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1. Introduction and statement of the main results. Class field
theory gives a description of the abelian extensions of a local or global field
by groups of global norms in the local case and by idele class norms in the
global case. In particular, one has (for separable extensions) in the local case
(Serre [15, Ch. XI, Prop. 3])

(1) NK|k(K∗) = NKab|k(Kab∗)

and in the global case (Cassels–Fröhlich [1, exc. 8])

(2) NK|k(CK) = NKab|k(CKab).

This shows that in both cases even the Galois extensions are not character-
ized—among all Galois extensions of k—by their groups of norms.

One aim of this paper is to show that “almost all” extensions (see van
der Waerden [18]) K|k of number fields are—among all extensions of k—
characterized by their groups of global norms.

Before the statement of the main results we have to introduce some no-
tation. In the sequel we assume that all fields K,K ′, k in this paper are
algebraic number fields. If AK is one of the arithmetical functors K∗ mul-
tiplicative group, PK group of principal fractional ideals, IK group of frac-
tional ideals, we write

Nk(AK , AK′) := NAK/NAK ∩N ′AK′ ,
δk(AK , AK′) := (NAK : NAK ∩N ′AK′)

for the norm class groups and their orders. Here, N = NK|k and N ′ = NK′|k
denote the norm from K to k and from K ′ to k, respectively. For extensions
K|k and K ′|k we have the following diagram:
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• k∗|•
" b

" b•NK∗ • N ′K ′∗
l ,

lδk(K∗,K′∗) ,• NK∗ ∩N ′K ′∗|• NKK′|k(KK ′)∗

For a finite group G and a subgroup U of G we use the following notation:

UG :=
⋃

σ∈G
Uσ, the union of all conjugates of U.

Up denotes a Sylow p-subgroup of U .
Now our main result is:

Theorem 1. Let K|k be an extension of number fields of degree n whose
Galois closure K̃ has Galois group

G(K̃|k) = Sn or G(K̃|k) = An>5,

the symmetric group or the alternating group of degree n (n > 5 in the
second case). Then, for any extension K ′|k, the following statements are
equivalent :

(a) δk(K∗,K ′∗) <∞ and δk(K ′∗,K∗) <∞.
(b) K 'k K ′ (conjugation over k).
(c) NK|k(K∗) = NK′|k(K ′∗).

If K ′ 6= k, then (a) can be replaced by the equivalent condition

(a′) δk(K∗,K ′∗) <∞.
The proof of Theorem 1 relies on a group theoretic interpretation of

the finiteness of the index δk(K∗,K ′∗), given in Theorem 2 below, and on
the work of R. Guralnick [5]. The theorem follows immediately from [11,
Theorem 18] together with Theorem 3.

Theorem 2. Let K|k and K ′|k be extensions of number fields and N |k
a Galois extension containing K and K ′. In G = G(N |k) let U = G(N |K)
and U ′ = G(N |K ′) be the respective fixed groups. Then

δk(K∗,K ′∗) <∞⇔
⋃

p|#G
UGp ⊂

⋃

p|#G
U ′Gp .

A proof of this important theorem will be presented in the next section.
The discovery of Theorem 2 was inspired by [16]. In this paper L. Stern
proved that Galois extensions of number fields are—among all Galois exten-
sions—characterized by their groups of global norms. One year later Stern
[17] also proved Theorem 2 (not Theorem 1), but our proof is entirely dif-
ferent. For example L. Stern uses the sophisticated methods of class field
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theory, whereas we only need Chebotarev’s density theorem, the finiteness
of ideal class numbers and Dirichlet’s unit theorem. Although our proof is
elementary, a combination with previous results (Lochter [11]) gives effective
bounds for the index δk(K∗,K ′∗) if it is finite (see Theorem 8):

(3) δk(K∗,K ′∗) divides (µk : µ(K′:k)
k ) · (K ′ : k)r1(k)+r2(k)−1 · hK′ .

A second elementary proof of “⇒” in Theorem 2, given in Theorem 18,
allows a remarkable weakening of the finiteness condition δk(K∗,K ′∗) <∞.

In §4 the same methods are applied in order to gain a full solution of the
dual question: When is(⋂

NKi|k(K∗i ) : NF |k(F ∗)
)
<∞,

where F = K1 . . .Kn is the composite field? Here we are also able to gener-
alize results of Stern.

Let K|k and K ′|k be extensions of number fields. Then K and K ′ are
called Kronecker equivalent over k (K ∼k K ′) (W. Jehne [6, 7]) iff the
Kronecker set D(K|k) of those primes of k which have a divisor of first
degree in K and D(K ′|k) coincide up to at most finitely many exceptions
(which according to N. Klingen [8] do not exist). Let P (K) denote the set
of finite primes of k. In the sequel we shall say ℘ ∈ P (k) has decomposition
type (f1, . . . , fr) in K|k iff ℘ has exactly r divisors of degrees f1 ≤ . . . ≤ fr
in K. In [10] we proved that Kronecker equivalent fields satisfy

(4) gcd(f1, . . . , fr) = gcd(f ′1, . . . , f
′
s)

for all ℘ ∈ P (k). Here ℘ is assumed to have decomposition type (f1, . . . , fr)
in K|k and decomposition type (f ′1, . . . , f

′
s) in K ′|k.

