on j(@) Let w/ =w+w
on J7(Q), and v € ¢~L(w) over Q(v/d), v/ € ¢~L(w') over Q(v/d). Then
v/ =v 4+ v € ¢ (w") is over Q(v/d,V/d'). Under the action vd — —/d,
Vd — —/d', we have v — 04(v) +oq (V') = To(v) + To(v') = V", giving
that v/ € Q(+v/dd'). Hence, p(w") = dd’, and so ¢ is a homomorphism from
J(Q) to Q*/(Q*)2. Clearly ker ¢ = ¢(J(Q)), hence the induced homomor-
phism ¢ on the quotient is injective. m

It is easy to check that the map v is the same as the usual “z-coordinate”
map; that is, if w = | Z,7] € J(Q), where (z,) lieson C, then d = ¢(w) = &
in Q*/(Q*)%. The advantage of the above approach to Lemmas 1.3, 1.4 (and
Lemma 1.5 to follow) is that it both is elementary and does not require
properties special to elliptic curves; these features increase amenability to
generalisation to higher dimension. In the same spirit, the finiteness of im
can be demonstrated using only a reduction mod p argument.

LEMMA 1.5. Let 8§ = {p: p|b(a®? —4b)} U{2} = {p1,...,pr}, and Q(8) =
{£p7" ... P 1 e; = 0,1} <Q*/(Q*)*. Then imy < Q(8).

Proof. Suppose otherwise, that there exist d € im, p € 8, such that
p|d. Then there is a w € J(Q) with ¢(w) = d, and so (by the definition of
), there is a pair v, 04(v) € J(Q(Vd)) with 04(v) = v+a. Write v = (vo..3)
so that max;|v;|, = 1. Since p € 8, p is a prime of good reduction and we
let ~ represent the reduction map from J(Q,(v/d)) to J (F,). Since |v/d |, <

1, 04(v) = (04(vo.3)) = (Vo.3) = v. Hence, v = 04(v) = v+a = v + q,

and so a = O, contradicting the fact that p is a prime of good reduction. m

As usual, the above lemmas immediately give the weak Mordell-Weil
theorem.
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THEOREM 1.6. The groups j(@)/d)(j((@)), J(Q)/@(JA(Q)) and
J(Q)/2T(Q) are finite.

Proof. The finiteness of J(Q)/¢(J(Q)) and J(Q)/d(J(Q)) is imme-
diate from Lemmas 1.4, 1.5. The finiteness of J(Q)/27 (Q) follows from the
usual exact sequence:

0 {0,a} — F(Q)/6(T(Q) > T(@)/27(Q) — T(Q/HF Q) — 0. =

To find 7 /¢(J(Q)) in practice, we construct, for each d € Q(S), a ho-
mogeneous space Jy/Q, isomorphic to J over Q(v/d), which contains a
Q-rational point if and only if d € im. A further advantage of our choice
of embedding J now becomes apparent, as we find that the processes of
twisting J and constructing Jy are immediate.

DEFINITION 1.7. Let twy : v — 2z, where z9.1 = vg..1, 22..3 = UQN3/\/g.
Then twy is an isomorphism from J to the homogeneous space [J4, whose
defining equations may be obtained simply by substituting vy = zg,v1 =
21,09 = Vdza,v3 = Vdzs into (2):

(5) Ag:dzl =22 —4bz3,  By:dzs = 202 +azl.

We define: S§ = {d : Ja(Qy) # 0}, S =, Sy, with ), over all primes
including oo.

THEOREM 1.8. imv¢ = {d : J4(Q) # 0}.

Proof. Let d € im so that (by definition) there are w € J(Q), v €
J(Q(Vd)), with w = ¢(v) and oyq(v) = To(v). Let z = twy(v). Then

_( oalvo.1) . oa(vo..1) B T (vo..1) _
oa(z) = <Jd(U2.A3/\/g)> a <—0'd(v2..3)/\/a> B <—Ta(vz..3)/\/3> T
Hence z € J4(Q), giving Ju(Q) # (. Conversely, if z € 7;(Q) then taking

v=tw;'z, w=¢v)= M( “0%0..1 ) e 7(Q)

dz922. 3
clearly gives d € im . =

By way of comparison, using a P? embedding generally involves an ad
hoc calculation on C to compute the inverse of tw, (for example [12], p. 294),
whereas in our case this is immediate. If we wish, we can obtain the affine
piece z; = 1 by substituting By : 20 = dz3 — a into Ay, giving the more
common version of Jy : dz3 = d*25+az3 +b in affine 2-space; this introduces
a singularity at infinity. Our form of J; has the advantage that it is non-
singular, so that Hensel’s Lemma is more easily applied in calculating S®.
A second advantage is that the first equation A, defines a projective variety
(containing J; as a subvariety) which simplifies the resolution of 7, for some
choices of d.
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DEFINITION 1.9. L = {d € Q(8) : Aa(Qp) # 0}, L? =, LY.

THEOREM 1.10. Fach Ay satisfies the Hasse principle, so L ={dcQ(8) :
Aq(Q) # 0}. The set L? is a group, S® < L?, and the following are equiva-
lent:

(i) d e L?.

