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Convex meromorphic mappings

by ALBERT E. LIVINGSTON (Newark, Del.)

Abstract. We study functions f(z) which are meromorphic and univalent in the unit
disk with a simple pole at z = p, 0 < p < 1, and which map the unit disk onto a domain
whose complement is either convex or is starlike with respect to a point wg # 0.

1. Introduction. Let S(p), 0 < p < 1, be the class of functions mero-
morphic and univalent in the unit disk A = {z : |z| < 1} with a simple pole
at z = p with a power series expansion f(z) = z+bo22+. .. for |z| < p. The
class S(p) has been investigated by a number of authors. We let C(p) be
the subclass of S(p) made up of functions f such that C\ f[A] is a convex
set. Royster [11] considered the class K (p) consisting of members of S(p)
for which there exists 0, 0 < § < 1, so that for § < |z| < 1,

zf "(2)]
Re |1+ <0.
[ f'(z)
Obviously K (p) C C(p). Royster also studied the class X'(p) C S(p) consist-
ing of functions f such that

1+pz z+0p zf"(2)
Re[l—pz_ l+pz <1+ /() >] >0

for 2 € A, and proved that K(p) = X(p) for 0 < p < 2 — /3 but for
p > 2—+/3, K(p) is a proper subset of X(p). Pfaltzgraff and Pinchuk [10]
essentially proved that C'(p) = X(p) for 0 < p < 1, by way of the Herglotz
representation of functions of positive real part [12]. We will give another
proof of this fact. We will also consider several coefficient problems. If f is
a member of S(p) we will consider the two expansions

(1.1) ) =24 ba2", |2l <p,
n=2
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and
oo

(1.2) f(2)= ) anlz=p)", |z—pl<1-p.

n=-—1
Goodman [2] conjectured that if f is a member of S(p), then

1+p2+_“+p2n—2
pn—l ’

Jenkins [3] proved that (1.3) is true for any value of n for which the
Bieberbach conjecture holds. Since DeBrange [1] has now proven that con-
jecture to be valid for all n, it follows that (1.3) holds for all n. The in-
equality (1.3) is actually sharp in C(p), since the extremal function f(z) =
—pz/(z — p)(1 — pz) maps A onto the complement of the real interval
[—p/(1 —p)?,—p/(1 + p)?]. Miller [9] proved that if f is a member of X(p),
then

(1.3) |b] <

A+p?+pH| _ p

by —
2 p ) | T 142
from which it follows that
1+ p4
Re(by) > ——— > 1.
(b2) p(1+p?)

Miller [9] also obtained a lower bound for Re b3, which is positive for p near 0,
for f in C(p) = X (p). We will obtain the sharp inequality
1— 2 4
Reby > — L TP~
p
if fisin C(p) = X(p).

Concerning the expansion (1.2), the sharp estimate |a_1| < p?/(1 — p?)
if f is a member of S(p) has been proven by Kirwan and Schober [4] and
also Komatu [5]. Komatu [5] obtained the sharp bound on |a;| for f in S(p)
and the extremal function is a member of C(p). We will give another proof

in C(p) and also obtain the sharp bound on |as| for f in C(p).

2. The class of C(p). In this section we will give a different necessary
and sufficient condition for membership in C'(p) and a new proof that C'(p) =

2(p).
THEOREM 1. fis a member of C(p) if and only if for z € A,
(z =p)(1 =p2)f"(2)
f'(z)
Proof. If f is a member of S(p) let h(z) = f((z +p)/(1 + pz)); then h
has a simple pole at z = 0 and C\ h[A] = C)\ f[A]. Thus, f is a member of

(2.1) Re |1+ p* —2pz + <0.
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C(p) if and only if h is convex with a simple pole at z = 0. This is the case

if and only if [10]

Re <1 + ZZQS) ) <0

for z € A. A straightforward computation gives

zh"(2)\ e O(s
i) = e

(1 —pQ)Zf,, Z+p
1—pz  (1+pz)? 14 pz

 14pz f Z+0p
1+ pz

Re <1+

where

Q(z)

But ReQ(z) < 0 for z € A if and only if ReQ((z — p)/(1 — pz)) < 0 for

z € A. However,

z—p\ _1-p"=2pz  (2—p)A—p2)f'(z)
Q(l—pz)‘ A—p) = 0-f()

which gives (2.1).
Remark. If f is a member of C(p) and

(z = p)(1 = p2)f"(2)
f'(z)
then Re P(z) >0, z € A, P(p) =1 — p? and P'(p) = 0.

