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Analytic cell decomposition of sets definable
in the structure R.,

by TAa LE Lor (Dalat and Krakéw)

Abstract. We prove that every set definable in the structure Rexp can be decomposed
into finitely many connected analytic manifolds each of which is also definable in this
structure.

Let A, be the smallest ring of real-valued functions on R" containing
all polynomials and closed under exponentiation. We consider the smallest
class D of subsets of Euclidean spaces R"™, n € N, containing all analytic
sets of the form

(%) {r eR": f(x) =0}, where f€ A, andn €N,

and closed under taking: finite unions, finite intersections, complements and
linear projections onto smaller dimensional Euclidean spaces. We adopt the
name D-sets for elements of D.

In general, a D-set is not subanalytic but the class D has some nice
properties. As a direct consequence of Wilkie’s Theorem [11], [12] of model
completeness of the theory of the structure Reyp,, each D-set is the image
of an analytic set of the form (%) under a natural projection, thus by Kho-
vanskii’s Theorem [4] it has only finitely many connected components. In
particular, D is O-minimal (i.e. every D-set of R is a finite union of intervals
and points) so there are a Cell Decomposition Theorem and a Triangulation
Theorem for this class (see [2], [6]).

In [3] L. van den Dries and C. Miller proved that each D-set can be parti-
tioned into finitely many connected analytic manifolds each of which is also
a D-set. In this paper we give another proof of this property (Theorem 2.8)
avoiding making use of the O-minimality and the finite model completeness
of the theory of the structure Rey, as used in [3].
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I. Preliminaries

1.1. DEFINITION. Let R, denote the ring of real-valued functions on R"
generated over R by the coordinate functions z1, ..., x, and their exponents

exp(z1),...,exp(zy), i.e.
Ry :=Rlxy,...,zh,exp(z1),...,exp(z,)].
A subset X of R is called R,-analytic iff it is the zero set of a function

from R,,.
A subset X of R” is called R,-semianalytic iff

P
X=J{zeR": fi(x) =0, gij(z) >0, =1,...,q}
i=1
where fi,9i; € Rn, p,q € N.
An R,-analytic leaf is a subset S of R™ of the form

D
S:{xE]R”:fl(x):...:fk(x):O, 5(m):lM(x)7éO}
where f1,..., [t €E R, 1 <1 < ... <ip <n, keN.

An R,-semianalytic leaf is a subset of R™ which is the intersection of
an Ry-analytic leaf and an open set {x € R" : g;(z) > 0,...,g,(x) > 0},
g €ERn,i=1,....,p,p€eN.

1.2. Remark. From the definition, R, is a noetherian ring, closed under
the operators 9/0x; (i = 1,...,n), and every R,-semianalytic leaf is an
analytic submanifold of R™.

1.3. PROPOSITION. FEvery R,-semianalytic set has only finitely many
connected components.

Proof. First of all note that
g>0 iff v (vig—1=0),
f=0andg=0 iff f>+¢?>=0, and
f=0o0org=0 iff fg=0.

After introducing some new variables an R,-semianalytic set is a projection
of an R, 1+m-analytic set. The proposition follows from Khovanskii’s result
[4] or [5, Ch. I, §1.2]. m

1.4. PROPOSITION (Tougeron). Every R, -analytic set can be represented
as a disjoint union of finitely many analytic manifolds S;, each S; being a
connected component of an R,-analytic leaf S;. Consequently, every R.,-
semianalytic set can be represented as a union of finitely many analytic
manifolds, each of which is a connected component of an R, -semianalytic

leaf.
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Proof. The proposition follows from Remark 1.2, Proposition 1.3 and
[9, Prop. 1.3] (see also [10]). =

The following proposition is analogous to Lemmas A and B in [1].

1.5. PROPOSITION. Let X be a subset of R xR™ and 7 : R" xR™ — R"
be the natural projection. If X can be represented as a union of finitely many
Si, where each S; is a connected component of an Ry4m-semianalytic leaf,
then there are finitely many subsets B; in X, each B; being a connected
component of an Ry4m-semianalytic leaf such that:

(i) 7(X) = 7(U; Bj)-

(ii) For each j, m|p; : Bj — R" is an immersion.