In [11] we defined K and K ′ to be weakly Kronecker equivalent over k
(K ∼s,k K ′) iff (4) holds for (almost) all ℘ ∈ P (k), and proved the following
theorem, which contains a characterization of weak Kronecker equivalence:

Theorem 3. Let K|k and K ′|k be extensions of number fields and N |k
a Galois extension containing K and K ′. In G = G(N |k) let U = G(N |K)
and U ′ = G(N |K ′) be the respective fixed groups. For a prime number p the
following conditions are equivalent :

(a) There is a subset M ⊂ P (k) of Dirichlet density 0 such that for all
℘ ∈ P (k) \M ,

min(νp(f1), . . . , νp(fr)) = 0⇒ min(νp(f ′1), . . . , νp(f ′s)) = 0.

(Here νp denotes the p-adic valuation.)
(b) For all (or for almost all) ℘ ∈ P (k),

min(νp(f ′1), . . . , νp(f ′s)) ≤ min(νp(f1), . . . , νp(fr)).

(c) UGp ⊂ U ′Gp .
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Corollary 4. K and K ′ are weakly Kronecker equivalent over k if and
only if δk(K∗,K ′∗) and δk(K ′∗,K∗) are finite.

In [11] we studied the group theoretic description of weak Kronecker
equivalence. The results of this paper can according to Corollary 4 be ap-
plied to fields with “almost equal” norm groups. In particular, we showed:
Let NK|k : Cl(K) → Cl(k) be the norm map on ideal class groups. Then
NK|k(Cl(K)) = NK′|k(Cl(K ′)).

In our considerations we did not demand NK|k(K∗) = NK|k(K ′∗) but
allowed the indices δk(K∗,K ′∗) and δk(K ′∗,K∗) to be finite. For idele class
norms, this implies equality:

Remark 5. Weakly Kronecker equivalent fields satisfy

(5) NK|k(CK) = NK′|k(CK′).

P r o o f. (2), together with global class field theory, shows that (5) holds
if and only if Kab = K ′ab. By [11] weakly Kronecker equivalent fields contain
the same Galois extensions of the ground field; in particular, they contain
the same abelian extensions of the ground field.

Of course, the converse of Remark 5 is false. The split embedding problem

1→ C3 ↪→ S3 →→ C2 → 1

has infinitely many solutions with the same maximal-abelian subfield. All
these solutions are non-conjugate S3-extensions. Hence they are not weakly
Kronecker equivalent.

In global class field theory ideles are used. But it is interesting to find a
formulation of class field theory which uses k∗ instead of the idele class group
Ck. For an extension K|k let [K] be the weak Kronecker class of K. On the
set of subgroups of k∗ one can obviously define an equivalence relation:

H ∼ H ′ :⇔ [(H : H ∩H ′) <∞ ∧ (H ′ : H ∩H ′) <∞ ].

This equivalence relation has the additional property:

[H1 ∼ H2 ∧ H2 ∼ H3]⇒ H1 ∼ H2 ∩H3.

Theorem 2 tells us that

i : {[K] | K extension of k} → {[H] | H subgroup of k∗},
[K] 7→ [NK|k(K∗)],

is injective. But we have not been able to find a description of im i. The
knowledge of im i would give a description of weak Kronecker classes, in
the same way as class field theory describes abelian extensions. One should
notice that (by [11]) abelian (even Galois) extensions are contained in all
fields of their weak Kronecker class.
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Finally, we mention that weak Kronecker equivalence may also be de-
scribed in terms of relative Brauer groups (see §5).

2. Proof of Theorem 2 and effective bounds for the norm-index.
Let K|k be an extension of number fields. Then IK denotes the group of
fractional ideals of K and PK the group of principal fractional ideals of K.
There are norm homomorphisms NK|k : IK → Ik and NK|k : PK → Pk.

Here, for P ∈ P (K), NK|k(P) = ℘f , where ℘ is the prime ideal of k below
P and f = fK|k(P|℘) the residue degree.

As a first important step in the proof of Theorem 2 and of Theorem 8
below we establish:

Theorem 6. Under the assumptions of Theorem 2 the following asser-
tions are equivalent :

(i)
⋃
p|#G U

G
p ⊂

⋃
p|#G U

′G
p .

(ii) δk(IK , IK′) <∞.
(iii) δk(IK , IK′) = 1.
(iv) NK|k (IK) ⊂ NK′|k (IK′).

P r o o f. NK|k (IK) is generated by the norms of prime ideals. Hence

(6) NK|k (IK) = 〈℘gcd(fK|k(P)|P∈P (K)∧P|℘ ) | ℘ ∈ P (k)〉.
From this we deduce

(7) NK|k (IK) ∩NK′|k (IK′) = 〈℘lcm(gcd(fK|k(P)),gcd(fK′|k(P))) | ℘ ∈ P (k)〉.
Since for every ℘ ∈ P (k),

gcd(fK′|k(P) | P ∈ P (K ′)∧P|℘)) divides gcd(fK|k(P) | P ∈ P (K)∧P|℘))

is equivalent to

(8) lcm(gcd(fK′|k(P)), gcd(fK|k(P))) = gcd(fK|k(P)),

Theorem 6 follows from Theorem 3.