(ii) There exists an element, o, of norm b in Q(\/d).

(iii) (b,d)p, = 1 for allp € 8, where (, ), is the norm residue symbol in Q,.
(iv) There exists an element, o', of norm d in Q(v/D).

Proof. The equivalence of (i), (ii), (iv) is immediate from the defining
equation Ay, and it is well known and elementary that the Hasse principle
is satisfied and that (ii)<(iii). The fact that L? is a group follows from
criterion (iv). m

As illustration, consider C? : Y2 = X3 + pX , CP : Y2 = X3 — 4pX,
p=3or5 (mod 8). The bad primes are § = {2,p}, and the only members
of Q(8) which can occur as norms in Q(,/p) are L? = {1, -2, —p,2p} (p = 3)
and L? = {1,~1,p, —p} (p = 5), which combined with Lemma 1.2(iv) gives
{1,-p} < imy < L%, where |L?| = 4. Similarly, {1,p} < imQAS < L% =
{1, p}, for both of p = 3,5. Hence, the rank of CP has been bounded above
by one, merely by considering norms in Q(/p) and Q(y/—p). If, in addition,
we have a point of infinite order (such as (1,2) when p = 3) then the
rank has been shown to be 1 without requiring the calculation of a single
homogeneous space J3. Even when we do not have such a point, the initial
calculation of L? and L? significantly reduces the number of homogeneous
spaces Jy to be checked.

2. Descent via 4-isogeny on the Jacobian of a curve of genus 2.
For a general curve C : Y2 = fs X% 4+ ...+ fo, of genus 2 (f; € F of
characteristic # 2,3, 5, discriminant of C # 0), we let PicO(C) denote the
Picard group of C; that is, the group of divisors of C of degree 0 modulo
linear equivalence. It is convenient (following [3]) to represent any element
of Pic’(C) by an unordered pair of points {(z1,1), (z2,y2)} on C, where we
also allow +00, —oco to appear in the unordered pair. This representation is
unique except that we must identify all pairs of the form {(z,y), (z,—y)}
to give the canonical equivalence class, which we denote by O. As a group,
the Jacobian may be identified with Pic’(C). Let ©F, @~ be the images
of C in the Jacobian via the embedding P — P — (+00), P — P — (—00),
respectively. We may give the Jacobian the structure of a smooth projective
variety J = J(C) by an embedding a = (ag..15) in P'°, where aq, . .., a5 are
a basis for £(2(©T +67)). Such a basis is in [7], where ao, . .., a5 are given
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as explicit symmetric functions (10 even and 6 odd) in the points (z1,y1),
(z2,y2). The embedding is defined over F and so members of the Mordell-
Weil group—that is, pairs {(z1,y1), (z2,y2)} where the points are either
both defined over F or are conjugate over F and quadratic—correspond
to points in J(F). The embedding J in P*® is analogous to the embedding
(1, X,Y, X?) for an elliptic curve. The defining equations are 72 quadratic
forms in ag,...,a15, and these are listed in [7], Appendix A. We do not
reproduce ag, . .., a5 here, as we shall soon (as in §1) apply a linear change
of basis to replace J with an embedding J better suited to developing
isogenies.

The 16 points over the closure of F which are 2-torsion are O together
with the 15 divisors in Pic’(C) of the form {(z1,0), (x2,0)}, where z1, xo
are distinct roots of the sextic f6X% + ...+ fo. Any F-rational quadratic
factor of f6X% + ...+ fo therefore corresponds to a rational point of order
2 in J(F). From now on, the curve C will be taken to have the form

(6) C: Y? = q1(X)q2(X)gs(X), where ¢;(X) = [i X2+ ¢ X +h;,
fisgihi € F.

We shall require that A, b;;, b;, and J; are non-zero, where

bij = resultant(q;(X), q; (X)),  b; = bijbir,

hi g1 f1
52’ = dlSC(qZ(X)) y A = h2 gz f2 .
hs g3 f3

The requirements b;; # 0, b; # 0, d; # 0 are merely a restatement that the
discriminant of C should be non-zero. The additional requirement A # 0
will ensure that the isogeny to be described is non-degenerate. Note that
bz = b1bsy in Q*/(Q*)?; the group {1, by, bz, b3} in Q*/(Q*)? will perform an
analogous arithmetic role to that of {1,b} in Section 1.

Let T; denote translation by the rational point of order 2 in J corre-
sponding to the quadratic ¢;(X), namely

(o) (e o)

Then T3,T5,T5 are 16 x 16 matrices over F (see [8]). The set of affine
matrices I, Tl, TQ, Tg, satisfy Tk = (bk/bzbj)Tsz = (1/b?J)T1T2, ,‘Tiz =
b2I, and T;T; = T;T;. The matrix T; has the F-rational eigenvalues b;,
—b;, each occurring with multiplicity 8. Commutativity implies that we can
simultaneously diagonalise, say, 71 and Ty (after which T3 = (b3/b1b2)T1T5
is also diagonalised), so that I, %Tl, éTg, éTg become




Descent via isogeny in dimension 2 31

Iy 0 0 O Iy 0 0
0 I, 0 O 0 Iy 0
0 0 I, 0|’ 0 O 0
0 0 0 I4 0 0 -1y
Iy 0 O 0 Iy 0
0 -1, O 0 0 —I4 0 0
0 0 I, O ’ o o0 -—-I,b 0’
0 0 0 -1 0 0 0 Iy

respectively, where I, represents the 4 x 4 identity. We now replace the basis
(ao..15) with the new basis (vg._15) on which the 7T;’s have the above diagonal
form.

