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1. Introduction. The aim of this paper is to study Galois embedding
problems associated with central extensions of the alternating group with
kernel a cyclic group. If n # 6,7, the nontrivial double cover 2A4,, of the
alternating group A,, is the universal central extension of A, and so, if

1—-0C,, > mA, — A, —1

is a nonsplit central extension of the alternating group A, with kernel a
cyclic group C,, of order m, we have a commutative diagram

1 - Cy — 24, — A, — 1
(1) | Li |

1 - C, — mA, — A, — 1

where the morphism j is injective.

We identify 2A,, with j(2A,) and note that if {zs} is a system of rep-
resentatives of A,, in 2A4,,, we can take it as a system of representatives of
A, in mA, and so mA,, is determined modulo isomorphisms. In the cases
n = 6,7, we denote by mA,, the extension of A, fitting in the commutative
diagram (1).

Let now K be a field of characteristic different from 2, K a separable
closure of K, and G the absolute Galois group of K. Let f be an irreducible
polynomial in K[X], of degree n > 4 and with squared discriminant, L a
splitting field of f contained in K and G = Gal(L|K). Let E = K(z), for x
a root of f in L. We consider G as a subgroup of A,, by means of its action
on the set of K-embeddings of E in K. For mG the preimage of G in mA,,,
we consider the embedding problem

(2) mG — G ~ Gal(L|K) .
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Now, if the embedding problem
(3) 2G — G ~ Gal(L|K)

is solvable, any embedding problem (2) is solvable. On the other hand, we
know that the obstruction to the solvability of (3) is given by the Hasse—Witt
invariant w(Qg) of the quadratic form trace Qg = Trpx (X?) ([5], Th. 1).
Moreover, if it is solvable, the solutions can be computed effectively (cf. [1]).

If now m = 271, with ([,2) = 1, then mA,, is the direct product of C;
and 2" A,,. Therefore, if L|K is a Galois extension with Galois group G, the
general solution to the embedding problem mG — G ~ Gal(L|K) will be
the composition L.M , for L the general solution of the embedding problem
2"G — G ~ Gal(L|K) and M|K running over the Galois extensions with
Galois group (.

From now on, we assume then that m = 2". That is, we consider embed-
ding problems of the type

(4) 2'G — G~ Gal(L|K).

In the case r = 2, we gave in [3] a criterion for the solvability of the em-
bedding problem (4) and an effective way of computation for the solutions.
We note that if the embedding problem 2"G — G ~ Gal(L|K) is solv-
able, so is any embedding problem 2°G — G ~ Gal(L|K), with s > r. This
comes from the fact that, for » > 1, if ¢, d are generators of Co» and Cyri1,
respectively, c'z, — d*'z, defines a morphism 2"A, — 27T1A, such that
the diagram
2"A, — A,
l [
rtlg, — A,
is commutative.
On the other hand, the alternating groups A4 and As are subgroups of
the projective linear group PGL(2,C) and the diagram

1 —- Coyr — 2" A, — A, — 1

! ! ! (n=4,5)
1 - C* — GL(2,C) — PGL(2,C) — 1

is commutative. The fact that the cohomology group H?(Gx,C*) is trivial,
for K a global or local field, gives that, for a given Galois realization L|K
of the group A, with n = 4,5, the embedding problem (4) is solvable, for
r sufficiently big.

In the sequel, we give a criterion for the solvability of the embedding
problems (4), and an explicit way of computing the solutions. We make a
further study of the case pyr-1 C K in Section 3 and of the case r = 3 in
Section 4.
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2. General case. The next proposition shows that solving the embed-
ding problem (4) can be reduced to solving an embedding problem with
kernel Cs.

PROPOSITION 1. The embedding problem 2"G — G ~ Gal(L|K) is
solvable if and only if there exists a Galois extension Ki|K with Galois
group Cyr—1, such that Ky N L = K and w(Qg) = e*(b) in H*(Gg,Cy),
where b € H*(Cyr—1,C3) is the element corresponding to the exact sequence
1 = Cy — Cor — Cyr1 — 1 and e* : H*(Coyr—1,03) — H?*(Gg,C3) the
morphism induced by the epimorphism e : G — Cyr-1 corresponding to the
extension K1 |K.