A homomorphism ϕ : A → B of abelian groups is called a quasi-
isomorphism if its kernel and cokernel are finite. Then we have

Lemma 7. Let K|k and K ′|k be extensions of algebraic number fields.
Then:

(a) The natural epimorphism

ψ : Nk(K∗,K ′∗)→→ Nk(PK , PK′)

is a quasi-isomorphism with kernel order dividing (Uk : Uk ∩ NK′|k(K ′∗)).
In particular ,

# kerψ | (µk : µk(K′:k)) · (K ′ : k)r(k)−1,
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where k has r(k) infinite primes, unit group Uk and group of roots of
unity µk.

(b) The natural homomorphism

ϕ : Nk(PK , PK′)→ Nk(IK , IK′)

is a quasi-isomorphism. Its kernel has order dividing the class number hK′
of K ′.

The proof of Theorem 2 is now obvious. According to Theorem 6 it
remains to show that

δk(K∗,K ′∗) <∞⇔ δk(IK , IK′) <∞.
But this is clear since the maps ψ and ϕ are both quasi-isomorphisms.

P r o o f o f L e m m a 7. (a) It suffices to show

(9) kerψ =
NK|k(K∗) ∩ UkNK|k(K ′∗)
NK|k(K∗) ∩NK|k(K ′∗)

↪→ Uk/Uk ∩NK|k(K ′∗).

For the left hand equality, let NK|k(a′) = a ∈ NK|k(K∗) with 〈a〉 ∈
NK|k(PK) ∩NK′|k(PK′). Then

〈a〉 = 〈NK|k(a′)〉 = NK|k(〈a′〉) = NK′|k(〈b′〉) = 〈NK′|k(b′)〉
(cf. W. Narkiewicz [12, p. 151]). This implies a ∈ UkNK|k(K ′∗), hence
kerψ ⊂ im(inc). The converse is plain.

The group on the right of (9) is isomorphic to UkNK|k(K ′∗)/NK|k(K ′∗)
into which kerψ can be embedded in a natural way. The concrete bound
follows from Dirichlet’s unit theorem.

(b) The kernel of ϕ can be embedded into NK′|k(IK′)/NK′|k(PK′), whose
order divides hK′ . As cokerϕ ' NK|k(IK)NK′|k(IK′)/NK|k(PK)NK′|k(IK′)
is finite, the theorem is proved.

Next, we use Theorem 6 and Lemma 7 in order to give effective bounds
for the norm index, in case it is finite. These bounds rely on the absence of
exceptional primes in Theorem 3 and cannot be derived using Stern’s [16],
[17] methods.

Theorem 8. Let K|k and K ′|k be extensions of algebraic number fields
with finite index δk(K∗,K ′∗). Then δk(K∗,K ′∗) divides (NK|k(K∗) ∩
UkNK|k(K ′∗) : NK|k(K∗) ∩NK′|k(K ′∗)) · hK′ . In particular ,

δk(K∗,K ′∗) | gcd(#µk, (K ′ : k)) · (K ′ : k)r(k)−1 · hK′ .
Here hK′ can be replaced by the sharper bound # ker(NK′|k : Cl(K ′) →
Cl(k)).
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P r o o f. Theorem 6 shows δk(IK , IK′) = 1, hence kerϕ = Nk(PK , PK′)
by Lemma 7(b). Now our assertion follows from Lemma 7, (9) and the fact
that µk is cyclic. The sharper bound comes from

Corollary 9. Under the assumptions of Theorem 8, there is a subgroup
R of ker(NK′|k : Cl(K ′)→ Cl(k)) and an epimorphism

R→→ Nk(PK , PK′) '
NK|k(K∗)

NK|k(K∗) ∩ UkNK|k(K ′∗)
.

P r o o f. There is an epimorphism

η1 : kerNK′|k →→
NK′|k (IK′) ∩ Pk
NK′|k (PK′)

, I 7→ NK′|k(I),

and a monomorphism

NK|k(K∗)
NK|k(K∗) ∩ UkNK|k(K ′∗)

'Nk(PK , PK′)

'NK|k (PK)NK′|k (PK′)
NK′|k (PK′)

η2
↪→ NK′|k (IK′) ∩ Pk

NK′|k (PK′)
,

where η2 is “inclusion”. Here we take notice of NK|k (PK)NK′|k (PK′) ⊂
NK′|k (IK′) ∩ Pk. This inclusion again relies on the absence of exceptional
primes in Theorem 3.

In [16] Stern raised the question whether there are non-conjugate fields
with NK|k(K∗) = NK|k(K ′∗). Later [17] he answered the question affirma-
tively. Here we present another example.

Example 10. Let p be a prime number , k a number field and K|k
and K ′|k two weakly Kronecker equivalent extensions of degree p. Then
NK|k(K∗) = NK|k(K ′∗).