DEFINITION 2.1. Let C be as in (6). Define J = J(C) to be the em-
bedding in P1° given by v = (vg..15), where vy, ..., v15 are as in Appendix
A. For any divisor {(z1,y1), (z2,%2)} in Pic’(C), we let |(z1,11), (x2,v2)]
represent the corresponding vector v € 7.

A computational tool available here, which was not present in the elliptic
curve situation, is the invariance of C under the action of the permutation
group S3 on the quadratics ¢;(X), which induces a natural action on all of
the objects described so far, including the coordinate functions vy, ..., v1s.
The induced action may be described completely by observing that it is
simply the natural action on the indices of ¢;(X), bi;, b;, d;, ; and T,,,. The
action may be extended to vy 15 by taking vy to be invariant, and identi-
fying {1, 2, 3} with {1)1, V2, Ug}, {1)4, Vs, '1)12}, {1)5, Vg, 1)13}, {1)6, V10, 1)14} and
{v7,v11,v15}. This can be made to be the natural action on the indices by
expressing the functions as vy, v;, V4, V1+44i, V2444, U3tai, for ¢ = 1,2,3.
Note also that A — —A under an odd permutation and is invariant un-
der an even permutation. This action simplifies the handling of the defining
equations of 7, since the variety is invariant under the action. For exam-
ple, there is a set of 20 equations in the even functions which perform an
analogous role to equation A in (2) of Section 1. We can encode these as 6
equations in 4, j, k, each representing the orbit under the action of S5 on the
indices:

A(l) : bZ](U? — U%+4j) = bzk(vlz - v%+4k) )
A®) . 4b;v;V144; = V4;Vak — VoU4;

A® by (02 4ot y) = 0+ v — ol — ok,
AW 2005 = vovk + VRV

A(B) : Qbi]‘U1+4Z”U1+4j = VoU144k + VpV4ik ,

6) . _
A©) 2 2b 01 405 = —va08 — VajVL4aE -
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The number of independent equations in each of the above orbits is:
AW =2, |AM| =3, for n = 2,...,5, and |A®)| = 6, giving a total of 20
equations represented.

With this embedding, the identity, O, the rational points of order 2,
0 = [ (255, 0), (S50
1 =1,2,3, are given by:

,O)J, and the translation-by-o; maps T, for

@) o1 Qo Qs
Ja Ja Ja Ja
Ja Ja —Jja —Ja
ja |’ —ja |’ ja |7 —ja |’
Ja —Ja —Jja Ja
(8)
To, (V) T, (V) Ty (V)
0..3 V0..3 0..3
V4.7 —V4..7 —V4..7
—Usg..11 ’ Ug..11 ’ —vg.11 |’
—V12..15 —V12..15 V12..15

1
where j4 = ( 8 ) We now discard our original J(C) entirely, and exclusively
0

use J = J(C) of Definition 2.1 as the projective embedding of the Jacobian
for any curve of the form (6). Note that the block of functions (v, 3) invariant
under {I,7T,,,Tu,,Twn,} are all even (and are analogous to the (vg. 1) of
Section 1); the remaining eigenspace blocks vy, 7, vs. .11, v12..15 each contain
2 even and 2 odd functions.

We now fix one function in (the dual of) each eigenspace: fix vy, v4, vs,
v12, say, we can multiply each of these by the 4 functions in its eigenspace
to give vgvg..3, V404, 7, UgVs. .11, V12V12..15- Lhe map 7 from v to the member
of P15 given by these 16 functions clearly satisfies 7(v + «;) = 7(v), and
composing 7 with a linear adjustment creates a 4-isogeny from J(C) to
j =J (CA) where C is described in the following lemma.

LEMMA 2.2. Let M, ]\/4\, U be as in Appendiz A. For any two polynomials
p(X), Q(X>a let [ 7Q] denote [p/q _pq/]a and let T, ¢7 ¢> Z]\iv C, bija bi: (51 be
as follows:

V00..3

TV ! , ¢=Mr, o¢=UMrT,
UgVs..11
V12V12..15

@ =leal, @=gaal, 6=I[q el
(

o~

bij = res(in(X),qu(X)), Ez :gij/b\ikv



Descent via isogeny in dimension 2 33

o~ o~

Then &; = bk, bjr, = 0; in Q*/(Q*)?, and the following hold:
()¢p:T—T,d:T— T are d-isogenies.
(H) 1/(\61‘¢ = {073170527053}7 ker(g: {@7 a17a27a3}'
(iii) pop =pod = [2].