In this case, the set of solutions to the considered embedding problem
s the union of the set of solutions to the embedding problems 2"G — G x
Cor—1 ~ Gal(L1|K), where L1 = L.K; and K1|K runs over the extensions
with the conditions given above.

Proof. Let ¢ be a generator of the group Cyr. Let L be a solution

field to the considered embedding problem. For L; = L 1>, we have
Gal(L|K) ~ 2"G/{c® ) =~ G x (Car /{c®" ). By taking K; = LE, we get
Gal(K1|K) ~ Cyr—1 and LN K; = K.

Now, L is a solution to the embedding problem 2"G — G x Cyr-1 =~
Gal(L1|K). For this embedding problem, the obstruction to the solvability is
the product of the obstructions to the solvability of the embedding problems
2G — G ~ Gal(L|K) and Cyr — Cyr—1 ~ Gal(K7|K). For the first, as noted
above, it is w(Qg) and for the second e*(b).

Let us now assume that there exists a Galois extension K;|K with the
conditions as in the proposition, and let L; = L.K;. We consider the em-
bedding problem 2"G — G x Cyr—1 ~ Gal(L1|K). The obstruction to its
solvability is w(Qg) ® e*(b) = 1 and, if L is a solution, we have a commu-
tative diagram

Gal(LIK) — Gal(L|K) x Gal(K;|K)

~ | | =~
2TG — G X 027'—1

and so, L is a solution to the embedding problem 2"G — G ~ Gal(L|K). u

Now, if the element b is the second Stiefel-Whitney class of some orthog-
onal representation of the group Cy--1, the element e*(b) can be computed
effectively by means of a formula of Frohlich (cf. [4], Th. 3). Assuming that
this is the case, we will give an explicit method of computation of the solu-
tions.

We denote by p; the orthogonal representation of the group G obtained
by embedding A,, in the special orthogonal group SO(Q1) of the standard
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quadratic form in n variables. Let g2 : Cyr-1 — Ok (Q2) be a representation
of Cyr—1 in the orthogonal group Ok (Q2) of a quadratic form Qo over K
such that the second Stiefel-Whitney class sw(p2) of g2 is equal to b. Taking
into account [2], Prop. 3, we can assume that oo is special and spogs = 1,
where sp : Ok (Q2) — K*/K*? denotes the spinor norm. The obstruction
to the solvability of the embedding problem Cor — Cor—1 ~ Gal(K;|K)
is then given by w(Q2) ® w(Q2,.,), Where Q2 ,, is the twisted form of Qs
by 02. Moreover, for the orthogonal representation ¢ := g1 L 02, we have
sw(o) = sw(o1) @ sw(o2) ([4], (1.7)) and Q, := Qg L Q2,, is the twisted
form of Q := Q1 L Q2 by o.

Let C(Q) and C(Q,) be the Clifford algebras of the quadratic forms @
and Q,, let C1,(Q) = C(Q) ®x L1 and Cr,(Q,) = C(Q,) ®k Li. For a
Clifford algebra C, we denote by C* the subalgebra of even elements and by
N the spinor norm. The fact that @), is the twisted form of ) by o provides
an isomorphism f : Cr,(Q) — CL,(Q,) such that f=1f* = p(s) for all
s € G x Cyr—1. Let n be the dimension of the orthogonal space of the form
Q, and ey, es,...,e, an orthogonal basis. We are under the conditions of
[2], Theorem 1 and so, we can state

THEOREM 1. If the embedding problem 2"G — G x Car-1 =~ Gal(L;|K)
is solvable, there exists a 7/27-graduated algebra isomorphism g : C(Q) —
C(Qp) such that the element in CZFI(QQ):

z= Z v oy 2wl L wsP st
£;=0,1
where v; = f(e;),w; = g(e;), 1 < i < n/, is invertible.
The general solution to the considered embedding problem is then L =

L1(\/T7), where v is any nonzero coordinate of N (z) in the basis {wi' ws? ...
cow hei =01, of Cr,(Qy), and r runs over K*/K*2.

