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1. Introduction. Let K be an algebraic number field, and let k£ > 2 be
a fixed rational integer. Given an ordered system (8&;) = (&1,...,8;) of k
ideal classes (in the widest sense), we consider, for integral ideals a # (0),
the divisor functions

dr(a; (R;)) = > L,

aj...ag=a
a;ER; (7=1,...,k)

the number of representations of a as a product of k£ integral ideals, the jth
one lying in the class 8; (j =1,...,k), and

dk(a) = Z 1,
aj...ar=a

the number of such representations without any restriction regarding the
classes. Clearly,

(1.1) dk(a; (ﬁ])) =0 ifagZﬁl...ﬁk
and
(1.2) dr(a) = di(a; (]))),

(85)

where the summation is over all systems (&;), of which there are exactly h*,
h denoting the class number of K.

As usual, there are two possible ways of defining summatory functions.
The first of these, leading to the Piltz divisor problem for ideals and not
dealt with here, is exemplified by

> dia),
N(a)<z

taken over those integral ideals a # (0) in K whose norm N(a) does not
exceed the positive variable x. Being basically one-dimensional, sums of this
type can be treated with standard tools of analytic number theory such as

(41]
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Perron’s formula. For results, see [12], [13], [14], and the references given
in [7].

The problem we are concerned with in this paper, commonly referred to
as the Piltz divisor problem for numbers, is harder in some respects, mainly
because of its higher dimensionality and the essential role played by the
units of K. In detail:

Suppose that K is of degree [K : Q] = n = r; 4+ 2ry (in the standard
notation). Let d denote the discriminant of K, h the class number, R the
regulator, w the number of roots of unity, and r = 1 + 79 — 1 the number of
fundamental units. The conjugates of a number v € K are denoted by v(®)
(p=1,...,n), and its norm by N(v). Let

_J1 forp=1,...,r1,
= 2 forp=ri+1,...,7r+1.

Further, let 2 = (21,...,2,41) € R} denote a vector of positive real
variables and
r+1

_ €p
X = Ha:p .
p=1

We investigate the sums

(1.3) Di(z; (%)) = > de(v; (&),

(1.4) Di(z)= > di(v),

o< v®) <z,

extended over all non-zero integers v € K subject to the inequalities
P | <z, (p=1,...,r+1). Here we have set

di(v; (85)) = di((v); (85)),  di(v) := di((v)),

(v) denoting the principal ideal generated by v. These functions are known
to satisfy asymptotic relations of the form

Dy (3 (8;)) = Ap X Pr(log X; (8))) + Aw(z; (R))),
provided R; ... 8, = Ko, the principal class, and
Dk(x) = hk_lAkXPk(log X) + Ak(.’E),

e () ()

Py (+;(R;)) and Py(-) are certain monic polynomials of degree k — 1, and the

where
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Ay’s are of order o(X) as X — oco. By (1.1) and (1.2),
(1.5) Ap(r) = > Al (&)
Rr="Ro

R1...Rk

The problem now consists in finding good upper and lower estimates for the
Ak’s.

All results mentioned will be the same for Ag(x) and for Ag(x;(8;))
with R ... R = Ro. So, for the sake of brevity, let Aj(z) signify any of
these. Grotz [1], in 1980, was the first to give an upper bound for |Aj(z)],
namely

* 171/((k/2>r1+kr2+1)+(5 >
(1.6) Ar(z) < X (X >1)

for any 6 > 0, (k/2) denoting the least rational integer > k/2.

The method used runs, in essence, as follows: First, Dy(z;(R;)) is ex-
pressed, by means of Siegel’s summation formula, as a series of complex in-
tegrals involving a product of Hecke zeta-functions with Groéssencharacters.
Then the path of integration is shifted into the critical strip, in the course of
which the main term occurs as a residue. Finally, the integrals along the new
path are estimated, which yields an upper bound for the remainder term.
For this purpose, Grotz employed an inequality of Phragmén—Lindel6f type
for Hecke’s zeta-functions.

Using a more refined summation formula, in 1990 I improved on (1.6)
by showing that

(1.7) Af(z) < X172/ k42) (1o X )k—nk/(nk+2) (x> 9)

(see [10]). In the same year, Schne [12], [13] succeeded in giving sharper
bounds for Hecke’s zeta-functions on the critical line and obtained as a
consequence

(1.8) Af(z) < X173/(nk+6)+0 (x> 1)

for any § > 0, which is better than (1.7) if nk > 7.

The reader will, however, notice that none of these results, when special-
ized to the rational field, contains even the elementary estimate Ag(x) <
z'/2 in the classical Dirichlet divisor problem.

In the present paper we choose a modified approach. We shift the inte-
grals mentioned above further to the left, beyond the critical strip, into the
left half-plane. Then, after having transformed the Hecke zeta-functions by
means of their functional equation, we apply the summation formula once
again, this time “backwards”, in order to eliminate the zeta-functions and to
recover a series extended over numbers (instead of ideals). The terms of this
series are integrals which can be evaluated by the saddle-point method. The
result, stated as Lemma 7.1, is an equation for A} bearing close analogy to
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the Voronoi summation formula associated with the classical divisor prob-
lem. From this equation, upper and, for the first time, also lower bounds for
A7 are derived by arguments similar to those commonly used in the rational
case. Our results are:

THEOREM 1.
Al () < X172/ k=) (100 X)F=1 (X > 2).
The < -constant depends only on K and k.

Although our method, unlike S6hne’s, does, as yet, not involve any non-
trivial exponential-sum estimates, this is better than (1.8) if (kK — 3)ry +
(2k — 3)ry < 6, that is, in the following cases:

e k=2 ry <71y 406, in particular for all totally real fields;

e k= 3, for fields with ro < 2;

e k =4, for cubic fields and all totally real fields of degree < 6;
e k =5, for totally real quadratic and cubic fields;

e k = 6, for real quadratic fields.

For K = Q, Landau’s result [4]
Ap(z) < 2= D/0+D) (10g )k
and in particular Voronot's Ay(x) < z'/3logz are recovered.
THEOREM 2.
Af(z) = 2y (X ME=r=D/Cnk)y g X 0.