P(z) =2pz —1—p* —

LEMMA 1. Let P(z) satisfy ReP(z) > 0, z € A, and P(0) = 1.

0<p<1, then for z € A,

(z—p)(1—p2)P(z) +p

Re —pz]>0.

Proof. Let 0 <r <1 and P.(z) = P(rz). Then

(z=p)A—p2)P(2)+p

Qr(z) =
is analytic for |z| < 1. If |z| = 1, then

(z —p)(1 —p2)Pr(2) _p< 1>

z

Dz

Qr(z) =

and

ReQ,(z) = |1 — pz|*Re P.(z) > 0.

If
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Since @, (z) is analytic for |z| < 1, Re@,(z) > 0 for z € A. Letting r — 1,

we obtain for z € A,

(z—p)(A —pz)P(z) +p
z

Re[ —pz]ZO.

But equality cannot occur in the last inequality since the quantity on the
left side equals 1 — p? when z = p.

LEMMA 2. If Re P(z) > 0 for z € A and P(p) = 1 — p?, then for z € A,
P _ 2
e | LELPEIE
(z —p)(1 - p2)
Proof. Let p<r < land a = (r—1)p/(r —p?) and L.(z) = r(z —
a)/(1 —az). It is easily verified that L,.[A] = {z: |z| < r} and L,(p) = p.
Let

_ 2P(Ly(2)) — p + p2?
@O =)
Q. (z) is analytic for |z| <1 and Re P(L,(z)) > 0 for |z| < 1. If |z| = 1 then
_ Re 2P(L.(2)) pz(z—1/z)
Rear() = Re [ R NS

Re P(L,(2)) > 0.

T = peP?
Since @, is analytic for |z| < 1, it follows that Re@,(z) > 0 for z € A.
Letting r — 1, we obtain for z € A,
_ 2
Re [zP(Z) p+pz } .
(z=p)(1 —p2)
But equality cannot occur in the last inequality since the expression on the
left equals 1 when z = 0.
THEOREM 2. C(p) = X(p) for 0 < p < 1.
Proof. Let f be a member of X'(p) and
zf"(z) 14+pz z+p
filz) 1-pz z—p
Then Re P(2) >0, z€ A, and P(0) = 1. Straightforward computations give

opr 1y GPA-pA)f(2) _ (z=p)(L=p2)P)+p

f'(z) z

P(z)=-1

Therefore, by Lemma 1,

(z—p)A —p2)f"(2)
f'(2)

for z € A, and thus by Theorem 1, f is a member of C(p).

>0

Re [2pz — 1 —p? —
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Conversely, suppose f is a member of C(p) and let
(z—p)A —p2)f"(2)
f'(z)
Then by Theorem 1, Re P(z) > 0, z € A, and P(p) = 1—p?. Straightforward

computations give

A ztp Ltz 2Pl) —ppd?

f(z)  z-=p 1-pz (2-p)(1-pz)
Thus, by Lemma 2,

P(z) =2pz —1—p* —

z2f"(z) z4+p 14pz
1 _
Re 702) z—p+1—pz >0

for z € A. Therefore f is a member of X(p).

3. The coefficients a,,. In this section we use Theorem 1 to study the
coefficients a; and as in (1.2), if f is a member of C(p). We will make use
of the following lemma.

LEMMA 3. Let P(z) be analytic in A and satisfy Re P(z) > 0, z € A,
P(p) =1—p® and P'(p) =0, 0 <p < 1. If P(2) = (1 — p*) + da(z — p)* +
d3(z —p)3+... for |z —p| <1—p, then

2
1 <
(31) o < =
p 6p
2 T < 2/3 < 1
(3 ) ‘1_p2d2+d3 = (1_p2)27 /3_p< )
p 2(1+ 3p%)
3.3 do +d3| < ——2- 0 <2/3.
(3.3) ‘1—p2 2 taz| = —p2 <p<2/
All the inequalities are sharp.
Proof. Let
P(z)—(1-p?
wie) - PRI = (=)
P(z)+1—p?

