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1. Introduction. Let p be a prime and g a natural number, g > 2. Like
any other real number, the quotient 1/p has a digit expansion with respect
to the basis g. This means that

with z; € {0,1,...,9 — 1}. The numbers x, k € N, are uniquely deter-
mined and called the digits of 1/p with respect to g. In what follows we
always assume that g is a primitive root modulo p. For this reason the digits
Z1,...,Tp—1 form a period of shortest possible length in the above expansion.
Our concern are some remarkable properties of this period, which seem to
be unknown even in the simplest cases. For example, if p =3 mod 4, p > 7,

(1) (x2+x4—|—...—|—xp_1)—(x1+x3+...—|—:np_2):(g+1)h2_,

hy denoting the class number of the quadratic field Q(y/—p). This identity
slightly resembles the Hirzebruch—Zagier formula (cf. [5]), which expresses
hy in terms of the period of the continued fraction of /p, provided that
Q(/p) has class number one.

The half-periods x1,...,24p-1)/2 and T(,41)/2,-.,Tp—1 are connected
by the formula

(2) Tk + Tppp-1)2 =9 — 1,

k > 1, which was already known at the beginning of the 19th century
(cf. [1], p. 161; a short proof is given below). By (2), the sum of the digits
Z1,...,2p—1 18 (g—1)(p—1)/2, so the mean value of these digits is (¢—1)/2.
Now let g be a divisor of the period length p — 1. It seems natural to group
the digits x1,...,7p—1 in classes

and to investigate the mean value of each such class. Of course this is the
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same as investigating the sums
Sj:Z;U:Z{:Uk;lgkgp—l,kzjmodq}, j=1,...,q.
xGCj

The expected value of each sum S; is

—1 -1
g l9-D-1)
2q
since S1+ ...+ S, =1+ ... +xp_1 = (9 —1)(p— 1)/2. We first consider
the trivial case, i.e., when S; = S for all j € {1,...,q}. Here the mean value

of the digits in the class C; does not differ from the “general” mean value
(g — 1)/2 of above. The trivial case occurs whenever ¢ divides (p — 1)/2.
Indeed, if (p —1)/2 = 0 mod ¢,

Sj :Z{xk+xk+(p—l)/2;1 <k<(p-1)/2, k=jmodgq}, j=1,....q

Therefore (2) gives S; = (9 —1)(p — 1)/(2¢q) = S for all j.

In the sequel we ezclude (p—1)/2 = 0 mod q. In other words, we always
require: ¢ even, p = ¢ + 1 mod 2¢. On putting
(3) T, =5;-5, j=1,...,q

we bring the sums S; into a “balanced” form with respect to their expected
value S. Throughout this paper let

n=gq/2.

Then it suffices to investigate the first half 71, ..., T, of the sequence 77, ...
..., T5. In fact,

(4) Si+ Sjtn = fzr;1<k<p-1, k=jmodn} =28,

since the modulus n = ¢/2 belongs to the trivial case. This identity and (3)
imply
(5) Tj+n:_Tj7 ]:1,,n

We call T = (Th,...,T,,) € Q" the g-digit eccentricity of 1/p with respect
to g.

The subject of this paper is the connection of T" with class number fac-
tors. Let Q(™) denote the mth cyclotomic field. The field Q) contains a
(unique) subfield K, with [K, : Q] = ¢. Since ¢ is even and p = ¢+1 mod 2g,
K, is imaginary. Let h, denote the minus part of the class number of K,
(also called the relative class number of K;). In Theorem 1 the number h
is expressed in terms of 1" and gth roots of unity. The case g = 2 yields
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which is equivalent to (1) via (5). In order to obtain simple rational formulas
(cf. example below) we use Hasse’s representation of h as a product of
canonical factors b, r running through certain divisors of ¢ (cf. [3]). For
each r there is a norm form N, such that N,(Ty,...,T,) = c¢.h’, with an

explicit factor ¢, (Theorem 2).

2. The main result. Let the above notations hold. For an integer k > 0
let g € {1,...,p — 1} be defined by

(6) gr = ¢* mod p.
A central tool of this paper is the simple formula
(7) T = ggk—]lj_ gk:’

which holds for all £ € N and is proved as follows: Let y; be the right side of
(7). Then (6) shows that y is an integer. Since both gx_1, gx are less than
p, one obtains —1 < y; < g. Therefore y;, is in {0,1,...,9 — 1}. By (7),

