ACTA ARITHMETICA
LXVIL1 (1994)

The number of cube-full numbers in an interval
by

HonG-QuaAN Liu (Harbin)

1. Introduction. A positive integer n is called cube-full if p|n implies
that also p® | n; here p denotes a prime number. Let Q3(z) denote the number
of cube-full numbers in the interval [1,x], where = is a sufficiently large
number. On the one hand, an asymptotic formula for Q3(z) can be given
with an error term o(xl/ 8), and this order of magnitude cannot be reduced
to O(z*) with some p < 1/8 without any hypothesis. On the other hand, an
asymptotic formula does hold for Qs(z + x2/3t#) — Q3(z) with a p < 1/8
by using results for exponential sums. In fact, Shiu [7] proved that

14 1
(*) Qs(x + $2/3+“) — Qs3(z) — Cz#, for any TQ(; <p< 3

here 140/1123 = 0.1246607 ... (< 1/8). The aim of this paper is to give an
improvement on his result. We will prove

THEOREM 1. (x) holds for

1> >11—01195652
3 7 K> 55 =0

Taking the idea from the author’s paper [3] dealing with squarefull in-
tegers, we first give a reduction of our problem, which connects (x) with
some exponential sums, but this time (in contrast to [3]) triple exponen-
tial sums are inevitable, and, to obtain our result, it is crucial to apply the
method developed in [2] and [4]. Actually, we also give an improvement of
Krétzel’s result about A(z;3,4,5), where A(x;3,4,5) is the error term in
the asymptotic formula

> 1=A5P 4 At 4 Az 4 A 3,4,5),

>r3s4td
n
A = H (() i=3,4,5.
3<n<s N\ '
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Our estimates then imply A(z;3,4,5) < 2'1/92+¢ where ¢ is an arbitrar-
ily small positive number, while [1] finds A(x;3,4,5) < x?2/177+¢ with
22/177 = 0.1242937. ..

2. Reduction. We prove

THEOREM 2. Let

Sctrr= 3 o((m) ) wo=co- L,

(m,n)eD

where (a, b, c) is any permutation of (3,4,5), D is the range {(m,n) | ma+tn¢
< xz,m >n} or {(m,n) | m**nc < z,m > 212} or {(m,n) | n < m <
z1/12}. Then

Sa,b,c(x) < $11/92+E

implies the assertion of Theorem 1.

Proof. Put B = 2, and suppose that 11/92 + ¢ < pu < 1/3. It is well
known that

Qs(z)= > |ulb)l+ lu(be)| = E + E say,
a®btcPel a®btcPel
b,c<B b>B or ¢c>B

where T is the interval (x, 2 4+ 22/37#]. We have

2/3 1/3 _ ,1/3 [( l1u(c)| 2
Zl ((w+ 2?31 — g Z 4/3 Z 573 +0(B%),

b<B (c,b)=1
c<B
—2/3
Z C5/3 - Z C5/3 )
(e,b)=1 c=1
c<B c,b)=1
¢(5/3) 1! 2/3
_4(10/3)1—& 1+p5/3 +O(B~2/3)
p
’ - 1 1 - 9] B*1/3
Z pi/3 H 5/3 :H L+ 173 1+ 5/3 +0( );
b<B D p p

1
(x + x2/3+“)1/3 — g3 = gx“(l + O(xz“_2/3)),

and thus

el s o _ 1 <6/ RV
>, =Ca(l+o(1), C=g C(10/3)1;[<1+p4/3(1+p5/3> )
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It remains to estimate )_,. First we consider the portion of ), with
b > B, which we denote by > ,,. We have, with x; = z + 22/3*# and

a’(m) - Zm:a3c5 17
() 221 < Z Z 1

B<b§xi/12 (zb_4)1/3<ac5/3§(z1b_4)1/3

+ Z a(m) Z 1.

m<a®/3 (@m= 1)L/ A<b< (2 m 1)1 /4

At this stage, to treat the sums of (x*) we need to cite the next two lemmata.