THEOREM 3. Ifr;1 > 0 let k Z#1 (mod 4). Then, as X — oo,
(1) A5 (x) = 24((X log X)"F=r=D/Crk) (log log X)* ),
where V =1 [%] + 7a.
When specialized to the rational field, these theorems give
Ap(x) = 2u (xFD/CR),
which is due to Hardy [2], and, for £ #Z 1 (mod 4),
(—DE=2/ Ay () = 2, ((xlog z) F~D/ ) (log log x)F 1),

which is a special case of Szegd and Walfisz [14]. In particular, Hardy’s
results

Ag(z) = 2_ (),  Ay(z) = 2, ((zlogz)/*loglog x)

on the Dirichlet divisor problem are included.

Except for Kk =1 (mod 4) and apart from sign information, these esti-
mates are not far from the best known today in the rational case, falling
short by powers of loglog x at most.
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One final remark has to be made. The arguments leading to (1.6), (1.7),
and (1.8) work equally well when the summation in (1.3) and (1.4) is re-
stricted to totally positive numbers v, or, what comes to the same thing,
when the terms of these sums are multiplied by a sign character. In our
method, however, this would cause additional difficulties. I have indicated
in the proof of Lemma 7.1 what goes wrong then.

2. A smoothing operator. Given a function F : Rfl — C, we put
fore >0and x € Rfl,

J.F(z) = (4me)~(r1)/2 f F(a:e”)e_|”|2/(45) dv,

Rr+1

where ze¥ = (z1€",...,z,41€" 1) and |v| = (E;; vg)l/z.

Under suitable conditions, the operator 7. transforms F' into a function
JF Rfl — C which is very well behaved and thus allows straightforward
analytical treatment.

In this section we show how to gain information about F' from properties

of J.F'. In the first place, we have

LEMMA 2.1. Assume that F : R:_H — C is locally Lebesgue integrable,
that F' is continuous at the point x € Rfl, and that

f |F(a:e”)\e_|”|2/(4€°) dv < o0
RT'+1
for some g9 > 0. Then
61_1>r61+ J-F(z) = F(x).
The proof is easy and can be left to the reader. m

The next lemma gives a quantitative result. It requires a definition.
The function o : Ry — Ry is called (k1, k2)-moderately growing (k1 > 0,
K9 Z 0) if

a(feg/) < ma(f)e’”lgll for all £ € Ry and &' € R.

LEMMA 2.2. Suppose that o, 5 : Ry — Ry are (k1, ka)-moderately grow-
ing and that F, M : R’jfl — R and ¢ : Ry — Ry satisfy the following
conditions for all x = (x1,...,2,41) € R’_?l (K3, K4, K5 denote positive real
numbers independent of x):

o ['(z) >0, F(x) is non-decreasing with respect to each x,;
e M has continuous first-order partial derivatives such that

rysoM(@)| < RoB(X) (=174 1)

Lp
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e ¢ is continuous and 0 < e(X) < 1;

o /e(X)-B(X) < kga(X);
o T (P = M) < roa(2)

F(z) = M(z) + O(a(X))  for allx € R,
where the O-constant depends only on Kk1,...,Kk5 and n.
Proof. See [10, Theorem 3.1]. m
In the (2-direction we have

LEMMA 2.3. Let o : Ry — Ry be (k1,k2)-moderately growing. Let
G: Rfl — R be a measurable function satisfying

(2.1) G(2)] < Ka(X"™ + X ") forz € R

(K3, ..., Ke denote positive constants). Suppose that for every Xo > 1 there
is an x € Rfl and an € > 0 such that

X>Xy €< /@'5(logX)*1, J-G(x) > kea(X).

Then
G(z) = 24 (a(X)) as X — oc.
Proof. k7,..., k14 denote positive constants depending only on x1, ...
..., ke, (1), and n. We assume that, with some g > 0,
(2.2) G(z) < pa(X) for X > X; > 1.
Let T > 0 — the exact value of T" will be chosen later — and consider
z € R with X > e"? Xq. Then, if |v] < T,
r+1
Xexp (Zepvp> > Xe vl > Xy,
p=1

so (2.2) holds also with ze” in place of x. Hence

r+1
G(ze”) < Qa(X exp (Zepvp)) < kroa(X)e" T for lv| <T.
p=1

By (2.1), on the other hand, for all v € R"™™! we have |G(zeV)| < 2k3X"
x emnlvl Tt follows that

J-G(z) < (4me)~0H0/2 [ g pa(X)eren T eI/ (9 gy
lv|<T
+ (4me)TOHD2 [ gy s eranlvle =T (80) = lul/(89) gy
|[v|>T

< K1 QO&(X)B'WT + KSX“46_T2/(88)



The Piltz divisor problem 47
if 0 < e < 1. Now 0 < a(l) = a(Xe X)) < g1a(X)X" 2, hence
1 < kga(X)X"2. Inserting this yields

J-G(z) < kroa(X)e T + /ﬁloa(X)X“llefﬂ/(SE)
< rrpa(X){oer T 4 X1/ (Br)y

if 0 < e < ks(logX)~!. The choice T = /8ks(k11 + 1), that is, k11 —
T?/(8ks) = —1, then gives

JeG(x) < riza(X){o+ X1}
Comparing this to the hypotheses of the lemma, we find that
ke < kiz{o+ X'}
for arbitrarily large values of X. Hence ¢ > k14, and the assertion follows. m
J- can be interchanged with the process of taking residues:

LEMMA 2.4. Let the function g(s) be holomorphic and single-valued for
0<|s—sol <o (0>0), and let

M(z) = Res(g(s)X*) (zeR}).

S$=S8o
Then
r+1
M(x) = Res (g(s)X"exp {e > e2s}).
JeM(x) Res g(s)X? exp Epz::leps
Proof. See [10, Lemma 4.1] with g1 = ... =¢,41 =0. =

3. Summation formulas. Two slightly modified versions of the sum-
mation formula from [10] are given. We extend K to a system 3 of ideal
numbers @, B, ... together with conjugates a<P>,B<p>, ...; for details, see [3,
Sect. 2]. 3 splits into a finite number h of classes

R=R@)={ap:0e K} (a+#0)

which correspond to the ideal classes in the widest sense. Different classes
have only the number 0 in common. Regarding notation, we will not distin-
guish between an ideal class and the corresponding class of ideal numbers.