Proof. Induction on d = dim X. If d = 0 there is nothing to prove.
Suppose d > 0, X = |JS;, where each S; is a connected component of an
Rp+m-semianalytic leaf S;. By the inductive hypothesis the proposition is
true for ;. qim s,<aSis SO We can suppose X = UJS; with dimS; = d for
all 4. Fix ¢, write S = .5; and

S=8={(z,y) ER"xR™: fi(z,y) = ... = frsm—a(z,y) =0,
where fi,9; € Rygm; ¢ =1,...,n+m—d, j =1,...,p; 0 is a jacobian of
(fis s frtm—d)-

If n — o = maxrank 7|g, then there exists a jacobian

D(flu oo 7fn+m—d)
D(mil,...,xia,yjl,. . .,yjﬁ)7
Therefore dim S N {6; = 0} < d and by Proposition 1.4, SN {é; = 0} is
as in the assumption. Hence, by the inductive hypothesis, it is sufficient to
consider

S =8n {61 #0}
:{fl :...:fn+m_d:0, 51 750, 5750, g1 >0,...,gp >0}.
Note that S’ is a union of finitely many connected components of SN
{61 # 0}, m|s’ has constant rank n — «a and dim S’ = d.

For each x € w(S’) the fibre 7~!(x) N S’ is a submanifold of R"*™ of
codimension d + a — n.

01 = a+ (=n+m—d, such that 0;|g # 0.

Casel: d+a—n=0,i.e. rank7|sr=dim S’. Then 7|g/ is an immersion.
Take the connected components of S’ as B;’s. In this case the number of
Bj’s is finite by Proposition 1.3.

Case2: d+a—n>0,ie. rankm|g < dimS’. Define
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Then g is a quotient of functions in Ry, 4, and s/ (z,y) — 0 as (z,y) — oo
in S’, or (z,y) tends to a point of S\ S’.
Define S = {(z,y) € S" : grad(0s|r-1(2)ns') (2, %) = 0}. Then

(a) S” is as in the assumptions.

(b) dim §” < dim §'.

(c) 7Y z)NS" #0, Vx € n(S").

Indeed, to see (a) note that S” = {(z,y) € S’ 1 dyfi N ... Ndyfrtm—d
NdyOs (x,y) = 0} (here dy f(z,y) := > v, %($’ y)dy;), and by the form of
0s: and Proposition 1.4, (a) follows.

To prove (b), let T' be a connected component of m—*(z) N S’. Then
T is not compact, because 3 < m and the projection of 7=(x) NS’ onto
{ly e R™ 1y, = ... =y, = 0} is open, and Os/[7 > 0, Os/(2,y) — 0
as (z,y) € T,y — oo or (x,y) tends to a point of T\ T. These imply
fs/ |7 is not constant, so dim S” NT < dim T. Therefore dim S” N7~ (z) <
dim S’ N7~ 1(z),Vz € m(S’). Hence dim S” < dim S’.

Finally, fs/|7 has a positive maximum on T, i.e. 3 (z,y) € T'(grad Og/|r
(z,y) =0), and (c) follows.

As a result, we have S” C 5, dim S” < dim S” and = (S”) = w(S’). By
the inductive hypothesis, the proposition is proved. m

1.6. COROLLARY. Let F' € Ryt and (2,y) = (X1, -, Tny Y1y -+ Ym)
be the coordinate functions of R™ xR™. Then there are hj = (hj1,. .., hjm),
hji € Rpsm and gj1,--.,9jp € Rngm, 3 =1,...,1, i =1,...,m, such that

1

{z:3y(F(z,y) =0} =] {x : 3y<F(x,y) =0, hj(z,y) =0,

j=1
Dh;
—Dy] (z,y) #0, gjs(z,y) >0,s = 1,...,p)}.