LEMMA 2.1. Fory>1, 0> 0,1 < pu <yt <y, pov =y,

> w( ¢ z> = > w<nyg> — oo (p)yp~' 0

y1/<9+1)<n§v ’u<n§y1/(9+1)
+O0(yu™ 72 + 1),
where Y2(z) == 1(2)? — 1/24.
LEMMA 2.2. With the same assumptions as in Lemma 2.1,

5 = donne (- (2) () et

men<y n<p n<v
+O0(yp™272) +1/4 — () (v) + O(po™ ).

Lemma 2.1 is Hilfssatz 4 of P. G. Schmidt [6], and Lemma 2.2 is (8) on
p. 37 of [6]. Now by Lemma 2.2 we have, with pu = (2,6=4)"/8,

>, 1= C<g>(:vlb‘4)1/3+<<§>(xlb—4)1/s

ac5/3S(m1b_4)1/3
= (@bt %))

n<p

= 3 U@ ) + o)

n<p
and a similar formula holds for x; being replaced by x. Thus the first sum
of (xx) is (note that we can assume, for example, u < 0.125, in light of [7])
<O(B~'Y3zM) + 84,

where S is a linear combination of S, 4 .(2), 2 = x or 1, and (a, b, ¢) be-
longs to the set {(3,4,5),(3,5,4),(5,4,3),(5,3,4)}. To deal with the second
sum in (%) we apply the technique in Schmidt [6]. First it is easy to observe
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that

Z a(m) Z 1< 1 + I,

m<a?/3 (2m=1)1/4<b< (2 m—1)1/4

I = > > 1,

a3 <a?/? a<al/1? (za=3c=5)1/1<b< (z1a=3c )1/

I = Z Z 1.

a3 <a?/3 c<al/1? (za=3c=5)1/4<b< (zra~ 3 5) 1/t

where

It is easy to see that
I =0 °) 4+ S(x1) — S(x),
- 1/4
sen= Y ¥ () )
agxi/lz cg(x?/?’a*?’)l/S

and S(x) is defined similarly. We have

£ ())

cg(zf/sa—?’)lﬁ
(X + > )¥0)
c<(z1a=3)1/9 (rla*3)1/9<c§(rf/3a*3)1/5
=13+ 14, say.
From I3 we can get sums of the type S, (1) easily, and for I, we choose

y = (x1a"H)Y? 0 =4/5, = x}/m, v = (x§/3a’3)1/5 in Lemma 2.1, to

obtain

L= 3 w<(af;4>l/5> +O0(yp 72+ 1).

mi/l2<n§(m1a*3)1/9

Thus from Iy we also get sums of the type Sq.(f2), with a permissible
error. Similarly we can treat I. The other portion of ), with the condition
¢ > B can be treated along the same lines by using Lemmata 2.1 and 2.2.
Hence our problem is reduced to treating a linear combination of sums of
the type Sqp.c(£2). The proof of Theorem 2 can thus been finished.

3. Three general estimates for S, ; .(x). Clearly we can assume that
D = {(m,n) | m**n® <z, m >n};

the other two cases can be treated similarly and more easily. We need
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LEMMA 3.1. Let H > 1, X > 1, Y > 1000, let o, B and v be real
numbers such that ay(y —1)(8 — 1) # 0, and for A > C(a, 3,7) > 0, let
f(h,2,y) = Ah*xPy". Define

SH,X,Y)= > Ci(h,z)Ca(y)e(f(h,z,y)),
(h,x,y)€D
where D is a region contained in the rectangle
{(h,z,y) |h~H,z ~X,y~Y} (h~ H means that H < h < 2H, etc.)

such that for any fized pair (hg, o), the intersection D N {(ho,x0,y) | y ~
Y} has at most O(1) segments. Also, suppose |Cy(h,x)| < 1, |Ca(y)| < 1,
F =AH*XPY" > Y. Then

L73S(H,X,Y) < X/(HX)9YBF3 + HXY?/8(1 4+ Y F~4)1/16
+ %/(HX)PYBF2M5 + {/(HX)3Y 1M,
where L = In(AHXY +2), M = max(1, FY ~2).