Assuming r > 0 for the time being, we consider a free group U of totally
positive units which has finite index [€ : U] in the full unit group € of K.
We fix a basis 1, ...,n, of U and put

-----

then
(3.1) [€: U] =wR(U)/R.
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Given 7 = (11,...,7) € R", we define the generalized Grossencharacter A,
by

r+1
(3:2) H e (0 £ 0 € 3)

with Fy(7),..., Er11(7) determined by the system of equations

r+1

Z epEP(T) = O)

p=1

r+1

Zep log\n(p)\—%rv' (g=1,...,7).

We further consider a complex-valued arithmetic function f defined on
the non-zero ideal integers v € 3 (e.g., f(¥) = 0 outside a particular class
R), such that always

fv)=f®) mel).

Clearly, this invariance property is shared by A, if and only if r=m € Z".
In that case, the Dirichlet series

E(s; Am frU) = (E): “\(fﬁ(é)f? (s € C)

is well-defined; here the summation is over a complete set of ideal integers
v # 0 which are not associated with respect to U.

We shall frequently use abbreviations like
e = ([0, [P |20 10),

LEMMA 3.1. Let the measurable function @ : Rﬁfl — C and the number
o € R be such that

r+1 ~
T oo 14 . N @)
f @(u)|Hup u<oo an E N7
R+ p=1 (P

Then the series
Z Ar( o(|v]z),

extended over all integers U # 0 in 3, is absolutely convergent for almost all
z € R For allz € R and all e > 0, J.F(x) is absolutely convergent
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and

J-F(z) 2mR Em:(gf) (s —iBy(m—1),...,8 —iEmy1(m —7))

r+1
x Z(s; A f,U) [ [ ol Folm =)
p=1
r+1
X exp {5 Z ez(s —iE,(m — 7'))2} ds,
p=1

where series and integrals on the right also converge absolutely. Here m
ranges over 7", the integration is along the vertical line Res = o, and ¥ is
the Mellin transform of &:

r—+1

U(S1,.nySpp1) =2 f D(u) H uzpsp_l du
p=1

r+1
RS

Proof. Apart from the trivial extension to ideal numbers, this is a spe-
cial case of [10, Theorem 2.2]. m

The second version deals with the case of a given function ¥ which is
not necessarily representable as a Mellin transform.

LEMMA 3.2. Let 0 € R be such that
rf(D)]
— - <0
Z IN ()|
(P)u

Let the complez-valued function ¥(sq,...,S.41) be defined and continuous
on the (r + 1)-space given by s, = o +ity, t, e R (p=1,...,r+ 1), and
suppose that

r+1
W (s1,. .., 8r041)| < K1exp (F&g > !tp!>
p=1
with k1, ke > 0 independent of t1, ..., ty41. Then, foru,xz € R7™ ande > 0,
+ +

the integral

De(u) = (2mi)" D[ [ W(s1, . sep0)
(o) (@)
r+1 r+1

X H u,, °7 - exp {5 E efas;} dsy...dsri1
p=1 p=1
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and the series

G(x,e, 1) = Z fTS—ZEl — 7).y 8§ —iE.11(m — 1))
m (o)
r+1

x Z(s; A U) [ [, ol Polm=)

2mR

are absolutely convergent. For those x and € for which the series
F(zx,e,T) Z Ar( o (|7]x)

is also absolutely convergent, we have the equality F(x,e,7) = G(x,e,T).

Proof. We first prove that

Go(z,e,7) = 27rzR ;(])‘ (s—iEx(m—7),...,8s —iE,11(m — 7))
r+1 ‘ r+1
% H x;ep(S*ZEp(me)) - exp {Ezei(s _ ’iEp(m _ 7_))2} ds
p=1 p=1
equals

(x,e,7) Z)\ o (|n|z)

neu
whenever the last series converges absolutely. To this end we keep x and ¢
fixed and regard 7 as variable. Using the estimate [10, (1.6)]

r+1

Ze (t—E >n3(t2+z )

we find that G is absolutely convergent, and that the convergence is uniform
with respect to 7 in any bounded set. Hence Gy represents a continuous
function of 7 which clearly is periodic with period 1 in each 7.

On the other hand, the same calculations as in the proof of [10, Theo-
rem 2.1] show that Fy is in fact the Fourier expansion of Gy with respect to
7; note that

Ar(n) = exp2mi(lymy + ... + 1,7))  ifp= 77[11 b I, € Z.

Thus absolute convergence of Fjy implies Fy = Gy.
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Now, if the series I is absolutely convergent, it can be rearranged to

(x,e,7) Z Ar( v)Fo([v|z, e, 1)
(D)u
with all the inner Fj’s converging absolutely as well. To complete the proof,
we replace the Fy’s by the corresponding Gp’s and move the summation
with respect to (7)y under the integral sign, as we may by absolute conver-
gence. m

The above results also hold for r = 0 if we then put & = {1}, R(U) =
7 =20, F1(0) = 0, and keep in the sum over m only the term with m = 0;
cf. [10, Sect. 2].

In this sense, the following computations will always include the case
r=0.

4. The generating Dirichlet series. Let U be any unit group as spec-
ified in Section 3, and let A\,,, m € Z", be a corresponding Grossencharacter
according to (3.2) Then, given a system (&;) = (&1, ..., &) of ideal classes,
we consider the analytic function defined for Res > 1 by

= L A @) ()
Auleshe ) = gy 2 "IN

the summation being over a complete set of non-zero integers 7 € 3 which
are not associated with respect to Y. Remember that d(7;(R;)) :=
dk((l//\), (ﬁ])) =0 unless v € ;... 8.