P r o o f. For extensions K|k and K ′|k of degree p the following assertions
are equivalent (Lochter [11]):

(a) K and K ′ are weakly Kronecker equivalent.
(b) K and K ′ are arithmetically equivalent.
(c) K and K ′ have the same normal closure.

Here K and K ′ are called arithmetically equivalent over k iff for all
primes ℘ of k the decomposition type of ℘ in K and the decomposition type
of ℘ in K ′ coincide. It is well known that there are infinitely many pairs of
non-conjugate arithmetically equivalent fields of prime degree (W. Feit [3]).

The proof of Example 10 is accomplished by the following simple remark,
because p2 does not divide the order of the symmetric group Sp.
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Remark 11. Let K|k and K ′|k be extensions of algebraic number fields
contained in an extension F |k. Then the exponent of the group Nk(K∗,K ′∗)
divides gcd ((F : K), (K ′ : K ′ ∩K)).

P r o o f. Let i : K → F be the inclusion map. Then for a ∈ K∗,
NF |k(i(a)) = NK|k(NF |K(i(a))) = NK|k(a)(F :K) ∈ NK|k(K∗)

= NK′|k(NF |K′(i(a))) ∈ NK|k(K ′∗)

and

NK|k(a)(K′:K∩K′) = NK|k(a(K′:K∩K′)) = NK∩K′|k(NK|K∩K′(a(K′:K∩K′)))

= NK∩K′|k(NK′|K∩K′(NK|K∩K′(a)))

= NK′|k(NK|K∩K′(a)) ∈ NK|k(K∗) ∩NK|k(K ′∗).

It is an interesting question whether weakly Kronecker equivalent fields al-
ways satisfy UkNK|k(K∗) = UkNK|k(K ′∗) and under which restrictions even
NK|k(K∗) = NK|k(K ′∗) holds. Here we consider some special cases:

Example 12. Let δk(K∗,K ′∗) be finite and assume Uk ⊂ NK|k(K ′∗)
(for example k = Q, (K ′ : Q) odd). Then

(a) δk(K∗,K ′∗) divides #(ker(NK′|k : Cl(K ′) → Cl(k))) and the factor
group Nk(K∗,K ′∗) is an epimorphic image of a subgroup of kerNK′|k.

(b) If there is an extension F |k which contains K and K ′ with gcd((F :
K), (K ′ : K ′ ∩K), hK′) = 1, then NK|k(K∗) ⊂ NK|k(K ′∗).

P r o o f. Under the condition Uk ⊂ NK|k(K ′∗) there is an isomorphism

Nk(K∗,K ′∗) ' Nk(PK , PK′).

Thus (a) follows from Corollary 9, and (b) is a consequence of Remark 11.

The same reasoning shows:

Example 13. Let δk(K∗,K ′∗) be finite. If there is an extension F con-
taining K and K ′ with gcd((F : K), (K ′ : k), hK′) = 1, then NK|k(K∗) ⊂
UkNK|k(K ′∗).

P r o o f. In this case Nk(PK , PK′) is trivial.

Next, we consider extensions of Q.

Example 14. Let K|Q and K ′|Q be number fields with finite norm index
δQ(K∗,K ′∗).

(a) The norm index divides 2hK′ . If −1 ∈ NK′|Q(K ′∗) (for example if
(K ′ : Q) is odd), then δQ(K∗,K ′∗) divides hK′ .

(b) If neither K nor K ′ has a real embedding , then δQ(K∗,K ′∗) divides
hK′ .
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P r o o f. We have (NK|Q(K∗)∩UQNK′|Q(K ′∗) : NK|Q(K∗)∩NK′|Q(K ′∗))
≤ (UQ : UQ ∩ NK′|Q(K ′∗)) =: ∆. But ∆ ∈ {1, 2} and ∆ = 1 if −1 ∈
NK′|Q(K ′∗). Thus (a) is proved. If all norms are positive then obviously
(NK|Q(K∗) ∩ UQNK′|Q(K ′∗) : NK|Q(K∗) ∩ NK′|Q(K ′∗)) = 1. This proves
(b).

A5-extensions provide an additional example.

Example 15. Let K ′|k be an extension of number fields of degree 5 with
normal closure N |k and G(N |k) = A5. Then there is a weakly Kronecker
equivalent subfield K of degree 10 of N |k and the norm groups satisfy :

(a) NK|k(K∗) ⊂ NK|k(K ′∗).
(b) NK|k(K ′∗)/NK|k(K∗) ' (Z/2Z)n with n ≥ 0.

P r o o f. The existence of K is well known (cf. N. Klingen [8]). (a) and
(b) are immediate consequences of Remark 11.

A4-extensions provide another example of (weakly) Kronecker equivalent
fields with known norm factor group (see L. Stern [17]). Here the factor group
is related to the Hasse norm principle.

Example 16. Let N |k be an A4-extension of algebraic number fields and
denote the cyclic-cubic subfield by K ′. Then K ′ is Kronecker equivalent over
k to every subfield K of degree 6 of N |k and :

(a) The following two assertions are equivalent :
(i) NK|k(K∗) = NK|k(K ′∗).