LEMMA 3.2. Let f(x,y) be an algebraic function in the rectangle Dy =
{(z,y) |z~ X, y~Y}, f(z,y) = Az*yP for (z,y) € Dy, D be a subdomain
of Dy bounded by O(1) algebraic curves. Suppose that X > Y, N = XY,
A>0, F=AX°Y? and af(a+ B —1)(a+ B3 —2)#0. Then

Si=(NF)™® > e(f(z,y))

(z,y)eD
< VF2N3 4+ N%/6 ¢ JN8F-1X-1 4 NF~V/4 L Ny —1/2,

Lemma 3.1 is Theorem 3 of [4], and Lemma 3.2 is Lemma 9 of [2]. We
also need

LEMMA 3.3. Let f(x) and g(x) be algebraic functions in the interval [a,b],
and

[f"(@)| = R7Y, | (x)] < (RU)TY,
lg(x)| < H, |d(x)|<HUY, UU >1.

Then
eI buMe n(u)) —un(u
Zg( Je(f(n)) Zﬂ Py ()~ un(w) +1/8)

+OHMB-a+2)+Hb—-a+R)(U+UY)
+ O(H min(R'?, max(1/(a),1/(8)))),

where [a, B] is the image of [a,b] under the mapping y = f'(x), n(u) is
determined by the equation f'(n(u)) = u, b, = 1/2 or 1 according as u is
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one of a, B or not, (x) is defined by

(z) = llz|l if x is not an integer, ||z|| = min,, |z —n|, n € Z,
|\ B—a ifxis an integer,

and \/f7 >0 4f ' >0, /f" =i\/|f"| if ' <O.
Proof. This is Theorem 2.2 of [5].

Now we proceed to deal with S, (). It suffices to estimate S(M, N),
where

S(M,N) = Y w((@m™n=o)"),

(m,n)eD
D =D(M,N)={(m,n) | m~Mn~N,m**n® <z,m>n},
and M, N are any positive integers such that
MN > z''/92 2M > N, MPNe <.

Then, using the familiar reduction (cf. [2]), for a parameter K € [100, M N],
we get, with n = €2, and some H < K2,

(0) 271S(M,N) < MNK~' 4+ min(1, K/H)®(H, M, N),
where

O(H, M, N) = 12‘ S e(f(hym,n)),

h~H (m,n)eD

F(h,m,n) = h( "’“" >1/a.

mbn¢

At this stage, we can assume that x is irrational. We apply Lemma 3.3
to the summation over m, and get, with M; = max(M,n), My =
min((zn=¢)1/ (@) 20,

S e(f(h,m,n))

M1<m<Ma
= Z 01(1'_1 ancu2a+b) 1/(2(a+b))€(02(l‘haubn_c)l/(a+b))
Ui <u<Us
M M2 1/2 1
O — +1 O i
+ <HF+ nx)—l— <m1n(<HF> ’Ug—hb/a>
+ Y min + R(h,n),
where C1, Cs, Cg, ... denote certain constants,
hb hb

Uy = (xn—cM—a b)l/a7 Uy = (xn_CM_a b)l/a’
a a
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hb
g(na X) = 7(l,n—cX—a—b)1/a,
a
X, =max(n, M), Xo=2M, F= @M N,

%01 (z= h—anCu20tb) =1/ ((atb) o (O (zhoubn—c)Y/ (atb))

R(h,n) = for My = (xzn=¢)Y/(@+%) o = U, = hb/a;

0 otherwise.
It is easy to see that

M2 1/2 1 1
. o - /121
me((ﬂF) ’Ug—hb/a> swron

n~N

M2\ /2 N
h — NYS(FEN-)Y/6 4
HZEIR(n, ) < (HF> ( ( AT

< z'/12 (note that F'> M, ...),
where [ is some subinterval of [N, 2N]. We consider

(e

n~N

— ( Z + Z ) min(A, B) = {1 + (2,

n<Mn~N n>Mn~N

M2 1/2 1
= min <<> , )’
nggw\/ HE llg1(n)]]

hb
n (n) _ Z (xnfchafb)l/a’

M2\Y?
e 3 () )
W%NN HF llg2(n)|

_n hh

b, —12y1/a
- (xn™%)H e,

As g1(y) is monotonic, and ¢} (y) = H(zN—°"*M~0=*)/e for y ~ N, by
Hilfssatz 4 of Krétzel [1] we have