LEMMA 4.1. Z(s; A, (Rj)) is an entire function, except for m = 0 when
its only singularity in C is a k-fold pole at s = 1 such that

tim (s — 1) Zu(s: 1. (8)) = (“\/Qg)k@)k—l

We have the functional equation

(41)  Zi(s; A, (R)))

k/2 r+1 epk(s—iEy,(m
—<|d‘>/H(€pﬂ-> ( (m))
4r2qn AN

(0 st iBm) L w
XH( i) ) A )

in which (g) = 0 is the different of K, and the class &) is determined by

-~

R R =80 (j=1,....k).
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Proof. We assume first that A\,,(n) = 1 for every unit n € £. Then,
collecting associated numbers and using (3.1), we find that

(4.2) Zi(5; Am, (8))) =

=Vl S

k
H C(Sa )\mvﬁj)v
j=1
where ((s; A\, &) is Hecke’s zeta function:

g(S; Amwﬁ) = Z/

(R)eR

(Res > 1),

summed over all integral ideals (i) # (0) in the class K. According to
Hecke [3] (see also Landau [6, Sect. 13]), {(s; Ay, R) is holomorphic through-
out C, except that for m = 0 it has a simple pole at s = 1 with residue
2r1 (27)"2 R
|dw

There is a functional equation which can be put in the form

~

‘5(3; /\m7 R) = A771(5)5(1 -5 A—7717 ﬁl)?
where

§(53 Amy R) = Y(Am) (83 A ) AC(83 A, R),
r+1
A= 27r27r7n/2‘d’1/2’ 7(>\m) _ H e;zl’)epEp(m)/Q’
p=1

r+1 e .
L(siam) =] F(zp(s - iEp(m))>, and K- R = R(0).

~

Now (4.1) follows after a simple calculation using |N(d)| = |d|. On the
other hand, the assertion holds trivially if A,,(n) # 1 for some 7 € &, since
then Zj(s; A, (R;)) = 0 identically. m

Estimating ((s; A, &) by means of the Phragmén—Lindeldf principle, as
demonstrated by Rademacher [8, Sect. 8] in a very similar case, and inserting
in (4.2), we get

LEMMA 4.2. Let 0 < 0 < 1/2, 0 = Res, t =Ims. Then

r+1
Zi(53 Ams (8)) < [ [+ [t = Bp(m)])eetUre=)/2
p=1

if —0o<o<14pandl|s—1|>1/4, the <-constant depending only on K,
k, and p.
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5. Asymptotic evaluation of integrals. We investigate the behaviour
of

(5.1) L(B:¢)=— [ ¢(s)B™ ¢ ds (0> 0)

for B > 0 and € > 0, when the analytic function 1 is subject to certain
conditions (which guarantee in particular that the value of the integral is
independent of o > 0).

This involves a fairly lengthy application of the saddle-point method.
Fortunately we can, after a suitable change of variables, take most of the
computations without alteration from [9], where a special case is studied.

LEMMA 5.1. Let ¢(s) be holomorphic on
D={seC:s5#0,|args| < 3m/4}
and suppose that
(5.2) ¥(5) = P(s)

for s € D. Suppose further that there are real constants ¢, «, B, v, 6 with
a>0,v>0,0>0 such that

(53) ()

= ce” exp (as(log (s/v) — 1 —mi/2) + (B — 1) log s) - {1 + O<t+11> }

for s € D with t =Ims > 0 and sufficiently large |s|. Then

2
(54)  L(Biy) = C\Fe-d*bﬁ—l/? cos (ab N 5)
T 2 4
+ O(e—eb2/2bﬁ—1> + O(bﬁe—logQ(ab/m)

forb:=yBY* >2/a and 0 < £ < a?/8. The O-constants are independent
of B and ¢.

Proof. We may assume that (5.3) holds uniformly in the region s € D,
t >0, |s| > (2a)~!. The substitution s — bs yields

L(B;p)=b"--— [ H(s)ds (0>0),

where
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By (5.3) we have
H(s) = ce® exp (abs(logs —1—7i/2)+ (B —1)logs+ gb232)

Aol

= ce® exp (2bps(log s — 1 — mi/2) + (B — 1) log s + eobys”)

: {1+O<b0f1+ 1>}

if by = ab/2 and g9 = (2/a)?e, valid in the region s € D, t > 0, |s| >
(2ab)~! = (4bg)~'. But, apart from the constant factor ce?, this is for-
mula (9) of [9]. Evidently, the calculations leading to the proof of [9, Hilfs-
satz 3] apply to any function H(s) satisfying this asymptotic relation.

Hence, if we define the contours Wy, Wa, W3, and W as in [9] and use
(5.2), we get

LB =V g [ HEds= 0 m( [ x [ [ )HG)
W Wi Wa Ws
and
(f + [+ f )H(S)ds=ce"‘s\/Ee—‘fobﬁbgl/2e—i<2bo—wﬁ/2—ﬂ/4)
Wi Wa Ws

+ O(efaobg/ngl) + O(ei log? bg),
provided by > 1 and 0 < ¢ < 1/2. The assertion follows. m
For small values of B we have

LEMMA 5.2. In addition to the assumptions of Lemma 5.1, suppose that
1 is holomorphic and single-valued on

Dy=DU{sc€C:Res>—po} (00>0)

with the possible exception of singularities at the points si,...,s; lying in
the real interval —pp < s; <0 (j =1,...,0). Then, if B >0 ande; > 0
are arbitrary but fixed,

l
L(B;#) = ) Res(4(s)B~°¢™) + O(B%)
j=1" "

uniformly for 0 < B < By and 0 < e < ¢q.

Proof. We proceed as in the proof of [9, Hilfssatz 4] (incidentally putting
right some mixed-up plus and minus signs on page 391, line 2, of [9]).

We replace in (5.1) the line of integration by the boundary of Dy, taking
account of the residues at si,...,s;. The contribution of the straight line
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from (—1 —7)pg to (—1 4+ 7)gp is clearly < B2 . On the line
C:s=(—1+i)o=V2"""9 (0> 0o)
we have Res? = 0 and
Re(as(log(s/7) — 1 — mi/2)) = —ae(log o + loa(v2/) — 1+ m/4).
Hence, by (5.3) (which we may assume to hold throughout C),
f ¢(S)B—sessz ds < j’oe—aglog otret(f-1)loge (B /B;)e dp,
C Qo

where k£ > 0 is independent of g, B, and e. If B/B; < 1, the last integral is
< B%. By (5.2), an analogous result holds in the lower half-plane. So the
lemma is proved. m

The special case we are interested in at present is dealt with in
LEMMA 5.3. Let

1/I((s+a)/2)\"
v = (i)

s
where a > 0. Then, for B> 0, 0 < e < k?/8, and any x > 0,

1 k
I.(B;y) = 7]{;%674532/"3(%—1)/(%) cos <2kBl/’C +(2— a)z7T + Z)

+ 0(6725B2/kB(ak72)/(2k)) + O((B + 1)fn)'
The O-constants depend only on k, a, and k.