Proof (compare with [3, Lemma (5.13)]). By Propositions 1.4 and 1.5
there are finitely many subsets B; of F'~1(0) such that each Bj is a connected
component of an R,,4+.,,-semianalytic leaf of the form

{(ac,y) Fi(ery) = = fulery) =0,

D(f1,- .-, fx)
D(.I‘il,... 7$ia7yj1?"'7yj/3)
and {z : Iy (F(z,y) = 0)} = n(F~1(0)) = n(U, B;) and |p; are immer-
sions. Moreover, each B; can be taken to be of the form of Case 1 in the
proof of Proposition 1.5, that is,

(z,y) #0, g1(2,y) >0,...,9p(z,y) > 0},

a=n—d, a+fB=k=m+n-—d.
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Hence, 8 = m < k, and for each j,

BjC{flz...:fk,:(L
D(f1,- -, ) }
0, >0,...,9, >0p.
D(iy s @iy Yty Ym) 70, 91 I
Therefore,
BJC U {filz"':fi7n:0’
1<i1 <. <im <k
D(fip"'afi ) }
— b ems ), >0,...,9p > 0.
D(Z/lw--;?Jm) # 9 gp

Hence the corollary is satisfied with the functions h; = (fi,,..., fi, ) and
915, 9p, 1 <iq < ... <'ip <k (where hy,g;,k depend on B;). m

2. The class of D-sets. Decomposition theorem. In this section we
give another definition of the class of D-sets defined at the beginning of this
paper. We present here the proof of analytic cell decomposition of D-sets
(Theorem 2.8) based on Wilkie’s Theorem on the Tarski property of this
class (Theorem 2.3), Khovanskii’s result on the finiteness of the number of
connected components (Lemma 2.8.2) and Proposition 1.5 above (compare
with [3, Th. 8.8], where the proof is strongly based on model theory methods;
see also [2]).

2.1. DEFINITION. Let D,, denote the class of subsets of R"™ each of
which is the image of an R, 4,-semianalytic set by the natural projection
m:R" x R™ — R" for some m € N. Each set in D,, is called a D,-set . A
D-set is a D,,-set for some n € N.

2.2. PROPOSITION. (i) For each D,-set S there are m € N and F €
Roysm such that S = w(F~1(0)), where m is the natural projection of R™ x
R™ onto R™.

(i) If fi,gij € An,i=1,...,p, j =1,...,q, then the semianalytic set
of the form

p
Ufz eR™: fi(2) =0, gij(2) >0, j=1,...,q}
=1

is a D,,-set.
Proof. See [7, Prop. 1.2]. =

As a direct consequence of Wilkie’s result on model completeness of the
theory of the structure Rey, (see [11], [12, Main Theorem]) we have the
following theorem.
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2.3. THEOREM (Wilkie). D = (D,,)nen is a Tarski system, i.e.

o If ST € Dy, then SUT, SNT and S\T € D,.
o If S € D,i1, then m(S) € D,, where ® : R"™1 — R" is the natural
projection.

2.4. PROPOSITION. The closure, the interior and the boundary (in R™)
of a Dy-set are D,,-sets.

Proof. This follows from Theorem 2.3. =

2.5. Remark. (i) A D-set, in general, is not subanalytic (e.g. {(z,y) :
x>0,y =exp(—1/x)} in R?).
(ii) By Propositions 1.4 and 1.5, the dimension of a D,,-set S, defined by
dim S := max{dim I" :
I' is an analytic submanifold of R" contained in S},
equals max; dim B;, where B;’s are given in Proposition 1.5.

The following definition, inspired by Lojasiewicz’s proof of Tarski’s The-
orem in [8], is introduced by L. van den Dries (see [3, §8]).

2.6. DEFINITION. (i) Amap f:S — R"™ with S C R" is called a D-map
if its graph belongs to D, .. In this case it is called D-analytic if there is
an open neighborhood U of § in R™ with U € D,, and an analytic D-map
F :U — R™ such that F|s = f.