(ii) The Hasse norm theorem holds for N |K ′.
(b) If gcd(hK , 2) = 1 and k = Q, then the following two assertions are

equivalent :
(i) −1 ∈ NK|Q(K∗).

(ii) The Hasse norm theorem holds for N |K ′.
P r o o f. (a) is a direct consequence of Stern [17] and Gurak [4]. Since

gcd(hK , 2) = 1, there is an isomorphism

NK|k(K ′∗)
NK|k(K∗)

' NK|k(K ′∗) ∩ UkNK|k(K∗)
NK|k(K∗)

.

If the norm theorem holds for N |K ′, then (a) yields −1 = NK′|Q(−1) ∈
NK|Q(K∗). Now assume −1 ∈ NK|Q(K∗). Then NK′|Q(K ′∗) ⊂ NK|Q(K∗)
and consequently NK′|Q(K ′∗) = NK|Q(K∗).

Up to now it is not known whether there are infinite towers of (weakly)
Kronecker equivalent fields, but there are towers of arbitrary height (N. Klin-
gen [8]). This fact is the crucial ingredient of:
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Example 17. For every n ∈ N there are infinitely many towers Q ⊂
K0 ⊂ K1 ⊂ . . . ⊂ Kn, where the fields Ki are Kronecker equivalent over Q,
(K0 : Q) = 3n and Ki+1|Ki is quadratic. For every such tower exactly one
of the following assertions holds.

(a)
∧
i∈{1,...,n}(NK0|Q(K∗0 ) : NKi|Q(K∗i )) ∈ {1, 2}.

(b)
∨
i∈{1,...,n}(NK0|Q(K∗0 ) : NKi|Q(K∗i )) = 2m, m > 1 and 2m−1 di-

vides the class numbers of the fields Ki,Ki+1, . . . ,Kn.

P r o o f. The existence of infinitely many towers with the desired prop-
erties was proved by N. Klingen [8]. By Remark 11 and Example 14,
NKi|Q(K∗i )/NKj |Q(K∗j ) (i ≤ j) is a 2-group of order dividing 2 · hKj .

3. Alternative methods. In this section we present an alternative
proof of

δk(K∗,K ′∗) <∞⇒
⋃

p|#G
UGp ⊂

⋃

p|#G
U ′Gp ,

which shows that one can weaken the finiteness hypothesis of Theorem 2.

Theorem 18. Let K|k and K ′|k be extensions of algebraic number fields
contained in a Galois extension N |k. Within G = G(N |k) let U and U ′ be
the respective fixed groups. Let (NK|k(xι))ι∈I be a system of representatives
for the left cosets of NK|k(K∗) ∩ NK|k(K ′∗) in NK|k(K∗). Let X denote
the set of primes

X =
{
℘ ∈ P (k)

∣∣∣
∨

ι∈I

∨

P∈P (K)

P|℘ ∧ νP(〈xι〉K) 6= 0
}

(νP denotes the P-adic valuation). If X has Dirichlet density 0 (for example
if X is finite), then

⋃
p|#G U

G
p ⊂

⋃
p|#G U

′G
p .

P r o o f. Let σ ∈ G be an element of prime-power order pl. We prove:

(10) If σ stabilizes a left coset of U, then σ stabilizes a left coset of U ′.

Then
⋃
p|#G U

G
p ⊂

⋃
p|#G U

′G
p , since UGp is the set of elements of p-power

order which do not act fixed point free on the set G/U.
For the proof of (10) we choose ℘ ∈ P (k)\X, unramified in N |k, so that

σ = FN |k(P) is the Frobenius automorphism for a divisor P of ℘ in N .
We assume ℘ to have exactly r divisors P1, . . . ,Pr of degree f1 ≤ . . . ≤ fr

in K. In K ′ we assume ℘ to have exactly s divisors Q1, . . . ,Qs of degree
f ′1 ≤ . . . ≤ f ′s. The residue degrees are the orbit lengths of the action of the
cyclic p-group 〈σ〉 on G/U respectively on G/U ′, hence they are p-powers.
By assumption f1 = 1. We have to show f ′1 = 1.
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f1 = 1 implies NK|k(P1) = ℘. By W. Narkiewicz [12, Theorem 4.3], we
can choose x ∈ P1 so that

z = NK|k(x) ∈ ℘ \ ℘2.

We already know z = NK|k(x) = NK|k(xι) · y with ι ∈ I and NK′|k(ỹ) =
y ∈ NK|k(K∗) ∩NK|k(K ′∗).

Since z ∈ Ok \Uk the generated ideal is of the form 〈z〉k = ℘ ·A, A/Ok,
gcd(℘,A) = 1. Moreover, 〈NK|k(xι)〉k = NK|k(〈xι〉K) and ℘ are coprime by
definition. We calculate

〈z〉k = 〈NK|k(xι) ·NK′|k(ỹ)〉 = NK|k(〈xι〉K) ·NK′|k(〈ỹ〉K′),
where ỹ need not be contained in OK′ . Nevertheless there is a representation
〈ỹ〉K′=

∏Rαii , αi ∈ Z, Ri∈P (K ′). Then NK′|k(〈ỹ〉K′)=
∏Sαi·fL|k(Ri|Si)

i ,
where Si is the prime of k below Ri. Now we consider ℘-parts:

℘ =
∏

Ri∈{Q1,...,Qs}
℘αi·fK′|k(Ri|Si).