Proof. Let |s| > 1, largs| < 37/4, and t = Im s > 0. Then

1 1
log I((s+a)/2) = (s +a— Dlog 3 — > +1ogm+o<s‘>

by Stirling’s formula (cf. also [9, p. 385 et seq.]), and

. TS _ 1 —mis/2 1+0 1
sin 5 26 { + P .
It follows that
k
1 1 s+ a s+ 2 ]
w(s) s< T ( 2 ) ( 2 )Sln 5 >
) ) k
_ 9—ak/2,—kmi/2 exp <k:s<log; — 1= 7;) + <a2 — 1) logs)

rolen))
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Thus, application of Lemma 5.1 with ¢ = 279%/2 o = k, § = ak/2,
v=2,0=—kr/2,and b= 2Bk proves the assertion when B > k~F, since
the second O-term in (5.4) is clearly < (B +1)7".

On the other hand, v (s) is holomorphic for Res > —a if a > 0, and is
holomorphic for Re s > —2 except for a single pole at s = 0 if a = 0. So, in
both cases, Lemma 5.2 shows that I.(B;) is bounded for 0 < B < k=%, In
that range, the assertion therefore holds trivially. m

6. Series estimations. As before, let (R;) = (R1,...,Rk) be a system
of ideal classes.
LEMMA 6.1. Let {1,2,...,r4+1} = ThUT,, T1NTy = 0, and let 0 < y, < 1
for p € Ty. With the functions @, : Ry — R given by
Gy = (¢ w e ifpeT,
P (u+1)"cru=c ifpe Ty,

let
r+1

/
S(@) = de(@; (%) [[ 2o(17?|,)
1% p=1
for x € ]Rfl, the sum being taken over all integers v # 0 in 3 (or, equiva-
lently, in Ry ... Ry). Then, for any 6 with 0 < < 1,
S(x) < X179,
where the < -constant depends only on K, k, and 9.

Proof. We apply Lemma 3.1. The Mellin transform in question is

r—+1
!I/(slv SERE) 87’+1) =27 H WP(SP%
p=1
where
Wy(s) = f e~  yer(s=un) =1 gy
0
k k
ZQF(e;(s—yp)> if p e T, Res > yp,
and

v, (s) = f (u4 1)~ us=D=1 gy

0
=1I(ep(s—1)I'(ep(2—5)) ifpeTs 1<Res<2.
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Hence Lemma 3.1 tells us that
r+1

(6.1) J.S(x) 27”2 [ T %(s = iEp(m)) - Zi(s5 Am, (8)))

m (o) p=1

il ' r+1
x Ty ere 5o tm) - exp {5 S (s - z‘Ep(m))Q} ds
p=1 p=t

for 1 < o <2 and e > 0, and that S(z) converges for almost all z € R,
But, since the @,’s are decreasing, this implies already that S(z) is uniformly
convergent on every compact subset of Rfl. Hence S : Rfl — Ry is
continuous, and thus lim. o4 J-S(x) = S(x) by Lemma 2.1.

On the other hand, as a consequence of

I'is) < 6_”|t‘/2\t\a_1/2 < eI (s = o +it)

(see for example [6, Satz 160]), we have

(6.2) y(s)<e @t (p=1,...,r+1)

uniformly in any region o1 < o < 09, [t| > 1. Further (cf. [10, p. 50]),
r+1 T

(6.3) > eplt = By(m)| = w(1t+ > Imgl),
p=1 qg=1

where x > 0 depends only on the basis 71, ...,n, of Y underlying the defi-
nition of the numbers E,(m). It follows that the right-hand side of (6.1) is
absolutely convergent also for € = 0; hence

r+1

64) S@ =223 [ [ %l - iEp(m) - Ze(s A ()

271 (o) el

r+1
% H x;Ep(S—iEp(M)) ds
p=1
for 1 < o < 2, and the choice ¢ = 1 + § yields the assertion. m
LEMMA 6.2. In the notation of Lemma 6.1, suppose that To = () and
0<y,<3/4 forp=1,...,r+1. Then
S(z) < X (log X| + 1)1 for all z € R7!
and
S(z) > X Hog X[*1if X <,
where the positive constant c; < 1/2, as well as the constants implied by the
symbols < and >, depends only on K and k.

Proof. The case X > 1 being covered by Lemma 6.1, we assume X < 1.
In view of (6.2), (6.3), and Lemma 4.2, we may move in (6.4) the path of
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integration to the line Res = 4/5, if we take account of the k-fold pole
at s = 1 occurring for m = 0. The sum of the integrals along the new
path is < X~%/% and the residue at s = 1 has the form X 'Q(—log X),
where @) is a polynomial of degree k — 1 which depends on K, k, (8&;), and
— continuously — on the y,’s, and has positive leading coefficient. The
assertion is now immediate. m

LEMMA 6.3. Let {1,...,r+ 1} = My UMy U M3 be a partition of {1,...,
r 4 1} into three (possibly empty) subsets. For x € R1+1 and € > 0, let

!
Si(@,e3 (8;), My, My, Ms) = X Y di(; (8;))

X H e~ 117X 50) g = (epkt 1)/ (2K)y

pEMy

< I1 (e~ 217w |p(e) g | (epkt2)/ (203
pEM>

x ][ (7P| + 1)~ [0, 7).
pEMs3

Then, provided My U Mz # (),
S,’;(x,a; (ﬁj),Ml,MQ,M?,) < <€nk/2X)f5€*(nkf7‘72)/4

for 0 <e <1 and any § with 0 < § < 1. The K-constant depends only on
K, k, and §.