Then w(p) =0 and |w(z)| <1, z € A. Also
2(1 — p?) P’
Wiy 2P
[P(2) + (1 —p)?]
and hence w'(p) = 0. Comparing coefficients in the expansions of both
sides of

[P(2) + (1 = pP)w(z) = P(2) = (1 - p?),
we obtain

(3.4) dy = (1—p*)w” (p)
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and

p

W)
1—p? '

(3.5) 3

dy + d3 = pw”(p) + (1 — p)

e =o( =)

where ¢ is analytic for |z| < 1, ¢(0) = ¢/(0) = 0 and |¢(z)] <1, z € A. In
particular, we obtain

We can write

Since |¢”(0)/2| < 1, we have |w”(p)
obtain

< 2/(1 —p*)?. Thus from (3.4) we

|da| = (1 —p*)|w” (p)]

IN

which is (3.1).
Next from (3.5) we obtain

P 1 ¢ (0)
dy + ds =
e A R

If ¢(2) = coz? +c32 +..., 2 € A, then

+ 3pg” (0)] .

P 2
———dy+d3=——= 3 .
1 —p2 2+ ds (1 — p2)2 [63 + pCQ]

Using known inequalities for bounded functions, we obtain
|e3 + 3pea| < [es| + 3pleal <1 — ea|* + 3plea.
Therefore

(3.6) dy + dy 1+ 3plea| — |eaf].

_r
1—p?

Let z = |ca| and h(z) = 1+ 3pz — 22, 0 < x < 1. Then I/ (z) = 3p — 2z.
If p>2/3, then h'(z) > 0 for 0 < x < 1 and hence

<L[
- (1-p?)?

(3.7) h(z) <h(l)=3p, 2/3<p<l1.
If 0 < p < 2/3, then h(x) achieves its maximum at x = 3p/2. Hence
(3.8) h(z) <1+9p*, 0<p<2/3.

Combining (3.6), (3.7) and (3.8) gives (3.2) and (3.3).
Equality is attained in (3.1) by the function
_L+p? —dpr+ (1 +p?)2°
N 1—22 ’
which is obtained by taking w(z) = [(z — p)/(1 — pz)]?. The same function
gives equality in (3.2).

P(z)
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0 < p<2/3, let
(2 + 3p)
$(z) = ——52—
1+ 5pz
and w(z) = ¢((z — p)/(1 — pz)). The resulting function P(z) = (1 —p?)(1 +
w(z))/(1 —w(z)) gives equality in (3.3).
THEOREM 3. Let f be a member of C(p) and have the expansion (1.2).

Then
2

p
3.9 S —
(3.9) ‘all—(l_p2)3’
(4+9p2)|a_1|
3
p p
BI) el S e < gy 28sest

All the inequalities are sharp.

Remark. Making use of the area theorem, Komatu [5] proved inequality
(3.9) for the larger class S(p).
Proof of Theorem 3. Let
(z —p)(1 —pz)f"(2)
f'(z)
Then P(z) satisfies the hypotheses of Lemma 3. Comparing coefficients on
both sides of the equation

2p(z —p) — (1= p*)|f'(2) = (z = p)[(1 = p*) — p(z = P)I /" (2) = P(2)f'(2)

we obtain

P(z) =2pz —1—p* —

(312) 2@1(1 — p2) = a_ldg
and
(3.13) 6(1 — p*)as = 2pa; + a_1ds.
Combining (3.1) and (3.12) gives
a1
< .
al < Gy

However, |a_1| < p?/(1 — p?) (cf. [4], [5]), giving (3.9).
Combining (3.12) and (3.13) gives

1 4
14 - ..
(3:14) 2 6(1—p2)[1—p2d2+d3]a '

If 0 < p <2/3, then (3.3) and (3.14) gives (3.10). If 2/3 < p < 1, then (3.2)
combined with (3.14) gives (3.11).
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Equality is attained in (3.9) and (3.11) by f(z) = —pz/((z —p)(1 — pz)).

If 0 < p < 2/3, equality is attained in (3.10) by the function f which satisfies

s (z=p)A—p2)f"(2)
f'(z)

where P(z) is the function satisfying the hypotheses of Lemma 3 and giving

equality in (3.3). Since Re P(z) = 0 on |z| = 1 with finitely many exceptions

and since
S = e 1) e

it follows that on |z| =1,

zf"(2) 1
Re <1 + ) > RRTRSE ReP(z) =0
with finitely many exceptions.
Laborious computations give
1-p)2+2p—p°) (I+2)(z—e€T)(z—e")
P(z) = : . —
2 —2p — p? (1—2)(z—eB)(z — e 1B)

where ¢ # e and e’ is not real for 0 < p < 2/3. Thus Re(l +
zf"(2)/f'(z)) = 0 on |z| = 1 with 3 exceptional points. It follows that
for the extremal function in the case 0 < p < 2/3, C\ f[4] is the interior of
a triangle.