This yields

1 =
s∑

i=1

βi · f ′i

with certain βi ∈ Z. 1 6≡ 0 (mod p) finally implies f ′1 = 1.

R e m a r k. If K ′|k is Galois, then the degrees f ′i = f ′1 coincide and the
same reasoning as above shows D(K|k)

.⊂ D(K ′|k) (
.⊂ means “contained up

to at most finitely many exceptions”). With the help of Bauer’s Theorem
(see [13]) one shows K ′ ⊂ K. This is an alternative proof of the following
result, already contained in [11]:

(11) K ′|k Galois ∧ δk(K∗,K ′∗) <∞⇒ K ′ ⊂ K.
The same methods give information on norms of integers:

Remark 19. Let K|k and K ′|k be extensions of number fields.

(a) Uk ·NK|k(OK) ⊂ Uk ·NK′|k(OK′)⇒ D(K|k) ⊂ D(K ′|k). Note that
there are no exceptional primes.

(b) Let hK′ = 1. Then we have Uk · NK|k(OK) ⊂ Uk · NK′|k(OK′) ⇔
D(K|k)

.⊂ D(K ′|k).
(c) Let K|Q and K ′|Q be generated by a root of f1 = X7 − 7X + 3 and

f2 = X7 + 14X4 − 42X2 − 21X + 9 respectively. Then K and K ′ are not
conjugate over Q and

NK|Q(K∗) = NK′|Q(K ′∗) and NK|Q(OK) = NK′|Q(OK′).
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P r o o f. (a) Let ℘ ∈ D(K|k) and choose y ∈ OK , ω ∈ OK′ and u ∈ Uk
with

u ·NK′|k(ω) = NK|k(y) ∈ ℘ \ ℘2.

Then 〈NK′|k(ω)〉k = 〈NK|k(y)〉k = ℘ · A and gcd(℘,A) = 1. Since ω is an
algebraic integer, ℘ is contained in D(K ′|k).

(b) Let x = NK|k(y) ∈ NK|k(OK) and y 6∈ UK . Then D(K|k)
.⊂D(K ′|k)

implies (cf. Lochter [10])

〈NK|k(y)〉k = NK|k(〈y〉K) = NK′|k(A) = 〈NK′|k(a)〉k
with a principal ideal A = 〈a〉 of OK′ . Thus NK|k(y) ∈ UkNK′|K(K ′∗).

(c) K and K ′ are non-conjugate arithmetically equivalent fields of prime
degree [8], hence the first assertion follows from Example 10. Using the
computer-algebra-package Kant we have shown hK = hK′ = 1, so that the
second assertion holds.

4. Finiteness of NK|k(K∗) ∩NK′|k(K ′∗) : NKK′|k(KK ′∗). In the last
two sections we dealt with the finiteness of δk(K∗,K ′∗), but another inter-
esting question is:

Given extensions K1|k, . . . ,Kn|k and F = K1 . . .Kn, under what condi-
tions is the index (

⋂n
i=1NK|k(K∗i ) : NF |k(F ∗)) finite?

In this section we shall give a complete group theoretic and representa-
tion theoretic answer to this question. Since the arguments needed for the
proof of Theorem 20 below are similar to the ones used for the proof of
Theorem 2, we shall not go into details. The interested reader is referred to
[9], where the proof of Theorem 20 is carried out.

For the statement of the result we need some notation. For an extension
K|k of number fields we define

TF (K|k) = {℘ ∈ P (k) | gcd(fK|k(P) | P ∈ P (K) ∧ P|℘) = 1}.
Since two number fields K|k, K ′|k are weakly Kronecker equivalent over k if
and only if TF (K|k) = TF (K ′|k) (see [11]), the sets TF (K|k) are analogues
of the sets D(K|k) which are used in order to define Kronecker equivalence.

Let N |k be a Galois extension containing K, and let G = G(N |k) and
U = G(N |K). G acts on the left cosets of U in G; we denote the correspond-
ing permutation character by ΦU . Now the main theorem of this section is:

Theorem 20. Let K1|k, . . . ,Kn|k be extensions of number fields, and
F = K1 . . .Kn. Within the Galois group G = G(N |k) of a Galois exten-
sion N |k containing F , let Ui be the corresponding fixed groups. Then the
following conditions are equivalent :

(i) (
⋂n
i=1NK|k(K∗i ) : NF |k(F ∗)) <∞.
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(ii) (
⋂n
i=1NKi|k (IKi) : NF |k (IF )) <∞.

(iii)
⋂n
i=1 TF (Ki|k) .= TF (F |k).

(iv) For almost all ℘ ∈ P (k),

lcmi∈{1,...,n}(gcd(fKi|k(P) | P ∈ P (Ki) ∧ P|℘))

= gcd(fF |k(P) | P ∈ P (F ) ∧ P|℘).

(v)
⋃
p|#G(

⋂n
i=1 U

G
i,p) =

⋃
p|#G(

⋂n
i=1 Ui)

G
p .