. —g; £ /05 —gr £ V0 S
o (F2720) (5 0) ) -
((Z ) (F)

o ——F,0),( ——=——,0 =q;. m
2f; 2 f

The original conditions: b;; # 0, §; # 0, char(F) # 2 guarantee that
all of the above matrices mentioned so far have non-zero determinant, and
so are well defined maps on P'®. The isogeny from J to J, computed in
this case by algebraic experimentation, turned out to be the same as an
isogeny of Richelot, recently publicised [1] by Bost and Mestre in a different
context. We now assume, for the rest of the section, that F = Q, so that
we may take f;, gi, h; € Z (and so b;j,b;,0; € Z). The following two lemmas
construct an injection, analogous to that in Section 1, from j(@)/(b(j(@))
into (Q*/(Q*)?)2, where (Q*/(Q*)?)? represents the product with itself of

LEMMA 2.3. Let w € j((@) Then there exists a unique pair (di,ds) €
(Q*/(Q*)?)? such that for every v € ¢~ Y(w), the sets {v}, {v,Ta,(V)},
[V, T, (V), Ty (v), Ty (V)} are defined over Q(Vr, V), QWV), Q, re-
spectively (i = 1,2,3, d3 = dyds). When dy # 1, do # 1, d3 # 1, this gives
that:

(1) {Vv 0d, (V)’ 0d, (V)a Odg (V)} = ¢71 (W)’
(11) Tai (V) = 0d; (V)a 1=1,2,3,
where o4, represents conjugation in Q(v/dy,/da) over Q(\/d;).
Proof. Let r = M ~!w, as in the proof of Lemma 1.3, taking d; = v4/vo,
d2 = 1}8/1)(). ]

The explicit derivation of (dy, d2) is computationally useful, since there is
not a simple function on C which performs the function of the z-coordinate
on elliptic curves.

Lemma 24, Let ¢+ J(Q)/#(T (@) = (Q°/(Q)) : w > (di,da),
where the ordered pair (di,ds) is as in Lemma 2.2. Then v is a well defined
injective homomorphism, and (blzblg, blg), (blg, b12b23), (blg, b23) S 1m1[)

Proof. Identical in nature to that of Lemma 1.4. The given points in
im are (using Lemma 2.2) the images of @y, asg, a3, respectively. m
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LEMMA 2.5. Let § = {p : p’Ab1b2b3(515253} U {2} = {pl...pr}, and
Q(8) = {£p" ... pir} < Q*/(Q*)*. Then imy) < (Q(8))>.

Proof. Suppose otherwise, that there exists (dy,ds) € im), p € 8§ such
that p divides either d; or dy: p|d;, say. Now apply the reduction argument
in the proof of Lemma 1.5 to give the contradiction that a; = O. =

The same exact sequence as in Section 1 justifies deducing the weak
Mordell-Weil theorem from the above lemmas.

THEOREM 2.6. The groups J(Q)/¢(T(Q)), J(Q)/$(T(Q)) and
J(Q)/2T(Q) are finite. m

As in Section 1, our choice of embedding 7 eases the construction of the
homogeneous spaces Jq, ,d, -

DEFINITION 2.7. Let (dy,d2) € (Q(8))?, and take d3 = d1ds in Q*/(Q*)2.
We adopt the convention that di,ds, ds are represented by square free inte-
gers. Further, define d;; = ged(d;, d;), also represented uniquely by square
free integers. Note that the d;; are pairwise coprime, and that d; = d;;d;.
Let twa, 4, : V — 2, where 293 ="0.3, 24.7=04.7/Vd1, 25.11 =vs.11/\/d2,
212,15 = vi2.15/Vds (d3 = dids in Q*/(Q*)?). Then twg, 4, is an iso-
morphism from J to the homogeneous space Jg, 4,, whose defining equa-
tions are obtained simply by substituting vg. 3 = 20.3, V4.7 = 24 .7Vd1,
vs.11 = 28,11V d2, V12,15 = Z12..15\/d3 into the defining equations of 7. The
permutation group action can be extended to the indices of d;, d;j;, so that
the twists of the equations A in (7) become

1
Aél),dQ Dbij (2 — izt ) = bk (2} — di2i gy s

2
Aél)’d2 2 4bizi 2 as = djzagzak — 20744
(3) . 2 2 .2 2 2 2
(10) Adth . 4()1(21 + dizl+4i) — ZO + diz4i - d]Z4] - de4k 5
4 .
Ay, 2bijzizg = 2oz + diZag 2144k

(5) .

Ad1,d2 : Qbijdijzl+4izl+4j = 20%1+4k T Zk24k
6) .

dydy © 20ij2144i2) = —Zaize — djkZagz14ak -

The complete set of defining equations of Jg, 4, are given in Appendix A.
We further define

S¢ ={(d1,d2) - Ju,.0n(Q,) # 0}, S* =[5,
p

with ﬂp over all primes including oco.