2pz—1—1p = P(z)

Remark. In the case 0 < p < 2/3 of Theorem 3, using the inequality
la_1| < p?/(1 — p?) in (3.10) does not result in a sharp inequality.

THEOREM 4. If f is a member of C(p) with expansion (1.2), then
ap(1 - p?) < 1+p°
a—1 B 2

p+

9

and the inequality is sharp.

Proof. Let

a-mi(P=2)

then h is a member of S(p) and for |z —p| <1 —p,

h(z):z—k(p—k(l_pz)ao>22+...

h(z) =

a—q
Using (1.3) when n = 2, we get

(1 —Pz)ao
a_—1

2
< 1+p '

p
Equality is attained by f(z) = —pz/((z — p)(1 — p2)).

b+
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4. The coefficients b,,. Let f be a member of C'(p) and have the expan-
sion (1.1) for |z| < p. As remarked in the introduction, sharp upper bounds
on |b,| are known for all n and a sharp lower bound on Re(bs) follows from
results in [9]. In this section we will obtain a sharp lower bound on Re(bs)
which suggests a conjecture concerning Re(b,,) for all n.

THEOREM 5. Let f be a member of C(p) with expansion (1.1). Then

1+ p?
4.1 Reby > —— > 1
(4.1 2= p(1+p%)
and
1— 2 4 1 6
(4.2) Reby > L TP 24P

2 pP(l+p?)
Both inequalities are sharp, each being attained by the function

A= p(1 + p?)z — 2p?22
1= 02— —p2)

Proof. Let
(=p+ (1 +p*)z —pz*) f"(2)
f'(2) ’
then Re P(z) > 0, 2 € A, P(p) = 1 —p? and P'(p) = 0. Let P(z) =
co + c1z + ca2? + ... Comparing coefficients on both sides of the equation
P(2)f'(z) = [2pz = (1L +p*)]f'(2) = [=p + (1 +p*)z — p2°] f"(2),

we obtain

P(z)=2pz—1—p*—

(4.3) co = 2pby — (14 p?)
and
(4.4) 2coba + 1 = 2p — 4(1 + p*)bg + 6pbs .
Using (4.3) and (4.4) we obtain
2
(4.5) by = LU DY) (21p+p )
and
(4.6) 6p>bs = c2 + 3(1 + p*)co + per + 2(1 4 p? + pt).

Let w(z) = [P(2) — (1 —p?)]/[P(2) + (1 — p?)], then |w(z)] < 1 for z € A
and w(p) = w'(p) = 0. Thus we can write

«ww:<z‘p)3@>

1—pz
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where |¢(z)| < 1 for z € A. We have

(1-p*)(1+w(2)
1—w(z) ‘

P(z) =

Thus
o (A=A w©) (- g1+ p6(0))
N w=PO=" e T T 20)

It follows that
L) (-9
1+p?[¢(0)] = 1+p?
Using this inequality in conjunction with (4.5) gives (4.1), which has also
been proven by Miller [9].
Next, we have

Reco > (1 —p?)

2(1 — p*)w'(0)
(1 —w(0))?
_ 201 = p*)[=2p(1 — p*)$(0) + p*¢'(0)]
(1—p%¢(0))?
Combining (4.6), (4.7) and (4.8), we eventually obtain

c1 = P,(O) =

3 17 2
(4.9)  6p°b3 = (1—p°)|(1 —p°) + % +30 +p2)%
+201+p* +p).
Now let
_ 1+p%0(2)
Qz) = T p6(s)

Then Re Q(z) > (1 —p?)/(1+p?) > 0 for z € A and (4.9) can be written as
(4.10)  6p%bs = (1 = p*)[(1 = p*) +pQ"(0) + 3(1 +p*)Q(0)]
+2(1+p° +p").

Let T(z) = Q(z) — (1 — p?)/(1 + p?). Since ReT(z) > 0 for z € A, it is
known that

|T"(0)| <2ReT(0).