Proof. The series can be reduced to the one dealt with in Lemma 6.1
by putting 77 = M7 U My, T5 = Mj, and

yp = (epk +1)/(2epk) ifpe M; (1=1,2).

Let
k k
a=§Zepyp, 5252%?
peTy peT
then
SZ(%’,E; (Rj),Ml,MQ,MB) e H 4(€pk’+1)/4 . H 2(epk+2)/4 . 6“XS(5),
pEM; pEMo
where
B (4)%/%x, if p € My,
Ty = (2€)k/21‘p if pe M,
Ty if p € Ms.
By Lemma 6.1,

S(F) < X170 < (X)) 710,
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hence
SZ(QZ’, g (ﬁj), Ml, Mg, Mg) < (SbX)_éﬁ_(b_a),
and the assertion follows since b < nk/2 and
Ab—a)=nk—r—1—[Mo|— > (epk—1). m
pEM3
LEMMA 6.4. For x € Rfﬁl and € > 0, let
r+1
* ! -~ —4e|pP) g |2/* |~ —(e
S, (8)) = X Y di(@; (&) [ [{e™ 177wl [pP)a, |~ (erkt /R0y,
v p=1
Then
S, &5 (8)) < =P A ([log(e"2 X)) + 1),
and, if e"*/2X < ¢a, also
Si(x,e5(8)) > e D log ("2 X)L

The constant ca2, 0 < co < 1/2, and the constants implied by the symbols <K
and > depend only on K and k.

Proof. Again, the assertion follows as a consequence of
r+1
Si(x,6:(8)) = [ [ de)rt D/ X S((4e)*/%a),
p=1
where S is the series considered in Lemma 6.2 with

yp = (epk +1)/(2epk) <3/4 (p=1,....,r+1). =

7. A Voronoi-type equation. Once we have introduced ideal numbers,
there is no advantage in restricting ourselves to the principal class; so we
extend our earlier definition of Dy (z;(R;)) to arbitrary systems (8;) =
(R1,...,Ry) of classes by setting

(7.1) Dias () = S du@: (%)),

|19(p)|§zp

where the sum is over all ideal integers 7 # 0 in the region || < =,
(p=1,...,r+1).

The main term in the asymptotic expansion of Dy (z; (£;)) will turn out
to be

(7.2) Mi(23(85)) = Res(s~ "D Zy(s: 1, (8))) X°),
which, by Lemma 4.1, is of the form
k k—1
1 2" (2m)"e R
v 8) = g (PO (3) Xmates ()

with a monic polynomial Pj(-; (R;)) of degree k — 1.
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We shall now establish an equation connecting the remainder
Ap(; (R))) = Di(z; (8))) — Mi(z; (8)))
with an infinite series, analogous to the Voronoi summation formula.
LEMMA 7.1. For xz € ]Rffl and € > 0, let

Sule.e: (7)) = (J,{%)m (ﬁ")k/gx > el (%)

r+1
<10 {6—4e<cp|ﬁ<P>w,))z/’f(Cp,g@)‘xp)—<epk+1>/<2k>
p=1

k
X COS <2k(Cp\1/)(p)]xp)1/k + (2 — €p)% + Z) }7

where (8) is the system of classes
_ a1 N P
R =87-R0) (G=1,...,k),
and
Cp = (epr/[0P])* (p=1,....r +1),

s€e3 being chosen such that (3) = 0 is the different of K. The series is
absolutely convergent. For x € Rfl, 0 <e<1/2,and 0 < § < 1, the
following equality holds:

J-Ak(w; (8))) = Si(, (&) + O((e"™/2X) 0™ ("h==2/4) 1 0(1).
The O-constants depend only on K, k, and .

Proof. We apply Lemma 3.1. As long as the general requirements of
Section 3 are met, the particular choice of the group U is immaterial. For @
we take the characteristic function of the unit cube (0,1]"*!; then

Di(w; (%)) = Z’ dy(7; (R;))(D]z 1),

where 27! ;= (xl_l, ... 733;-&1)' The Mellin transform of @, for Res, > 0, is
W(s1,-- s 8m41) = (5102 8041) "
Thus, by Lemma 3.1 with 7 = 0 and 2~ in place of x, we have for o > 1,
r+1
1 1
Di(z; (R;)) = — —— - Zi(s; A ;
JDy(x; (ﬁy)) o ; (L{v pl;[l s—iEp(m) k(53 mv(ﬁj))
r4+1 r41
X H mgi’(s_lE”(m)) - exp {5 Z er(s — iEp(m))2} ds.
p=1 p=1

If m # 0, the integrand is an entire function: the poles of

H;g (s—iE,(m))~"! are cancelled by trivial zeros of Zj which are exhibited
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in the functional equation (4.1). (The situation changes completely if the
terms in the sum (7.1) are weighted by a sign character or even a genuine
Grossencharacter: the trivial zeros are then no longer located in the right
places, and an infinity of unpleasant residues occurs.)

Now let m = 0. Then the integrand is holomorphic everywhere except at
s = 1 and possibly at s = 0. The residue at s = 1 can, by Lemma 2.4, be put
in the form J.Mj(z;(R;)) with M), given by (7.2). As is easily concluded
from (4.1), Zi(s;1,(R;)) has a zero of order rk (i.e., no zero if r = 0) at
s = 0. Hence the point s = 0 is a simple pole for the integrand if » = 0, and
a regular point otherwise. In any case, the contribution of s = 0 is <« 1.