THEOREM 2.8. im ¢ = {(d1,d2) : Ju, 4,(Q) # 0}.
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Proof. Let (dy,ds) € im1 so that (by definition) there are w € j(@),
v € J(Q(di,Vd)), with w = ¢(v) and o4,(v) = T,,(v). Let z =
twg, .4, (W). Then, as in the proof of Theorem 1.8, it is clear that o;(z) = z,
so that Jg, .4, (Q) # 0. Conversely, given z € Jg, 4,(Q), then taking v =

tugll,d2 (z), w = ¢(v) € T(Q) clearly gives (dy,d) € im).

As in Section 1, we find that the equations A4, 4, = {A((;Z)dg tno=
1,...,6} define a projective variety (of dimension 3, containing Jy, 4, as a
subvariety) which simplifies finding 7y, 4,(Q) for some choices of (di, d2).

DEFINITION 2.9. L = {d € Q(8) : A4, 4,(Qp) # 0}, L? =, L.

The group L? can be interpreted in terms of a pair of norm equations,
which satisfy similar properties to the corresponding object in Section 1.
In the following theorem, the properties of the norm equations (that is,
(i) (iii)<(iv)) are due to J. W. S. Cassels. The symmetry of the norm
form equations (that is: (ii)<(iv)) holds true not only for Q, but for any
field of characteristic # 2, and a proof of this fact is included as Appendix B.
I am also grateful to B. J. Birch for helpful insight to the group L? (in a
different context).

THEOREM 2.10. Each A4, 4, satisfies the Hasse principle, so that L? =
{(dy,d2) € (Q(8))? : Ady .a,(Q) # 0}. The set L? is a group, S® < L?, and
following are equivalent:

(1) (dl,dg) € L?.
(ii) There exist elements, o; € Q(v/d;) (i = 1,2,3), such that:

b1 = Na(02)N3(03) and by = Ni(01)N3(e3) -

(111) (bl, dg)p(bg, dl)p = 1, fOT all pE Q(S)
(iv) There exist elements, o, € Q(v/b;) (i = 1,2,3), such that:

dy = Ny(0)N3(g5)  and  dy = Ni(0})Ns(05)

where N; represents Noer(\/@/@, and (, ), represents the norm residue
symbol in Q.

Proof. We show the equivalence (ii)<(iii) ((iii)<(iv) follows by sym-
metry), then (i)<(ii).

(ii)=(iii). Let 7 = N1(01)N2(02)N3(03). Then N;(0;)b; = r in Q*/(Q*)?
for i = 1,2,3, and so (b;,d;) = (r,d;), giving (b;,d;), = (r,d;)p for any p.
Hence,

(b1,d1)p(b2,d2)p = (7,d1)p(r,d2)p = (1, d3)p = (b3, d3)p

- (b1b27 d1d2>p - (bla dl)p(bla d2)p(b27 dl)p(b27 d2)p ;

giving (b1, d2),(b2,d1), = 1, as required.
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(iii)=(ii). Let p € 8. From (iii), (b1,d2), = (b2,d1), = 1 or — 1. In the
former case, define r, = bs; in the latter case, define r, = 1, b, b1, b1, when
[(b1,d1)p, (b2,d2),] = [1,1],[—1,1],[1, —1], [-1, —1], respectively. In all cases,
(rp,d;i)p = (bi, d;),p for i = 1,2, 3. By a standard global approximation, there
exists € Q such that (r,d;), = (b;,d;),, i = 1,2,3, for all primes p such
that p|r or p € 8. Hence (b;/r,d;), = 1 for all such primes, and so b;/r is
globally a norm of an element g; € Q(v/d;). Clearly, o1, 02, o3 satisfy the
requirements of (ii).

(iii)<(iv). Symmetrical to (iii)<(ii).

(i)=-(ii). Assume for simplicity that each d; # 1. Let p be any prime, and
by (i) let 2o,. .., 25, 28, 29, 212, 213, not all 0, be a Q,-rational solution to the
equations Ag, 4,. Then z; # 0 or z144; # 0 for ¢ = 1,2, 3, since otherwise
the equations A((jll% d A((i?i)’ 4, would force z = 0. Now, equation Aglll{ 4, gives
the two equations:

bia(25 — d2z5) = bia(23 — dazi3)
blg(zf — dlzg) = b23(z§ — d32%3) .

Clearly, 01 = 21 + 25V/d1, 02 = 22 + 29\/dz, 03 = b12/(23 + 213V/d3) satisfy
the requirements of (ii) with Q replaced be Q,, for any prime p. However,
we have already seen from (ii)<>(iii) above that the equations in (ii) satisfy
the Hasse principle; therefore we can deduce (ii) globally, as required. It is
straightforward to adjust the argument for the case when some d; = 1.
(ii)=(i). Let p; satisfy (ii). Then there are rational z;, z114; such that
0i = zi +V/d;z144i, 1 = 1,2, 3. Further, 2010203 € Q(v/d1,v/dz), so there are
rational zg, 24, 28, 212 such that 2010203 = 20+ V/d1 24+ v/ dazs +/d3212. It is

straightforward to verify that the z; satisfy the equations Aélli dor e Agi), &

The fact that L? is a group immediately follows from criterion (iv) and
the multiplicative property of norms (this would not have been at all obvious
from criterion (ii)). m

As with elliptic curves, the group L? is a useful computational device.
It is quick to compute and, once computed, there are a smaller number of
cosets to be checked when determining the Selmer group. We shall illustrate
this (and the rest of the above theory) in the next section.