(ii) Dp-analytic cells in R™ are defined by induction on n:

D;-analytic cells are points {r} or open intervals (a,b),—oco0 < a < b
< o0.

If C' is a Dy-analytic cell and f,g : C — R are D-analytic such that
f < g, then the sets

are D, +1-analytic cells.

(iii) A D-analytic decomposition of R™ is defined by induction on n:

A D-analytic decomposition of R! is a finite collection of intervals and
points

{(=00,a1),...,(ak,00),{a1},...,{ax}}, wherea; <...< ag.

A D-analytic decomposition of R”*! is a finite partition of R**! into
Dy +1-analytic cells C' such that the set of all the projections 7(C) is a
D-analytic decomposition of R™ (here 7 : R**! — R™ is the natural projec-
tion).
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We say that a decomposition partitions S if S is a union of some cells of
the decomposition.

2.7. Remark. Obviously, every D,,-analytic cell S'is a D,,-set. Moreover,
it is a connected analytic submanifold of R™. In fact, there are r e N, r < n
and a permutation o of {1,...,n}, p(z1,...,2n) = (Ts(1), -+, To(r)) such
that h = p|g is a C¥-diffeomorphism (!) from S onto an open cell in R".

If, moreover, f : S — R™, then f is D-analytic iff f o h~! is a D-map,
analytic on A(S). Indeed, define

U={zcR":px)cp(S)} and F(z)=foh '(p(zx)), zecl.
Then U, F satisfy the condition of Definition 2.6(i) for f,S.

2.8. THEOREM (L. van den Dries & C. Miller).

(I,) For Si,...,Sk € D, there is a D-analytic decomposition of R™
partitioning Sy, ..., Sk.

(I1,,) For every D-function f :S — R with S € D,,, there is a D-analytic
decomposition of R™ partitioning S such that, for each cell C C S in the
decomposition, the restriction f|c : C — R is D-analytic.

To prove the theorem we need two lemmas.

2.8.1. LEMMA. Suppose A is an open D, -set and f: A — R is a D-map.
Then

RO(f) :={x € A: f is continuous at x} € D,
A\ R(f) €D, and dim(A\ R(f)) <n.
Proof. By Proposition 2.4 the closure of the graph of f, I'(f), is a

Dy+1-set, so
Rf)={x € A:Fe,M >0,V2' € A,|z — 2| <e = |f(2/)] £ M and

V(@' y) € I(f) |z —a'| <e = (2,y) € I(f)}
and A\ R(f) are D,-sets, by Theorem 2.3.

Since I'(f) € Dy+1, by Propositions 2.2 and 1.5, it follows that I'(f) =
m(U; Bj), where 7 : R**1 x R™ — R"*! is the natural projection, each B;
is a connected component of an R, 14m,-semianalytic leaf and 7|p, is an
immersion.

Define X = U;.qim p,—, 7(B;) and p : Rt — R™ p(z,y) = z, the
projection on the first n coordinates. Then p(X) C R°(f). Indeed, for all
(z,y) € X CI'(f), there are B=Bj, and z € B such that 7(z) = (z,y) and
dim B = n. Since 7|p is an immersion and p is 1-1 on 7(B) and dim B = n,
there is a neighborhood U of z in B such that pon(BNU) is a neighborhood

(1) “C%” stands for “analytic”.
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of z. So the germs at (z,y) of I'(f) and m7(BNU) are equal, i.e. f is continuous
at x.
Therefore, A\ RO(f) C A\ p(X) C Uj:dim B, <n ™(B;), and this implies
dim(A\ R°(f)) <n. =
2.8.2. LEMMA. Let S be a D, y1-set. Suppose that for all x in R™, S, :=
({z} x R)N S is finite. Then there is N € N such that
card S, < N, VxeR"

Proof. By Proposition 2.2, S = 7w(F~1(0)), where F € R, 41+m and
7 R x R™ — R™*! is the natural projection. By Khovanskii’s property
(see [4] or [5, Ch. III, §3.14]) there is N € N such that

ne(F~10)Nn({z} x RxR™)) <N, VzeR™
(Here nc denotes the number of connected components.) This implies
nc(S,) = ne(n(F~10))N{z} xR) < N, VxecR"
and from the assumption, card S, < N, Vzr € R". m
2.8.3. Proof of Theorem 2.8. Induction on n.
Proof of (I;). This follows from Propositions 2.2 and 1.3.