Thus
Q01 <28 [0 - 175 ].
- 1+ p?
Hence
1 fp2

2ReQ(0) 2 [Q'(O) +29 5 -



Convex meromorphic mappings 285

Using the last inequality with (4.10) we obtain

69 Reba > (1= 57)| (1= 1) = Q0)] + 5 (1 + )@ O) + 30~ 57

+2(1+p*+p?)
=(1-p)|(1-p")+
+2(1+p* +p?)
> (1= p)A01 - p*)] + 201+ p* +p*)
=6(1—p* +p),
which gives (4.2).
An examination of the proof indicates that equality holds in (4.1)

and (4.2) if and only if ¢(z) = —1. This leads to the extremal function
stated in the theorem.

3+3p% —2p
2

Q') +30 —pﬂ

Remark. It seems reasonable to expect that the extremal function for
Theorem 5 is extremal for all n. That is, we expect that if f is a member of
C(p), then Re(b,) > (1 + p*)/(p" (1 + p?)) for all n.

5. Starlike functions. Miller [7]-[9] considered functions f of S(p) for
which there exists o, 0 < p < 1, so that Re[zf'(z)/(f(z) — wp)] < 0 for
0 < |z| < 1 and a fixed wy € C,wy # 0. These functions map A onto
the complement of a set which is starlike with respect to wg. This class of

functions is a subclass of the class X*(p, wg) defined as the class of functions
f in S(p) such that for z € A,

/
Re|-PZ P A& T
l—pz z—p (f(z) —wo)
Actually, the two classes are the same if 0 < p < /3 —2v/2 (cf. [9]). But

for p > /3 — 2¢/2 and proper choice of wy the first class is a proper subset
of the second. We will prove that X *(p,wp) is the class of all functions f in
S(p) such that C\ f[A] is starlike with respect to wp, which we denote by

Es<p7w0)'
THEOREM 6. fis a member of X°(p,wo) if and only if, for z € A,

(z—p)(1 —p2)f'(2)
Re
[ f(z) —wo
Proof. Suppose f is a member of S(p) and let

9(z) = f(fj;) :

| <o.
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f is a member of X%(p,wy) if and only if C \ g(A) is starlike with respect
to wg. This is the case if and only if F'(z) = g(z) — wp maps A onto the
complement of a set which is starlike with respect to the origin. Since F' has
its pole at the origin, C \ F[A] is starlike with respect to the origin if and
only if Re[zF'(z)/F(z)] < 0 for z € A. The last inequality is true if and

only if
Re|( =2\ (Z2=L) /r( 222 )] <0
1—pz 1—pz 1—pz

for z € A. A straightforward computation gives

() () () =

and the theorem follows.

THEOREM 7. X%(p,wp) = X*(p,wp) for allp, 0 < p < 1, and all wy # 0.
Proof. Let f be a member of X*(p, wp) and
pz p 2f'(2)

T1-pz z-p f(z2)—wo’
then Re P(z) > 0 for z € A and P(0) = 1. From this we obtain

(z—p)(A —p2)f'(2) (z=p)(1=p2)P(2) +p(1 - 2*)

P(z)

(5.1) T _ :
Let 0 <r <1 and
0.() = E=DO=pIPE2) +p(1 =)

z
then @, (z) is analytic for |z| <1, and

ReQ,(z) = |1 — pz|*Re P(rz) > 0
for |z| = 1. Thus Re@,(z) > 0 for z € A. If we let » — 1, we obtain
—p)(1— P 1— 22

z
However, the expression on the left side of (5.2) is strictly positive for z = p.
Thus equality cannot occur in (5.2). Hence from (5.1),

_ _ /
e [0 )
f(z) — wo
for z € A. Thus by Theorem 6, f is a member of X*(p, wy).
Conversely, suppose f is a member of X*(p, wg) and let

__Gon-p)f )
PO

or
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then Re P(z) > 0 for 2 € A and P(p) = 1 — p%. We obtain

(5.3) p=_ v _af(e) _ zP(x)-p(-2

l—pz (z2—p) f(z)—wo  (2—p)(1—p2)

By Lemma 2 the real part of the expression on the right side of (5.3) is
strictly positive for z in A. Thus f is a member of X*(p, wy).

Miller [9] has given some estimates of coefficients in the expansion (1.1)
if f is a member of X*(p,wg) = X°(p, wp). We will next give sharp bounds
on a few coefficients in the expansion (1.2).

THEOREM 8. If f(z) is a member of X*(p,wp) and has expansion (1.2)
for |z —p| < 1—p then

2+p
5.4 ag — wol| < a_
(5.4) lag — wo 1_p2! 1
and

la_1]
. < ——
(55) |a1|—(1_p2)2

Both inequalities are sharp.