In view of Lemma 4.2, we may now move the path of integration to the
left, across the critical strip, to the line Res = —o, where ¢ > 0. Since J.
is a linear operator, it follows that

r+1

1 1
TeAk(x;(R;)) +O(1) = i ; (_{) ;31;[1 Wp(m) “Z1(8; Ams (8R5))
r+1 r+1
x [ g B ) exp {e 37 e2(s — iy (m))* | ds.
p=1 p=1

Here we apply the functional equation (4.1) and make the change of variables
s — —s, m — —m. Then the right-hand side becomes

() ws S Memm (W) |

m (o) p=1 2
r+1
X Zi(1+ 8 A, (R))) [ [ (Cpp) o225l
p=1
r+1
X exp {5 Z 6127(8 = iEp(m))z} ds.
p=1

In the next step we employ the summation formula once more, this time
in the version of Lemma 3.2, in order to get back a sum over numbers. In
the notation of Lemma 3.2, we put

r+41

f0) =dp(D;(8)))/IN®D)| and ¥(s1,...,8.11) = 2" H Vp(epsp)
with
k
() = i(W) (p=1,....r+1).
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Then
_ r+1 e 2 2 T+l
o.(u) =[] {QW I leps)uyeroeser® ds} =[] L=Cwi ).
p=1 (o) p=l

where I is the integral defined by (5.1). Hence, by Lemma 3.2,
J=Ak(; (85)) + O(1)

k/2 ' d 1//\7 I r+1
— (—1)H (M> zy: Wﬂ]g(cpm(mmm%)’

4ragn |

provided that the series is absolutely convergent, which we will prove now.
By Lemma 5.3, applied with a = k = e,,, we have for B > 0and 0 < ¢ < 1/2,

1 2
B L(Biwy) = e B/

k
X COS <2kBl/k +(2- ep)% + Z)

+ O(e—QsBz/kB_(epk-i-Q)/(Qk)) + O((B + 1)—epB—ep)‘
Inserting this and multiplying, and observing that
r+1

[Icer = (a2 /1d)",
p=1

we obtain

T A (8))) = Si(a, <3 (%)) +O(W) + O Y Si(e! 3 (%)), My, Mo, My))

where the sum ) is over all partitions of {1,...,7 4+ 1} into three subsets
My, My, M such that My U M3 # (). The series S are those considered
in Lemma 6.3, taken at the point 2’ = (Cyzy,...,Cry12,-41). Hence, the

second O-term is
< (Enk/QX)—és—(nk—r—Z)/4'
Finally, Sk(z,¢; (8;)) is majorized by a constant multiple of Sj(2’,¢; (8}))
and thus, by Lemma 6.4, absolutely convergent. m
It also follows that
(7.3) Sp(, €5 (R;)) < &= DA ([log(e"2X)| 4+ 1)M

we shall use this inequality in the next section.
Further, as an immediate consequence of (1.5), there is a corresponding
Voronoi formula for Ay (z), namely

(7.4) T-Ap(x) = Sp(z,e) + O((™/2X) 0= (h=r=2)/4) L 0(1),
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valid under the same conditions. Here S(x,¢) is defined like Si(z,¢; (8];)),
with di.(¥; (]))) replaced by di (V) = di((¥)) and the summation restricted

to the integers ¥ # 0 in the class £(5%).

8. Proof of Theorem 1. By Lemma 7.1 (with § = (2nk)~!) and (7.3),

we have for z € R} and 0 < £ < 1/2,
(8.1) JoAp(x;(R))) < e~ MF=r=D/4(Jlog X| + [loge|)F~1 + X1/ (Enk)y,
We now choose

a(X) = (X + 1)/ {([log X| + 1)1 4+ X7V,

BX) = X(|log X| + 1)*1,

e(X) = 3(X + 1)~V (nk=rtD),
Then « and [ are moderately growing functions, and

0
25— Mi(2: (8))) = ep A X {Pii(log X; (R;)) + Py (log X (8)))}
P
< pB(X) forp=1,....,r+1.
Moreover, /e(X)B(X) < «(X), and the right-hand side of (8.1), when
taken at ¢ = ¢(X), is < a(X), too. Hence, by Lemma 2.2,
Ap(z; (&) < (X)),

and, by (1.5), the same holds for A (z). For X > 2, the assertion follows. m

9. Proof of Theorem 2. In the remaining sections, cs, ..., c3s denote
positive constants which, as well as all constants implied by the symbols <«
and >, depend only on K and k. With (8}) defined as in Lemma 7.1, let
M denote the set of integers U # 0 in & ... &) such that di.(7; (]))) # 0.
We fix a number i € M such that [N ()| is minimal and divide M into the
subsets

M={peM:pP|=aP|forp=1,...,n}
and M"” = M\M'. Accordingly, we split Si(z,¢e;(R;)) into the part S’
corresponding to 7 € M’ and the remainder S”:

Sk(z,e;(R))=8"+5".

We will choose x and ¢ in such a way as to make S’ the dominating part.
By the inequality between arithmetic and geometric means, for 7 € M we

have
r+1 ~ 2/k n =(p)|\ 2/k
‘,,(p), B ‘1, P ‘
Ze”(mm =2 \j7my) 27

p=1 p=1
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with equality only for 7 € M’. Hence, say,

r+1 ’I//\(p)| 2/k
(9.1) Zep <’/’LA(;D)|> > n(l+2¢c3)*  forve M,
p=1

since the values of the left-hand side, for 7 € M, form a discrete subset of
R, which itself depends only on k, M, and the choice of J.

Now, for ¢ > 2, consider x = (1, ...,%,4+1) with
G2
p k
Tp = ot + )", where 0<49, <2 (p=1,...,r+1),
P = Glam T .

and
e=T/t*, where T > 2;
the ¥,’s and T" will be chosen later. Then

(9.2) ettt <ap, <cstt (p=1,...,7r+1)
and, if t > 2/cs,
r+1
(9.3) 42 ) (Cplo™|zp)** < AnT(1+ ¢3)® =t T for o € M/,
p=1
whereas for v € M” (9.1) yields
- g+ ¢
Y i= 42 ) (Cplp W]y > 4nT (14 2¢0)? = 1
1 1-— 467
say, so that

Y > (06 + C7)T + 4C7Y
Hence
S" < et X N " 4y (D (]]))

eM

ek ®) |5 )2/k

XH{€f4c7s(Cp|u 20)™ (O [P |2,,) ~ (k1) (2R
p=1

< e (DTS (2! cre; (R))),
where ' = (Ci21,...,Cry12-41). Thus, by Lemma 6.4 and (9.2),
S <« 6—(06+C7)TX(nk—r—1)/(2nk)'

Now let & € {—1,+1} be fixed. As 94,...,9,41 run independently
through [0, 2], the values of each term