2 < (14 H@N- M)t/
% ((MQH—IF—I)I/Q + H_1($_1N6+aMb+a)l/a h’lﬂf)
< (HF)Y? 422 Ing

where

ga(n) = = (an o)

and similarly, 2o < (HF)Y?42'/121n x (note that 25 # 0 implies N > M),
and
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M2\ 1 1/2 | 1/12
min | [ — s | K (HF +x Inz.
2 ((7F) o) <

From the above observations, we achieve, after a double Abelian sum-
mation, the estimate

M2 1/2
-1 M7 a, b _—c\1/(a+b)
(1) &(H,M,N) < H (HF> 3 ‘ 3 e(Colahun) )
h~H (umn)eD’
+ (HF)Y? 4+ 2112 n g,
where D’ is a range contained in {(u,n) | n ~ N,C3 < HF/(uM) < C4},

bounded by O(1) algebraic curves. We will apply the next lemma to choose
parameters optimally.

LEMMA 3.4. Let M > 0, N > 0, up > 0, v, > 0, A,, > 0, B, > 0
(1 <m< M, 1 <n < N), and let Q1 and Q2 be given nonnegative
numbers, Q1 < Qz. Then there ezists an Q € [Q1, Q2] with

ST AnQUm+ > BaQ U Y > (A Bym)Y/ e ten)

1<m<M 1<n<N 1<m<M 1<n<N
Um —Un
+ E Ale + E BnQQ .
1<m<M 1<n<N

This is Lemma 2 of [2]. Now if we apply Lemma 3.2 to the inner double
sum in (1), put our estimate into (0), and choose K optimally via Lemma 3.4,
we get,

LEMMA 1.
2 SS(M,N) <« Va2M>a—2bN5a—2¢ 4 'K/p3 \[3a—3b N10a—3c 4 411/92

If we choose (h,z,y) = (h,u,n) in Lemma 3.1, then we get an estimate
for the triple exponential sum in (1). Putting it into (0), and choosing K
optimally via Lemma 3.4, we immediately get

LEMMA 2.
7¢S(M,N) < VFUMIN2 4 V/F8MENIS + Y/ FiM4N2
+ VFUMNILN36 /16716 31
+ VF2M2N3 4 VFMN* + 2'1/92,

To obtain our last general estimate, we apply Lemma 3.3 to the summa-
tion over n in (1), to get

MN

om0 | Y P@RWe(Gluv, b))
h~H (u,v)eD"

+(HF)Y? + 22 In g,

(2) ®(H,M,N) <
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where |P(u)] < 1, |Q(v)| < 1, and D” is a suitable domain contained in
the rectangle {(u,v) | HF/(Mu) € [C3,C4], HF/(Nv) € [C5,Cs]}. We then
apply Lemma 3.1 to the sum of (2) by choosing (h,z,y) = (h,u,v), and
taking K optimally via Lemma 3.4, we get

LEMMA 3.
tS(M,N) < ¥VFBMIBNI + VF5M5N8 + VF1BMI3NI2
+ VF23)23N24 4 Y/F18 )18 N29
+ VF3M3N2?  VF2M2N3 + g1/,

4. Proof of Theorem 1. As M > N, we easily observe that
F < (zM—N-%)1/3,
thus by Lemmata 1 and 3 we obtain
(3) 275S(M,N) < V2z2M7N5 + Va3N12 4 g11/92
(4) 27 °S(M,N) < VaBM-1BN-8+ VadbM->5N-14 Vg3 -13N-29
4+ W2 23 N-43 4 /1818 N -3
NN 4 AN T 4 112,

and thus
27°S(M,N) < Z R, + VaB3M-13N-29 4 /32323 N—43
1<i<11
+ VaMIN=3 4 211/92,
where

Ry = min( Vz2MTN5, Vz13M-13N-8)
< ( 2’4/1'2(M13N8)4/7)7/23( 96/3313M_13N_8)16/23 — x11/92’

Ry = min( V22MTN?, V25 M—-5N-1)
< (WEMBN)YT(/BMSN-T)3T = 217 L o9,

Rs = min( Va2MTN5, "Vz18M-18N-3)
< 12 x(M6N)6/7)14/61( 4\7/W)47/61 _ 43/366 x0.1187