(vi) For all p|#G,
∧
σ∈G[

∏n
i=1 ΦUi,p(σ) > 0⇔ Φ(∩ni=1Ui)p(σ) > 0].

Although we are not going to prove Theorem 20, the following remarks
seem to be appropriate.

1. We do not know whether the exceptional primes that are allowed
in (iii) and (iv) do actually exist. Thus we are not able to give effective
bounds, as good as those given with Theorem 8. Any proof of the non-
existence of exceptional primes would give deep information on the structure
of decomposition groups.

2. The analogous condition D(K|k)∩D(K ′|k) .= D(KK ′|k) is equivalent
to UG ∩ U ′G = (U ∩ U ′)G.

3. The assertions of Theorem 20 are not satisfied for all field extensions:
Let N |k be an A4-extension. For two of the conjugate subfields of degree 6
we get (NK1|k(K∗1 )∩NK2|k(K∗2 ) : NN |k(N∗))=(NK1|k(K∗1 ) : NN |k(N∗))=∞,
since K1 and N are not weakly Kronecker equivalent over k.

The third remark is also contained in

Remark 21. Let K 6⊂ K ′,K ′ 6⊂ K be given. If F = KK ′|k is Galois and
(NK|k(K∗)∩NK′|k(K ′∗) : NF |k(F ∗)) is finite, then the indices δk(K∗,K ′∗)
and δk(K ′∗,K∗) are infinite.

P r o o f. Assume δk(K∗,K ′∗) <∞. Then (NK|k(K∗) : NF |k(F ∗)) is also
finite, i.e. K and F are weakly Kronecker equivalent over k. Since F |k is
Galois, this implies K = F and K ′ ⊂ K.

We now consider the case of two fields. Stern [16, Theorem 1] proved

K|k Galois ∧K ′|k Galois⇒ (NK|k(K∗)∩NK′|k(K ′∗) : NKK′|k(KK ′∗))<∞.
Our group theoretic condition for the finiteness of (NK|k(K∗)∩NK′|k(K ′∗) :
NKK′|k(KK ′∗)) enables us to give a broad generalization of Stern’s re-
sult (Theorem 22(a)). Theorem 22(b) generalizes Example 4.35 of [9]. Since
weakly Kronecker equivalent fields are not linearly disjoint over the ground
field, this once more points out a duality between weak Kronecker equiva-
lence and the finiteness of (NK|k(K∗) ∩NK′|k(K ′∗) : NKK′|k(KK ′∗)).

Theorem 22. Let K|k and K ′|k be extensions of number fields. Then

(NK|k(K∗) ∩NK′|k(K ′∗) : NKK′|k(KK ′∗)) <∞
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holds in each of the following cases:

(a) K or K ′ is Galois over k.
(b) K and K ′ are linearly disjoint over k.
(c) If gcd((K : k), (K ′ : k)) = 1, then we even have the equality

NK|k(K∗) ∩NK|k(K ′∗) = NKK′|k(KK ′∗).

P r o o f. Let N |k be a Galois extension containing K and K ′, and let
G = G(N |k), U = G(N |K), and V = G(N |K ′). For p|#G we have to show

(12) UGp ∩ V Gp = (U ∩ V )Gp .

(a) Assume K ′|k Galois.
“⊂”: Let x = σuσ−1 = τvτ−1 ∈ UGp ∩ V Gp . Then u = σ−1τvτ−1σ ∈

U ∩ V G = U ∩ V. Hence x ∈ (U ∩ V )Gp . The converse is plain.
(b) Since K and K ′ are linearly disjoint, we have (V : V ∩U) = (G : U),

hence (G : V ∩ U) = (G : U)(G : V ). This is only possible if G = V U =
{vu | v ∈ V, u ∈ U} and implies V G =

⋃
σ∈G V

σ = V U . Again we have to
show (12).

“⊃” is obvious. Now take x = uvu−1 ∈ Up ∩ V Gp = Up ∩ V Up . Then
v = u−1xu ∈ U ∩ V. Hence x ∈ (U ∩ V )Gp .

(c) The exponent of NK|k(K∗) ∩NK|k(K ′∗)/NF |k(F ∗) divides gcd((F :
K), (F : K ′)).

5. Relative Brauer groups. Here we give another characterization of
weak Kronecker equivalence in terms of relative Brauer groups. Let K|k be
an extension of number fields. Then the relative Brauer group B(K|k) is the
kernel of the restriction

rK|k : B(k)→ B(K), [A] 7→ [A⊗k K],

where B(k) denotes the Brauer group of k. If [A] ∈ B(K|k), then K is called
a splitting field for [A]. Let S∞(k) be the set of infinite primes of k. For a
prime ℘ ∈ P (k) ∪ S∞(k) there are homomorphisms into the Brauer groups
of the completions

B(k)→ B(k℘), [A] 7→ [A⊗k k℘],

and well known isomorphisms

inv℘ : B(k℘) '



Q/Z, ℘ ∈ P (k),
1
2 · Z/Z, ℘ real,
0, ℘ complex.