3. Case -1 C K. We now assume that the field K contains a root of
unity ¢ of precise order 2"~!. Under this hypothesis, we obtain

PROPOSITION 2. The embedding problem 2"G — G ~ Gal(L|K) is solv-
able if and only if there exists an element a in K — L? such that w(Qg) =

(€, a).

Proof. Let K; = K (2 v/a). We have K; N L = K and the obstruction
to the solvability of the embedding problem Car — Cyr-1 ~ Gal(K1|K) is
equal to the element ((,a) € H*(Gg,{£1}) ([4], (7.10)). So we obtain the
result by applying Proposition 1. =

We will now see how to compute the solutions to the embedding problem
in this case. We assume w(Qg) = ((,a) for an element a in K and let
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K, = K(a), where a = *"V/a, L = L.K;. Let Qy = (2,-2,1,—(,1,—1)
and gy be the orthogonal representation Cyr—1 — SO(Q2) given by

C+¢t (-t

R 0 2 2
gg(c):<0 _[4> where R = Y R
2 2

(cf. [2], Prop. 6).

Let o1 be the orthogonal representation G — A,, — SO, (Q) and p =
01 L 02. The twisted form of @ by ¢is then Q, = Qr L (2,-2,a,—(a,a, —a)
and the solvability of the embedding problem 2"G — GxC2 " ~ Gal(L; |K)
implies w(Q,) = w(Q). We can then apply the results obtained in [2]. Let
(z1,...,2,) be a K-basis of E, and {s1,...,s,} the set of K-embeddings of
Ein K.

Let M € GL(n + 6, L1) be the matrix

(Mg 0
= (L)

where
Mg = (25) 1<i<n
1<j<n
and
a+al a—at
N 0 . 2 2
M, = with N =
<O \/5I4) a—at —(a+al)
2 2

We denote by f: Cr,(Q) — CrL,(Qe) the isomorphism associated with
the matrix M. We have f~1f% = o(s), Vs € G x Cor-1.
We are then under the conditions of [2], Theorem 2 and can state

THEOREM 2. If the forms @ and Q, are K-equivalent, we can choose
P e GL(n+ 6, K) such that

PQ,P=1Q] and det(MP+1)#0.
Then the general solution to the embedding problem 2"G — G ~ Gal(L|K)

L=Ly(y/rdet(MP +1)),

with v running over K*/K*?.

P roof. We consider the isomorphism of quadratic spaces associated with
the matrix P and take the isomorphism ¢ in Theorem 1 to be the extension
of this isomorphism to the Clifford algebras. Then it is enough to compute
the element z as in [1], Theorem 4. m
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4. Extensions with kernel Cs. The next proposition gives the obstruc-
tion to the solvability of the considered embedding problem in the particular
case r = 3.

PROPOSITION 3. The embedding problem 8G — G ~ Gal(L|K) is solvable
if and only if there exist elements a and b in K such thatb ¢ K*2, b(a?—4b) €
K*? and w(Qg) = (=2,b) ® (—2a, —1).

Proof. We note that an extension K;|K with Galois group Cj is given
by a polynomial X*+aX?2+b € K[X], with a and b as in the proposition. By
embedding Cy in Sy and using [4], Theorem 1, we conclude that the obstruc-
tion to the solvability of the embedding problem Cs — Cy ~ Gal(K;|K) is
equal to the element (—2,b) ® (—2a,—1) € H*(Gf,Cs). m

We will now see how to compute the solutions to such an embedding
problem. We assume that we are under the conditions of the proposition
and let K;|K be the extension given by the polynomial X% + aX? + b, and
Rk, its quadratic trace form. We observe that 84,, is the pullback of the
diagram

An X 04
!

24n+6 —  Ante

where the vertical arrow is obtained by sending a generator of Cy to the
element (1234)(56) of Ag.

We then take g : Cy — Ag — SO(Q2), for Q2 the standard quadratic
form in 6 variables. We have Q2,, = Qr, L (2,2b) and so Q, = Qr L

QKI = <27 2b>
Now, we can apply the results obtained in [1]. We consider the matrix
Mg 0 0
M=| 0 M, 0
0 0 M,
where

Mg = (:U;I)igéz , Map = (y;l)%géi and M, = (1 _{%)
for (z;)1<j<n a K-basis of E, {s;}1<i<n the set of K-embeddings of F in
K, (yj)1<j<a a K-basis of K1, and {t;}1<i<4 the set of K-embeddings of
Kl in I?