Proof of (II). Suppose f: S — RisaD-map and S € D;. By (I;) it
suffices to prove (IIy) for S = (a, b) and by Lemma 2.8.1 we can suppose that
f is continuous on (a, b). By Proposition 2.2 there are m € Nand F' € Roy,
such that

I'(f) ={(z,y) € S xR : Iz (F(z,y,2) = 0)}.
From Corollary 1.6 there are h; = (hji1,..., jm+y1) with hj; € Royy, and
9j1s-->9jp € Rogym,t=1,...,m+1,5=1,...,1, such that

{z:3Jy,z(F(z,y,z) =0)} = U {x : EIy,z(F(x,y,z) = h;(z,y,2) =0,

Dh;
D(y, z)
For each j =1,...,1 define

Aj = {x €s: EIz(hj(x,f(x),z) =0,

Dh; e o
By sy (0 /:2) £ 0, 9is(a, f(2),2) > 0, 1p>}

Then A; € Dy and S = |J; 4;. By (I1) there is a decomposition of R
partitioning Aq,...,A;. On each interval of the decomposition contained

in Aj;, f is continuous and satisfies the conditions of the implicit function
theorem, so f is analytic on this interval, and (II;) follows.

(z,y,2) #0, gjs(z,y,2) >0, s= 1,...,p)}.
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Now suppose that (1), ..., (I,), (II1),..., (IL,) hold.
Proof of (I,,41). Suppose S1,...,Sk € Dy41.Set Y = UZ=1 bd, (Sa),

where
bd,(S) == {(z,y) e R" xR : (z,y)
is a boundary point in {x} x R of S, = SN ({z} x R)}.
Then Y € D,, 11, by Theorem 2.3, and by Propositions 2.2, 1.3 and Lemma
2.8.2 there is N € N such that
cardY, < N, VzeR"

For each i = 1,...,N, B; := {z € R" : cardY, = i} is a D,-set, by
Theorem 2.3. There are functions f;1,..., fi; on B; such that —oo := f;g <
fir < ... < fii < fiiq1 =00 and

Y, ={fu(x),..., fi(x)} forx € B;.

Note that f;;,where j =1,...,%, are D-maps, because
I'(fij)
={(z,y):z € B, Iz, n1),....(x,yi) €Y, <...<yj =y <...<y}.
For any a« = 1,...,k define
Coij ={z € Bi: (z, fij(x)) € (Sa)a},
Dyij ={z € Bi : {z} x (fi;(2), fij+1(x)) C (Sa)z}-
Then Cyij and D,;; are D-sets.
From (I,,), (IL,) there is a D-analytic decomposition, say P, of R™ par-

titioning all Cy;; and Dq,; such that for each C' € P, if C C B; then f;j|c
is D-analytic. The collection

N
U U {(fij’07fi,j+1|C)7F(fil|C) j 207"'7i7 l= 1771}

=1 CeP
CCB;

U{CxR:CeP, CNB;=0, Vi=1,...,N}
is a D-analytic decomposition of R"*! partitioning Si, ..., S.

Proof of (II,.1). Suppose S C R"*! and f: S — R is a D-function.
By (I,,+1) we can suppose that S is a D,,i-analytic cell and it suffices to
find a decomposition of S into D-analytic cells such that the restriction of
f to each cell is D-analytic.