3. Worked examples. We illustrate the theory of Section 2 by comput-
ing the ranks of a selection of 12 Jacobians. For simplicity, we shall represent
a member of J(C) as an unordered pair {(x1,y1), (x2,y2)} of points on C
(as described at the beginning of Section 2) and not as a member of P*®. We
have tried to choose a varied selection, indicating how the computations are
affected by such things as the existence of additional torsion points, and the
multiplication of the sextic by a non-square constant. In the various Boolean
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groups which occur, we shall use the notation (g1, ..., gk) to represent the
group of size 2¥ generated by g1, ..., gi.

ExampLE 3.1. Let C, C be as follows:
C:Yi=(X?+1)(X?+2)(X?+2X +2),
C:V?=(X?-2)(X?+X —1)(—X).

Then J(Q) and J(Q) have rank 1.

Proof. The only bad primes are 2, 5, and so Q(8) = {£1, £2, £5,+10}.
Finite field reductions modulo 3 and 7 give that no torsion points occur
apart from the 2-torsion group of size 4 on each of J(Q) and J(Q).

j(@)/qﬁ(j(@)) Using Theorem 2.10, L® = ((2, —1),(-1,1),(2,1), (1,5),
(5,2)). Applying Lemma 2.4 to the points of order 2 on J(Q) gives that
P({an,a2)) = ((2,—1),(—1,1)). Further, there is the divisor of infinite order:

Hence, ((2,—1),(—1,1),(2,1)) <imt < L?. There are only three cosets to
check: (1,5),(5,2),(5,10). But a straightforward search in Qs (modulo 5*
was sufficient) gives 71 5(Qs), J5,2(Qs), J5,10(Qs) = 0, 50 (1,5), (5,2), (5, 10)
¢ S¢. Hence imy) = §¢ = ((2,-1),(~1,1),(2,1)) and J(Q)/¢(J(Q)) =
<a17 a27 D>A R .
N J(Q)/¢(T(Q)): Here, L? = ((5,1),(1,2),(1,-1), (_1/11)7 (2’}»’ and
Y({a1,a2)) = ((5,1),(1,2)). Hence ((5,1),(1,2)) < imep < L?. There
are seven cosets to checkf,\ none of which lie in SS’ . Hence imzz = 5% =
<(57 1)7 (172)>7 and {(Q)/(ﬁ(j(@)) = <a17a2>'

Finally, we take ¢(D) = {+00, 400} to obtain a point of infinite order on
J(Q), and use the exact sequence of Theorem 2.6 to see that Z (Q) ansi\ J(Q)
have rank 1, with 7(Q)/2J(Q) = (a1, aa, {+00, +00}) and J(Q)/2T(Q) =

<&1, &2, D> | |

The initial calculation of L?, L? in the above example meant that sig-
nificantly fewer homogeneous spaces were required to be checked locally. An
even more dramatic illustration of this is given by the following example,
for which only two homogeneous spaces need to be checked in total.

ExXAaMPLE 3.2. Let C, C be as follows:
C:Y?=(X?4+6X +7)(X?+4X +1)(X? +2X +3),
C:V?=(X%-2X —5)(X? 42X — 1)(X%+6X +11).
Then J(Q) and J(Q) have rank 2.
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Proof. The only bad primes are 2, 3, and so Q(8) = {£1,£2,+3,+6}.
Finite field reductions modulo 5 and 7 give that no torsion points occur
apart from the 2-torsion group of size 4 on each of J7(Q) and J(Q).

j(@)/(ﬁ(j(@)) We  have L¢ = <(_6a _2)7 (_27_1)7 (172)7 (273)>’
1/}(<a17 a2>) = <(_67 _2)7 (_27 _1)>7 and

Dy ={(-3+3vV-2 2+2v-2),(-3-1v-2 2-%V-2)} 51,2,
Hence, ((—6,—2),(—2,—1),(1,2)) < imv < L®. There is only one coset,
(2,3), to be checked; b t (2,3) ¢ SY, giving imy = S% = ((—6,-2),

(=2,-1),(1,2)).
J(Q)/d(T(Q)): We have L® = ((—1,-2), (—2,-3), (=2, -2), (3,2)),
(<a17a2>) = <(_ 2)7 (_27 _3)>7 and

Dy = {(=1+ V6,16 + 8v6), (-1 — V6,16 — 8V6)} - (=2, -2).
Hence, ((—1,-2),(~2,-3), (=2, -2)) <im¢ < L?. There is only one coset,
(3,2), to be checked; but (3,2) & Sg), giving im¢y = S? = ((—1,-2),
(—2,-3), (=2, -2)). R

We therefore find that J(Q) and J(Q) both have rank 2 with
\7(@)/2J(Q) = <041, a2, D2a {(_27 3)7 (_27 3)}> )
J(@)/27(Q) = (81,82, D1, {(- 5, 2), (=3, %)}) =
In our final example, we exploit the fact that much of the work is in
common between curves of the form Y2 = k - ¢;(X)q2(X)q3(X) where k €
Q(8). This allows us quickly to handle a group of curves at once. In the

cases when the Jacobian has rank 0, it is straightforward to determine all
the Q-rational points on the underlying curve.