> gt = *(ng—l/gk’l - ng/gk> = -
k=1 p k=1 k=1 p

The uniqueness of the digit expansion of 1/p yields y; = z, for all k£ > 1.
From (7) formula (2) follows immediately: Since g®?~1/2 = —1 mod p,
we get gry(p—1)/2 =P — gk, k > 1. By (7),
Thy(p-1)/2 = (90 = gr—1) = (P —9k)) /P =9 — 1 — xs,
which is (2).
Now we turn to the connection with class number factors. Let X~ be
the set of all odd Dirichlet characters xy mod p belonging to K,. Put

E; ={neC;n"=-1}

(this is one half of the set of gth roots of unity). X~ and £ are in one-to-one
correspondence by x — x(g). Let

be the first Bernoulli number attached to x € X . Consider the polynomial

12
P15
p k=1

with rational coefficients. For x € X and ¢ = x(g), we have By = P(().
On account of (7) it is easy to connect the digits z1,...,zp—1 with B,.
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Indeed, let
Q = Zkak.
k=1
Then
(8) Q(¢) = (9¢ — DP(¢) = (9x(g) — 1)By.

Moreover, (7 = 1, hence Q(¢) = ?:1 S;¢7. In view of (4) and ¢/ = —(7,
we obtain Q(¢) = 2>_"_, Tj¢/, and from (8),

9) ZTJ@' = (9¢ — 1)By/2,

with ¢ = x(g). The connection of (9) with the number h_ is clear. Put

fp=qg+1
10 — {p tp=gq+1,
(10) a 1 otherwise.

The analytic class number formula yields (cf. [4])
B —1)"h;
(1) 15 -5
2 274
x€Xq

On using
IT -1 =(=D"g"+1)
CeE;

we obtain from (9) and (11)

THEOREM 1. Let q be even, p=q+ 1 mod 2q and T = (11,...,T),,) the
q-digit eccentricity of 1/p with respect to g. Then

(12) > 70 - T

¢cee; 1=1

In particular, T # (0,...,0).

Following Hasse [3] we now decompose (12) into canonical factors. For
an even number r > 2 let

Er={CeE ;ord(() =1}
be the set of roots of unity of (exact) order r. The notation r||¢ means that
r divides ¢ and ¢/r is odd. Then

e

rllq
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The left side of (12) splits into the factors

(13) N(T) = ] > 1¢7, rld.
CeEy: j=1
each of them being a Q(") /Q-norm. Moreover, we put
5. — {2 if r is a power of 2,
" 1 otherwise.

Let @, denote the rth cyclotomic polynomial, u the Mobius function, and
¢ the Euler function.

THEOREM 2. For each r with r||q, the q-digit eccentricity T of 1/p sat-
isfies

P, (g)hy

14 N.(T) = ——=—=~.
(14 ) ==
All entries on the right side of (14) are natural numbers; 7, is defined by

(10) and h} by
| (A
s||r
Furthermore, h; is prime to 7.0, and divides h, .

Proof. Hasse ([3], p. 93, Satz 32) proved that

R

[1{Bx/2;0rd(x) =1}

with an integer h, prime to 7,d,. In view of (13) we get

ér(g)grhr
VrOp
where ¢, is the Q") /Q-norm of a number ¢ € E*. Now (12) shows

(15) | B

rllq

No(T) =

)

and (multiplicative) Mobius inversion of (15) yields hf = e-hy. But &,k
is in Z and h) > 0 by its definition, so h; is a natural number. It divides
h; because of (15). Mdbius inversion, applied to H'I"H qér(g) =g" +1, also
shows that @,.(g) is positive. m

We note that N,.(T') is a norm formin T4, ..., T,; in particular, it is a ho-
mogeneous polynomial in 77, ..., T, of degree |EX| = ¢(r) with coefficients
in Z.

It is not hard to compute these polynomials for small values of ¢, 7.
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In the case ¢ = r = 12, e.g., we obtain
3(T — T3 + Tf — T3 + 2T\ Ty — 2T5Ts + 2151 + 2T Ty)?
+ (TP +T5 — 215 + T + T2 — 273 — 210 T — 21375
— ATSTy + 2To Ty — 2T Ty + ATy T2)* = (g* — g> + 1)hyy/hy .

Remark. For r||q let b, denote the right side of (14). Formulas (13) and
(14), together with the arithmetic-geometric inequality, yield a lower bound
for the euclidean norm ||T|| of the digit eccentricity, namely

1
(16) Iy >~ > o(r)n/ e,
rllq
In the cases ¢ < 6 equality holds in (16). Thus the 6-eccentricity satisfies
(9 +1)%(hy)° +8(g° — g+ Dhg
12h;
for all p = 7mod 12, p > 7. It can be shown, however, that (14) does not

supply an upper bound for ||T'|| if ¢ > 8. But the lower bound (16) seems to
be quite good.
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