Case 1: dimS < n+ 1. By Remark 2.7 there are r = dim S (< n + 1)
and h : S — R" of the form h(z) = (z5(1),-..,Zs(r)) such that h is a C*-
diffeomorphism from S onto the D,-analytic cell A(S). Note that foh™!:
h(S) — R is a D-function.
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By (IL.) there is a decomposition of h(S) into cells B such that, for
each B, foh™!|p is D-analytic. This implies S is decomposed into the cells
h=1(B) N S on each of which f is D-analytic (make use of Remark 2.7).

Case 2: dimS =n + 1. Then S is open. By Lemma 2.8.1, (I,,41) and
Case 1 we can assume that f is continuous on S. Similarly to the proof of
(ITy), there is F' € Ry42.4m such that

I(f) = {(z,y) €ER"™ xR : 3z (F(x,y,2) = 0)}.
By Corollary 1.6,

!
{z:3Jy,z(F(z,y,2) =0)} = U {a: : EIy,z(F(a:,y,z) = hj(z,y,2) =0,

Dh;
D(y, z)

where h]‘ = (hjlu .. -ahj7m+1), hijugjh- -3y 9p S Rn+2+ma j = 1,. . .,l.
For j =1,...,1 define

A = {x €9: EIz(hj(z,f(m),z) =0,

Dh; b o
D(y’z)(:r,f(:r),z)#O, gis(x, f(x),2) >0, 17”.7p>}'

Then S =J; Aj and A;j € Dpy1. By (In41) there is a D-analytic decompo-
sition of R™*! partitioning A, ..., A;. For each cell of the decomposition
with dimension < n+ 1, we apply Case 1. For each cell C of dimension n+1
with C' C A; we can apply the implicit function theorem to the continuous
function f|c. This finishes the proof. m

(mayaz) 7507 gjs(xyywz) > 07 S = 17"°7p)}7

2.9. COROLLARY. The class of D-sets has the Lojasiewicz property:

(L)  Every D-set has only finitely many connected components and each
component is also a D-set.

2.10. COROLLARY (C“-stratification of D-sets). Let S1,..., Sk be D-sets.
Then there is a CY-stratification of R™ compatible with Sy,...,Sg. Pre-
cisely, there is a finite family {I'%} of subsets of R™ such that:

(S1) I'? are disjoint, R" = Ua.d 't and S; = J{Id:1rins; # 0},
i=1,... k.

(S2)  Each I'? is a D,-analytic cell of dimension d.

(83)  Id\ T is a union of some cells I'§ with e < d.

Proof. The following lemma is proved in [2, Ch. 7, Th. 1.8].
2.10.1. LEMMA. dim(C\ C) < dim C for every nonempty D-set C C R™.
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Now, applying Theorem 2.8 iteratively, we construct families F¢ by de-
creasing induction on d: Let P™ be a D-analytic decomposition of R™ par-
titioning Si,...,Sg. Define F* = {C € P™ : dimC = n}. Suppose that
Fn, ..., F4tL are constructed (d > 0). Let P¢ be a D-analytic decomposi-
tion of R™ partitioning Si, ..., Sk, C\ C where C € Fit1U...UF". Define

Fi={CeP!:dimC=d,CNC' =0,¥C' € FIH1U. . .UFL.

Then, by the construction and Lemma 2.10.1, the family of cells F =
Uo<a<n F? satisfies (S1)-(S3). m

2.11. COROLLARY. Let f : R — R be a D-function. Then there are
a1 < ... <ay such that f is analytic on each interval (a;,a;+1),1=0,...,k,
where ag := —00 and G411 = 00.

2.12. COROLLARY. Let M be an analytic submanifold of R™ and f; :
M — R, i €1, be a family of analytic D-functions. Then there are iq,. ..,
€ I such that

() £710) = £,50) N0 £,1(0).
il

Proof. Induction on d=dim M. By Corollary 2.9, it suffices to prove the
corollary for connected analytic submanifolds. If d=0 it is clear. Suppose
that d > 0.

If f; =0 for every ¢ € I, the corollary is verified. If there is p € I such
that f, # 0, then dim fu_l(O) < d. The corollary follows from Theorem 2.8
and the inductive hypothesis. m
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