Proof. We first prove inequality (5.5). Let

_ == =p2)f'(2)
P(Z) - f(Z) — wy ’
then Re P(z) > 0 for 2 € A and P(p) = 1 — p?. Let

P(z)=(1=p")+ > culz—p)"

for |z — p| <1 — p. Comparing coefficients on both sides of the equation

(f(z) —wo)P(2) = —=(z = p)(1 = pz) f'(2),,

we obtain
(5.6) a_ic1 + (1 —p?)(ag —wo) = —pa_,
(5.7) a_1ca + (ag —wo)er + (1 —pHay = —ay (1 —p?).

Combining (5.6) and (5.7), we eventually obtain
(5.8) —2(1 = p»)2a1 = a_1[(1 — p*)ez — pey — 3]

We now claim that |(1 — p?)co — pc; — ¢3| < 2. To prove this, let

1 z+p
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then Re P(z) > 0 for z € A and Q(0) = 1. Thus [11] there exists m(t)
increasing on [0, 27] with fOQW dm(t) = 1, such that

27 i
1 1 it
(e 0]
1—p2? 1+ pz g 1—eitz

Thus
-0 TS

Expanding the integrand in powers of z — p and integrating we obtain

dm(t).

27

=2 f et dmi(t)
0

and
2 2 27 pe
2it it _ 2it 1
co = - E)f(e +pe'’)dm(t) = T 6[6 dm(t) + 2
Thus
27 ‘
(5.9) (1—p*)eg —pey —c2 =2 f et dm(t) — 2.
0
Now let
27 ;
1+e'tz
Then ReT'(z) > 0 for z € A and T(0) = 1. If
T(z)=14+prz+pz®+..., z€A,
then
21 ) 27 )
pr =2 f etdm(t) =c; and py =2 f e dmi(t).
0 0

Thus from (5.9),
(1= p*)ea —per — ¢ = pa — pi.
But it is known [6] that |ps — p?| < 2. Thus
|(1 —p?)ea — pey — cf] < 2.
Therefore from (5.8) we obtain
2(1 = p?)*Jas| < 2fa-1],
which is (5.5).
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Next, from (5.6),

la—aller +p| _ Ja-allpr +p| _ Ja-1[(2+p)
1 —p? 1 —p? - 1-p%
To see sharpness, consider

lap — wo| =

O ¢ bl W
FE) = w0t peot =)
Since
(z=p)A=p2)f'(x) _ 5 1+z
f(z) —wo =-a p)l—z’

f(2) is a member of X*(p, wq). Moreover, C\ f[A] is the line segment & =twy,
(1+p%)/(1+p)* <t < (1+p*)/(1-p)* Also, for |z —p| <1-p,

(z) = Pl ~P)

(1+p)(z—p)
p(p —2+p?) pwo B
T U pa - (1—p)(1+p)3( P)F -

from which we can see that equality is attained in (5.4) and (5.5).
THEOREM 9. With the notation of Theorem 8,

<
la_1] < T

and the inequality is sharp.
Proof. With P(z) as in the proof of Theorem 8,

d _ (I—pz)—P(2)
7, o8z = p)(f(2) —wo) = Cpi—pa)
Integrating, we obtain
e = Pwo o (L= pE) = P(E)
fle)—wo=20 paf E—nia—p) ©
Thus
= lim(z — Z) — wp) = pwg €x p(l—pf)—P(ﬁ)
a—l—;_)p( p)(f(2) 0) = Pwo €xp Of (€ — p)(1 — pé) dg
and
e P (=p8) ~ReP(§)
(5.10) la—1] = plwo| exp 6/’ a0 %

We can write

P(z)=(1- pQ)Q(lz__Zi)
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where Re Q(z) > 0 for z € A and Q(0) = 1. Using the well-known inequality
ReQ(z) > (1 — |z|)/(1 + |z|), we obtain for £ real and 0 < & < p,

(5.11) Re P(§) > (1 —p?)

C—y O —x

-2 P B 1-p
(1—5 * 1—p§> df—p""O’(Hp) ’

which is the inequality to be proven. Equality is attained by the function
given in Theorem 8.

COROLLARY. With notation of Theorem 8,

p(p+2)
ag — wo| < ——=|w
|lag 0|_(1+p)2\ |
and
p
a1 € ——— 3 lwol-
(1 =p)(1+p)?
Both inequalities are sharp.
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