EXAMPLE 3.3. Let C(F), C®) be as follows for k =1,2,-2,6:
CHR Y2 = k(X2 +1)(X2+2)(X2+ X +1),
CHF Y2 = k(X% —2X — 2)(X2 - 1)(—X).
Then J*)(Q), j(k)((@) has rank 1 when k = 1,2,6, and rank 0 when
k = —2. The curve C'=2) has no rational points apart from (0,0), (1,0), 0o
Proof. The only bad primes are 2, 3, and so Q(8) = {£1,£2,+3,+6}.
For all k, there are four 2-torsion points (a;,as), on J®*)(Q), and for
k = 2 there is the 4-torsion point 5 = {(0,2),(1,6)} (where 26 = a1).
For all k, there are eight 2-torsion points (@i, as,7), on J®)(Q), where
v = {00, (—1,0)}. Finite field reductions modulo 5 and 7 show that these give
the whole rational torsion group. We now observe that L?, L? depend only

on the values of by, ba, b3, b1, b2, b3 modulo squares, which are not affected by
the value of k. Hence, for any k = 1,2, 2,6, L? = ((6, —3), (-3, 3), (1, —1),
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(1,2),(1,3)). Also, ¢({ay,d2,7)) = ((6,-3),(=3,3),(1,2k)). Hence,
((6,-3),(-3,3), (1, 2k)) <ime < L?. Similarly, for any such k, ¥ ({ay, az))
= <(173)> < lml/} < LQE = ((173)7 (17 _2)7 (_17 _1)7 (276)7 (_37 1)>

In the same manner as Examples 3.1, 3.2, there are only a few cosets
to check, and for each k = 1,2, 2,6 it can be shown that im = 5%, and

imzz = S¢. The set of generators for each k = 1,2, —2,6 is as follows, with
the point of infinite order (k = 1,2,6) listed last in each case.

JV(Q)/27M(Q) =
TYVQ)/27Y Q) =
TD(Q)/272(Q) =
T?Q)/27?Q) =

( a1, g, {+00, +00})
(
(
(
J2(@/2772(Q) =
(
(
(

{
(@1,82,7:{(0,0), (= 3, 9)})
(a2, 6,{(0,2),(0,2)}),
(@1,02,7,{(0,0),(=2,12)}),
(o, a2),

a

{

042, >7

2

TP@/27 2@ =
T Q)27 Q) = (a1, as,{(~1,6),(~1,6)}),
JOQ)/2T79(Q) = (@1,@ds,7, {(0,0),(2,12)}) . =

The most surprising feature of the above examples was how little actual
computation was required to determine the rank. Once the equations defin-
ing J4,.d, had been processed, the time required for determining whether
there were points locally took only a few seconds on a Sun 3/60 work sta-
tion (indeed Example 3.1 was computed by hand in about 12 hours). There
are still gaps in the methodology—for example, we have not yet devel-
oped a technique for higher descents, and so our method currently requires
im1y = S?% and 1mz/1 S%. Tt seems reasonable to expect (judging by anal-
ogous computations on elliptic curves) that sufficiently many curves will
satisfy these requirements to allow rank tables for several thousand Jaco-
bians to be produced.

—_ — — — — — — —

Appendix A. The embedding J(C), and isogeny from J to
J. The equations defining the embedding J(C), the homogeneous spaces
Jd, d, and the isogeny ¢ would require roughly 50 pages to list, and so
we do not include them here. Instead, they have been placed in the file:
/pub/genus2/isogeny which is available by anonymous ftp from 131.111.24.1
(pmms.cam.ac.uk). The contents of this file are as follows.

(1) The embedding (vg. 15) of Definition 2.1.

(2) The defining equations satisfied by vy, ..., v15.

(3) The defining equations for 74, 4, of Definition 2.7.
(4)

4) The 16 x 16 matrices M, ]\/Z, U which define ¢, $ of Lemma 2.2.
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These are given in full generality for any curve of the form C : Y? =
q1(X)g2(X)gs(X), where ¢;(X) = f; X%+ ¢;:X + h;. The file is suitable for
input to the symbolic algebra package Maple, and may easily be modified
for input to other similar packages.

Appendix B. A theorem about norms. The contents of this ap-
pendix are due to J. W. S. Cassels. Throughout this appendix k is any field
of characteristic not 2 and we shall use Norm to indicate the norm from a
quadratic extension; which extension will be clear from the context.