We now assume K = Q and let ¢ = ro(E) +r2 (K1) + sg(b), where ro(E)
(resp. ro(K1)) is the number of nonreal places of E|Q (resp. K1|Q) and
sg(b) = 0 (resp. 1) if b > 0 (resp. b < 0). We have that the signature of
Q, is (n+6 — q,q) and, by comparing Q, with Q, := —(X{ + ...+ Xq2) +
X q2 o+t X2 16, We see that the solvability of the embedding problem
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8G — G x Oy ~ Gal(L.K1|Q) implies ¢ = 0 (mod 4) and @), Q-equivalent
to Q.

We now come back to the general hypothesis that K is any field of
characteristic different from 2 and, applying [1], Theorems 4 and 5, we obtain

THEOREM 3. Assume w(Qg) = (—2,b) ® (—2a,—1) with a,b € K such
that b ¢ K*? and b(a® — 4b) € K*2. Let Ky be the splitting field of the
polynomial X*+aX?+0b over K and Ly = L.Ky. Assume further that Q, is
K -equivalent to a quadratic form Qq :== —(Xi+.. +X2)+ X7 1 +.. . +X7 6,
with ¢ =0 (mod 4). Let P € GL(n + 6, K) such that P*(Q,)P = (Qy).

(a) If ¢ = 0, the solutions to the embedding problem 8G — G x Cy ~
Gal(L1|K) are the fields L1(\/r det(M P + 1)), with r running over K* / K*?.

(
(b) If ¢ > 0, the solutions to the embedding problem 8G — G x Cy =~
Gal(L1|K) are the fields L1(,/77), with v running over K*/K*? and where

the element 7y is given as a sum of minors of the matriz MP as in [1],
Theorem 5.

EXAMPLE. I thank J. Quer for the computation of this example. Let
f(X) = X*—-2X3 +3X? +3X + 1. The Galois group of f over Q is the
alternating group A4 and we have w(Qg) = —1 in 5 and 0o and w(Qpg) =1
in all other primes. By applying [5], Theorem 1, we find that the embedding
problem 24, — A4 ~ Gal(L|Q) is not solvable and, by noting that —1 is
a square in Q5 and applying Proposition 2, that the embedding problem
4A4 — Ay ~ Gal(L|Q) is also not solvable.

Now, we take a = b = 5. We have w(Qg) = (—2,b) ® (—2a, —1) and the
polynomial X% + 5X? + 5 has Galois group Cy4 over Q. Then Proposition 3
gives that the embedding problem 84, — A4 ~ Gal(L|Q) is solvable.

In this case, the two fields L and K7 are totally imaginary and so we have
g = 4. By applying Theorem 3(b), we deduce that an element v in L; = L.K;
giving the solutions to the embedding problem 84, — Ay x C4y ~ Gal(L1|Q)
is

v = — 262247420 4 283980105z + 2952284523
+ 21(211777885 — 179361840z + 1169606803)
+ 22 (23491885 + 3560459025 + 12872070x3)
+ 2%(14803890 + 3688374025 + 556980023)
+ 7[—538192364 — 952540265 — 1582171422
+ 21 (—615191018 + 273851088z, — 102712988x3)
+ 22(504346598 — 192250828z, + 2126710823)
+ xl( 240082752 + 4241071225 — 6175223 )]
r?l-

5967888 + 5686627875 + 386524223
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+ 21 (105764994 — 5521424425 + 1464344422

+ 22(—30093294 + 4677104425 — 631058472)

+ x1(13943376 — 125328965 + 4413623)]
13[—156513876 — 3965940025 — 429311423

+ xl( 177964704 + 5292144025 — 2536241422

+ 22(155999832 — 27872568z, + 191455222)

+ 23(—73067526 + 254829625 — 64040423)]

where z1 and x5 are two distinct roots of the polynomial f and r is a root
of the polynomial X* + 5X? + 5. We note that the extension Ly (,/7)|Q is
nonramified outside 5 and 13, which are the ramified primes in L|K.
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