Further, there is an exact sequence

(13) 1→ B(K)
ϕ
↪→ I(K)

ψ→→ Q/Z→ 1,
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where I(K) =
⊕

℘∈P (k)∪S∞(k) I℘(k) with I℘(k) = Q/Z if ℘ ∈ P (k), I℘(k) =
1
2 ·Z/Z if ℘ is real and I℘(k) = 0 otherwise. Here ϕ([A]) = (inv℘([A⊗kk℘]))℘
and ψ((t℘)℘) =

∑
t℘.

K is a splitting field for [A] ∈ B(k) if and only if

(14)
∧

℘∈P (k)∪S∞(k)

∧

P|℘
(KP : k℘) · inv℘([A⊗k k℘]) = 0.

For proofs of these classical theorems, the reader is referred to Pierce [14,
p. 357, p. 354].

We get the following theorem:

Theorem 23. Let K|k and K ′|k be extensions of number fields con-
tained in a Galois extension N |k. Let G = G(N |k), U = G(N |K) and
U ′ = G(N |K ′) be the respective Galois groups. Then for p|#G the following
statements are equivalent :

(i) (B(K|k)p : B(K|k)p ∩B(K ′|k)p) <∞.
(ii) U ′Gp ⊂ UGp .
Here B(K|k)p denotes the p-torsion part of B(K|k). A first version of

Theorem 23 was proved by Fein, Kantor, and Schacher [2]: B(K|k)p is finite
if and only if UGp = GGp . Later R. Guralnick [5] used (i)⇒(ii) implicitly
without giving a proof. For the readers’ convenience, we include a short
proof of Theorem 23:

We abbreviate inv℘([A⊗ k℘]) by inv℘([A]).
(i)⇒(ii). Let {[A1], . . . , [As]} be a system of representatives for the cosets

of B(K|k)p ∩B(K ′|k)p in B(K|k)p. We consider the finite set

M =
{
℘ ∈ P (k) ∪ S∞(k)

∣∣∣
∨

i∈{1,...,s}
inv℘([Ai]) 6= 0

}
.

For σ ∈ U ′p we choose ℘0 6= ℘′0 ∈ P (k) \M, unramified in N |k, such that
σ = FN |k(P0) = FN |k(P ′0) for a divisor P0 of ℘0 in N and a divisor P ′0 of
℘′0 in N . Then we define

pi := min{fK|k(P) | P ∈ P (K)∧P|℘0} = min{fK|k(P) | P ∈ P (K)∧P|℘′0}.
By (13) there is [A] ∈ B(k)p with

inv℘([A]) =





1/pi, ℘ = ℘0,
−1/pi, ℘ = ℘′0,
0, otherwise.

By the characterization (14) of splitting fields, [A] ∈ B(K|k)p. Thus

[A] = [Aj ] · [B] with j ∈ {1, . . . , s} and [B] ∈ B(K ′|k)p.
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For ℘ 6∈M we have

(15) inv℘([A]) = inv℘([B]).

Now (14) and (15) yield

0 = inv℘0([B]) =
1
pi

+ Z,

hence σ ∈ UGp .
(ii)⇒(i). Let U ′Gp ⊂ UGp . We choose a system ([Bι])ι∈I of representatives

for the cosets of B(K|k)p ∩ B(K ′|k)p in B(K|k)p and fix an unramified
℘0 ∈ P (k) with the property

min{νp(fK|k(P)) | P ∈ P (K) ∧ P|℘0}
= max{min{νp(fK|k(P)) | P ∈ P (K) ∧ P|℘}},

where ℘ runs through the set of those primes of k which are unramified in
N |k.

For fixed ι0 ∈ I we consider the finite set

M = {℘ ∈ P (k) | inv℘([Bι0 ]) 6= 0}.
Let ℘0 6= ℘1 ∈ M be unramified in N |k with inv℘1([Bι0 ]) = λ/pi, λ ∈ Z,
gcd(λ, p) = 1. Then by (13) there is [A] ∈ B(k)p with

inv℘([A]) =




λ/pi, ℘ = ℘0,
−λ/pi, ℘ = ℘1,
0, otherwise.

We now claim that [A] ∈ B(K|k)p ∩B(K ′|k)p.

P r o o f. By Theorem 3 we have, for all ℘ ∈ P (k),

(16) min{νp(fK′|k(P)) | ℘ ∈ P (K ′) ∧ P|℘}
≥ min{νp(fK|k(P)) | ℘ ∈ P (K) ∧ P|℘}.

By definition [A] is contained in B(K|k)p, because all divisors P of ℘1 in K
satisfy νp(fK|k(P)) ≥ i; the same holds for the divisors of ℘0 in K. Hence
(16) yields [A] ∈ B(K ′|k)p.

Now we have [A] · [Bι0 ] = [Bι0 ] and we can construct a new element [B′ι0 ]
which represents the coset of [Bι0 ] with

(17) inv℘([B′ι0 ]) = 0 for all unramified ℘ ∈ P (k) \ {℘0}.
Since [Bι0 ] is uniquely determined by local invariants and because of the
simple form of B(R), B(C) the meaning of (17) is that there are only finitely
many cosets.

The author wants to thank the referee for his most useful comments.
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