THEOREM. Let di,ds € k* be multiplicatively independent modulo
squares. Let
62 =dy, 02=dy, 063=20107.
Let e1,e2,e3 € k™ be of the shape
e1 = Norm vy, Norm s,
es = Norm~ys Normyq ,
es = Norm~y; Norm s,

where y; € k(d;) (j = 1,2,3). Let 5 = ¢; (j = 1,2,3). Then there are
& € k(ej) such that

d; = Norm & Normés, de = Norm&s Norm&; .

We shall first give a brief but entirely unilluminating verification. The
rest of the appendix explains how it was obtained via a normal extension of k
of degree 32. We motivate it here in terms of a simpler and well known result.
Let d,e € k* and let %2 = d, €2 = e. Then d is a norm for k() precisely
when e is a norm for k(4): indeed, both are equivalent to the existence of a
nontrivial solution x, ¥y, z of

2?2 =dz? + eyQ.

From our point of view it is more relevant that both are equivalent to the
existence of a quadratic extension of k(d, €) which is normal but not abelian
over k. More precisely, let e = Norm+y, where v € k(§) and put ¢? = 7.
Then K = k(d,¢,() is normal of degree 8. Its group is generated, as is easy
to see, by three automorphisms o, 7, A of order 2 given by

0§=-6, oe=¢, ol=c¢/C,
7'(5:(5, TE = —¢€, TCZC’
M=68 Ae=¢c, M=-C.

Here A is in the centre and 70 = Ao7. The roles of d, e in the above are not
symmetric, but can be made so by considering n = ¢ — ¢(. Then A\np = —n,
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on = —n and n(tn) = v — oy = ud for some u € k. Let = n?. It follows
that 3 € k(e) and Norm 8 = du?.

For the corresponding result for pure cubic extensions, see [2], p. 87
(Lemma 13). Results of this nature are related to the theory of the Hilbert
Norm Residue symbol, and could doubtless be proved by the theory of cen-
tral simple algebras; but perhaps not so explicitly.

VERIFICATION. We may take
Vi = x5+ Yj0

where x;,y; € k. Consider

N1 = T1Y2x3 + d1y172Yy3 + Y21,
(%) N2 = y1%T2x3 + d2x1Y2y3 + Y12,

73 = T1T2Y3 + Y1Y223 + Y3€3,
where 5? = ¢;. One checks readily that

Normn; = dy Normns, Normny = ds Normyns.

The result follows.

Proof. We define first a group I" of order 32. It is generated by A, o1,
09, T1, T2 all of order 2. Further,

(B.1) 01Ty = ATa01, O9T] = AT1092,

but otherwise the generators commute; in particular, the centre consists of
just A and the identity.

LEMMA. Let K/k be a normal extension with Galois group I'. Then there
are dj;, e, v; satisfying the hypotheses of the Theorem and such that

(B.2) K = k(61,02,€1,€2, ),
where
(B.3) a® = 717273.

Conversely, if dj, ej, v; satisfy the conditions of the Theorem and d, da, €1,
es are multiplicatively independent modulo squares, then the field K given
by (B.2), (B.3) has Galois group I

Proof. The fixed field of {03, 71,72, A} is an extension of k of degree 2,
say k(d1), where

2
0101 = —01 ) 51 =d
for some d; € k*. Similarly we obtain &2, €1, €2 with
0902 = —d2, Ti€1 = —¢€1, ToE2 = —&2,

but otherwise fixed by the group generators. Put 07 = dy, €2 = €1, €2 = es.
Clearly the fixed field of A is k(d1, 02,1, €2) of degree 16.
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The Galois group of K/k(d1,02) is generated by {m1,72, A}, and so of
type (2,2,2). Hence
(B4) K = k(51,52,€1,82,6¥)

for some o with

(B.5) Aa=—a, Tio0=T0=aqa,
S0
(B.6) o € k(d1,02).
Now
TIO1Q = 01T = 01, To01Q = AO1ToQX = AO1Q = —01 QX

etc. Hence
(B.7) h = a(o1a)(o2a)(o1020)
is fixed under all the generators of the group, that is,
(B.8) hek™.

Similarly one checks that a(o1a)/es is fixed under o1, 71, T2, A, that is,
(B.9) alora) =272, Y2 € k(d2).
In the same way,
(B.10) aloza) =e1v1, M € k(d),
and
(B.11) a(oro9a) = 16973, Y3 € k(d102) .

On applying o9, 01, o102 to (B.9), (B.10), (B.11) respectively, we have
(B.12) h = e; Norm~ys = e¢; Normy; = ejea Norm s .
Further,
(B.13) ha® = e1ea717273

by (B.7), (B.9), (B.10), (B.11). Finally, on replacing v3 by (h/eies)ys we
get (B.2), (B.3), as required.

The converse is straightforward and left to the reader with the hint to
define o0 = €372/ av.

Proof of Theorem. The structure of the field K of the Lemma is
symmetric in the d’s and the e’s. More precisely, let

(B14) 0 =a+o1a+ o+ o100
Then
(B.15) AB=—0, of=08=0.
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Hence (3 corresponds to a and we can go on to construct the analogues §; of
the 7;. The formulae of the verification (x) were obtained by going through
this in detail.

(12]
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