2h(Cpl AP |y)* = 2k /T (1 + 0y)
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cover an interval of length > 27. Thus, given ¢, we can always find 9,,’s such
that
r+1

~ kr w
(=1 H cos <2k(cp|“(p)‘xp)l/k +(2- ep)j + 4> =¢,
p=1
hence
r+1
€8> X H{e—4E(Cp|ﬂ(P)|$p)2/k(Cp|ﬁ(p)‘xp)—(epk+1)/(2k)}
p=1

> 6—CGTX(nk—7“—1)/(2nk:)

by (9.2) and (9.3), hence

{Sk(.%', e (ﬁ])) > efcaT{C8 _ cgequ}X(nkfrfl)/@nk)‘
We now choose T' = ¢ so large that cg — coe ™" > 0. Then application
of Lemma 7.1 with § = 1/2 yields the following result: There exist x € Ry

and € > 0 such that X is arbitrarily large,
e X 2R <o <)y X2/ R
and
ETA(w;(8))) = g X W=D/ Grk),

From this, the assertion in the case of Ag(x;(8;)) follows by Lemma 2.3.
The proof for Ay (z), based on (7.4), is virtually the same. m

10. Proof of Theorem 3. We use Diophantine approximation to find
values of x such that many terms of Sy(x,¢; (8;)) have the same sign.

Throughout, it is assumed that either & # 1 (mod 4) or r; = 0 or both.
We introduce a new parameter A > 1 and divide the set M defined in the
previous section into

L= eM:(CpPNYE < Nforp=1,...,7r+ 1}
and MY = M\ M. Moreover, we put

V:’l“1|: :|+7“2.

LEMMA 10.1. For every A > 1, there is a real number t > 0 such that
(101) 614)\nk/2 S logt S 2014)\nk/2

and
r+1 km T
(=) ] cos <2k<cp|ﬁ<p>r>1/’“t F2oe) Tt 4> =
p=1

for all v e M.
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Proof. Owing to the lattice structure carried by the integers of &) ... R},
we have |M}| < c¢16A™/2. Hence, by Dirichlet’s approximation theorem [5,
Satz 462], there is a number ¢ in the interval

100(r+1e1eA™? <y < 10p2(r+Ders A"/
such that

k 1
f(Cp‘ﬁ(P)’)l/k‘t < 100 forz’)E./\/l’A andp=1,...,r+1,
T

||u|| denoting the distance of u € R from the nearest rational integer. Hence

)

cos <2k:(0p|ﬁ(p)|)1/kt +(2- ep)%r + Z)

km

= cos <(2—ep)4+Z:|:27r

cos <(2 - ep)]iT7T + Z)

by at most 27/100 in absolute value. Now

k

™

(Gl )R

differs from

1 1
(—1)[+2/4 cos <Z—Z7r> > V2 forl€Z, 1#1 (mod ),

and our above assumptions guarantee that

(2—ep)k#1 (mod4) forp=1,...,r+1

Hence
(—1)l(@=en)k+2)/4] ¢ <2k(Cp\f/\(p)])1/kt +(2 - ep)k% + Z)
1 2 1
VoS forv Nap=1,...
25 100>2 orveM,,p=1,...,r+1,

and the assertion follows since

[0 2] P2y (e,

4
p=1
LEMMA 10.2. There are x € Rffl (even with x1 = x9 = ... = xy41) and
€ > 0 such that X is arbitrarily large,
(10.2) e = c17(X log X) 72/ (k)
and

(=1)V Sk (@, &5 (8)) > crsan(X),
where
a(X) = (X log X)mk=r=1/(nk) (1gg 1og X )F1,
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Proof. With ¢ determined according to Lemma 10.1, let
= (x1,...,2041) = (tF, .. tF),
o= (z),... 7)) = (Cit", ..., Criat?),
so that X = t"*, X’ = ¢19X, and X, X’ — 00 as A — oco. Then
(—=1)" Sk (z,&; (])))
>enX (a5 Y = Y )du@i(R)
pEM,  DEM!

r+1

% H{€_4€|ﬁ(p)z;’|2/k |1/)(p)$;|_(6pk+1)/(2k)}
p=1
—enX'(e15 3 —(1+eis) D (75 (R)
veM veMy
s —4e|p@ gl |27k ~(p) 1 | —(epk+1)/(2K)
x [T {e sl pwag = }
p=1

> a1 (e1555(2 &5 (8)) — (1 + cis)e ™M Si (2, £/2; (8))))

since
r+1
2e Y [pWay|F > ent® for D e M.
p=1
Hence, by Lemma 6.4,

(—1)VSk(ac,€; (ﬁ])) > {622 o 023675)\1&2}gf(nkfrfl)/4‘log<€nk/2X)’kfl
provided e™/2X < ¢yy < 1/2, hence

(10.3) (=1)V Sk (z,€; (8;)) > cose™ MFm=D/4|log(emH/2 X)) k1
provided that also e\t? > cog, Where caa — cage™ 26 > 0.

By (10.1),
(10.4) cor A < (log X )%/ ("R < cog .

Now let € be given by (10.2) with the constant ¢;7 chosen as ¢17 := cagCasg.
Then, if A is sufficiently large,

k2 — crff/z(logX)*l < coq
and, by (10.4),

eMt? = c17(log X) " PN > 17 /a8 = c26.
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Thus, all conditions for the validity of (10.3) are met, and substituting e
from (10.2) yields

(1) Sk (@, &3 (R)))
> 9(X log X) 7D/ log(c30 log X)|* 71 > crsan(X)
if X is large enough. =

To complete the proof of Theorem 3 in the case of Ay(x;(R;)), we apply
Lemma 7.1 with § = (2nk)~!. If x and € are chosen according to Lemma 10.2,
and if X is sufficiently large, we obtain

(—1)V T-Ar(; (]))) = eziao(X).

Here the right-hand side may as well be replaced by czoc(X), where a(X) :=
ap(X 4 10), both functions having the same order of magnitude as X — oo.
However, a(X) has the advantage of being defined on the whole of Ry, and
of being moderately growing. Hence Lemma 2.3 is applicable, yielding the
assertion.

The proof for Ag(x) proceeds in the same manner, starting from (7.4). m
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