Ry = min( ¥Vaz2MTN5, Va2M—-2N-1)
< (R/o(M2N)2)2/T (Va2 M-2N-1)3/T = g5/42 < 0119,
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Rs = min( Va3N12, V13 M-13N-8)
< (WaN)TT/205( 9W)128/205 _ £T3/615 o 40119,

Rg = min( Ve N4, Va5 M-5N-1)

< ( 11 $N4)11/37( 3W)26/37 —_ $13/111 < $O.118’

R; = min( Vz N4, V13 M-13N-29)
« (W NA)TT/135( N/ 18 N—42)58/135 _ 4AT/405 . 40.117

Ry = min( Va N4, "Va2M-BN-4)
< ( 1 xN4)363/675( 15W)46/675 — 56/675 < $0.17

Ry = min( VaN*, VabM-6N-1)

< (X xN4)77/265( 4W)188/265 — B1/265 01T

Rio = min( VN4, VaM-1N-3)
< ( 11/$N4)11/17( 6/x]\774£)6/17 — 1‘2/17,

Ry1 = min( VaN4, Va2M-2N-1)
< (W NT)L/BL( /2 N=3)20/31 — ;11/93,
Hence we have, with 6 = 11/92,
(5) e TES(M,N) < VaeBM-13N-29 V323 )[-23 N—43
+ VaM—IN=3 4 2
which, in conjunction with (3), gives

(6) 27°S(M,N) < Vx2M7N®+ Ry + R+ Rio+ 2% < Va2M7N5 +2°.

By Lemma 2 we have
(7) 2 °S(M,N) < VaIM-11N8 + Va2M—2N-1 4+ VaAtM-4N43
+ Wl M-1UN5 4 Ve M-INT + 2°,

Note that actually Vz!3M-13N-29 < /xM-1N-3, thus from (5) we get

(8) 2 SS(M,N) < "VaBM-283N-43 4 VaM-1N-3 4 2.
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From (7) and (8) we get
2 S(M,N) < VallM-1INS + Va2M2N-1+ > 8§ +a’,

1<i<6

where
S; = min( VzAN39, 15\6/3023]\[—66)
<( 6W)110/279( 150/ 423 N —66)169/279 _ ;43/372 _ 10,116,

Sy = min( VziN39, Ve N—1)
< ( /ANBOYIO/TO (Y N=A)30/TO _ 455/4T4 0.1

S3 = min( Vzl1N42, V323 N—-66)
S ( 12W)110/201( 15W)91/201 _ IE47/402 < IEO'117,

Sy = min( 'VzlIN42 Vg N—4)
< ( 12W)40/61(W)21/61 _ .%'43/366 < 1'0'118,

S5 = min( Vo N6, "V/z23N—60)
< ( 12 mN6)11/24( 15W)13/24 _ 1’17/144 < x0.119

S = min( VN6, VaN—1) < ( VaeNOYT(VeN-1)3/T = £5/4% < 49,
Thus we have
(9) 2°S(M,N) < Vel lM-1N8 + Va2 M-2N-1 4 2%,
From (6), (8) and (9) we finally achieve
zES(MN) < Y K +af,

1<i<4

where

Ky = min( Va2M7N5, Va2 M-28N-43 Vg1 M-11N8)

- 219/692 15232.5/692 ~240.5/692
= min(44, By,C;) < A] / B: / C? /692 _ 657/5536

Ky = min( Va2 MTN5, "Va23M-28N-43 V/z2M-2N-1)

; 1 2 1
= min(Asg, By, C3) < A268/53UBS /53003 0/330 __ ;,189/1590

11
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K3 = min( Va2 MTN> VaM-IN-3, V22 M-2N—1)

= min(As, By, C3) < A2/03p3/630d0/63 _ y5/42

Ky = min( Vz2M7N5, Yz M-1N-3, VallM-11N8)

: 164/51 111/51 24 1
= min(Ay, By, Cy) < A46 /5 5B4 /5 504 0/515 _ 123/1030_

This completes the proof.
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