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COMPACTNESS IN APPROXIMATION SPACES

BY

M. A. FUGAROLAS (SANTIAGO DE COMPOSTELA)

In this paper we give a characterization of the relatively compact subsets
of the so-called approximation spaces. We treat some applications: (1)
we obtain some convergence results in such spaces, and (2) we establish a
condition for relative compactness of a set lying in a Besov space.

0. Introduction. In the following, all definitions concerning approxi-
mation spaces are adopted from [2].

A quasi-norm is a non-negative function || - ||x defined on a (real or
complex) linear space X for which the following conditions are satisfied:

(1) If || fllx = 0 for some f € X, then f =0.
(2) [|Afllx = |A] || fllx for f € X and all scalars A.
(3) There exists a constant cx > 1 such that

If +9llx <ex[lfllx +llgllx] for f,g € X,

The quasi-norms || - ||§) and || - Hg?) are said to be equivalent if

1719 <alfI$ and [FIY <o f1F forall fe X,

where a and b are suitable constants.

A quasi-norm || - ||x is called a p-norm (0 < p < 1) if

If+ gl <IFI% + gl for fg€ X

The condition (3) is satisfied with cx := 21/P~1,

A quasi-Banach space is a linear space X equipped with a quasi-norm
| - |lx such that every Cauchy sequence is convergent.

An approzimation scheme (X, A,) is a quasi-Banach space X together
with a sequence of subsets A,, such that the following conditions are satisfied:

(1) Ay C Ay C...CX.

(2) AA,, C A, for all scalars A and n =1,2,...

(3) A, + A CApy formyn=1,2,...

We put Ap := {0}.
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Let (X, A,) be an approximation scheme. For f € X and n =1,2,...,
the nth approximation number is defined by

an(f, X):=inf{||f —a|lx :a € Ap_1}.

Let 0 < p < 0o and 0 < u < oo. Then the approximation space
X2, or more precisely (X, A,)2, consists of all elements f € X such that

u? u)

(ne="a,, (f, X)) € l,, where n = 1,2,... We put
Ifllxe = (e an(f, X)), for £ e XE.

Then X¢ is a quasi-Banach space.
We mention (see [2]) that an element f € X belongs to X2 if and only if

(2% (f, X)) €1y, where k=0,1,...

Moreover,
£ 152 == 112" age (f, X)) 1,

defines an equivalent quasi-norm on X¢.
In the sequel ¢y, cq, ... are positive constants depending on certain ex-
ponents, but not on natural numbers.

1. Relatively compact sets in X2. The main result of our work is

THEOREM 1. Let (X, A,,) be an approzimation scheme. Let A be a subset
of X2. Then A is relatively compact in X2 if and only if the following two
conditions are satisfied:

(1) A is relatively compact in X .
(2) limy, Y- pe . [272an (f, X)]* = 0 uniformly on A.

Proof. If Ais a relatively compact set in X2 then, from the inequality
[fllx < [Ifl[%e for f € X§, it is obvious that A is relatively compact in X.
Since A is a precompact set in X2, given € > 0, we can find fi1,...,f, € 4
such that, for every f € A,

1f = fillxe <& for somej€{1,....,m}.

Moreover, given £ > 0, there exists a natural number ny such that for n > n;
and 7 € {1,...,m} we have

S 2*ean (i, X" < &,
k=n
and then

Do RMan (£ X)) =2 Y7 [2Magaey(f — i+ £ X))

k=n k=n—1
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oo

<120 3 [2%ag(f — f;,X) + 2"%ag (f;, X))

k=n—1

<e2( 3 [2an(f — [ X0+ Y 2% (. X))

k=n—1 k 1
< ep2uetlc for p > g+ 1.

Conversely, if (f,,) is a sequence of points of A we will prove that (f,)
contains a subsequence ( f,,, ) which is a Cauchy sequence in X2. Then (f,, )
is convergent in X2, and therefore A is relatively compact in X¢.

Let (8,) be a sequence of real numbers such that 0 < 3, <1 for n =
1,2,... We have

042-2k—1(fn - fm,X)
= (1 - /Bk)a2-2k—1(fn - fva) + 5ka2~2k—1(fn - fm7X)
< (1= B)llfrn = fmllx + exBr(agr (fr, X) + agr (fin, X)).

Hence

(fo = fnll5ce)™
= an - meuX + Z[2k9a2k(fn - fmyX)]u

k=1

< lfn = Fnll% + D25 000y (fr = fn, X)]

k=0
= an - meuX + 20t Z[2k9a2k+1—l(fn - fmaX)]u
k=0
< fn = Fmll% + 122 fn — Fmll%e D _[(1 = Bi)2ke]
k=0
+ 229 Y [512" e (f, X)]" + €227 Y [5k2" 0ok (fm, X)]".
k=0 k=0

By condition (2), given € > 0, there exists a natural number ng such
that, for all f € A,

o
Z (2K aon (f, X)]* < e.
k=ng
Since, by condition (1), A is relatively compact in X, the sequence (f,)
contains a subsequence (f,, ) which converges in X and therefore (f,,) is a
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Cauchy sequence in X. We put

nofl

K =1+ ¢ 2"¢ Z okeu,
k=0

Then there exists a natural number n; such that p,q > nq implies
1y = Frgllx < (/K™
If we take (8,) with 8, =0 for 1 <n < ng and 3, =1 for n > ng, from the

above inequalities we arrive at

I fn, = fr llxe)"

’rl()fl

<y = Fg I [1 €222 Y0 28] 4eep22** < el + 02,
k=0

This completes the proof.

We also give a compactness criterion in a particular case. For standard
notions of bases in Banach spaces we refer to [5].

THEOREM 2. Let X be a Banach space with a basis {f,}. Let (X, A,)
be the approrimation scheme built from the sequence of subsets
Ap = 1[f1,..., fn] forn=1,2 ...

Let A be a subset of X2. Then A is relatively compact in X2 if and only if
the following two conditions are satisfied:

(1) A is bounded in X.
(2) limy, >°p2 2720k (f, X)]* = 0 uniformly on A.

Proof. The necessity follows from Theorem 1.
To prove the sufficiency, we define the operator P, : X — X by

Pu(f) =Y _fr(N)fi for feX,
=1

where {f}} is the sequence of coefficient functionals associated with the
basis {f,}. The approximation scheme (X, A,,) is linear in the sense of [2],
and it follows that

1f = Paa(H)llx < can(f, X)

forall f € X andn=1,2,..., where ¢ := 1 +sup ||P,||. From condition (2)
we obtain

lim Z[ngHf — Por_1(f)||x]* =0 uniformly on A.
k=n
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Hence, given £ > 0, there exists a natural number & such that, for all f € A,

If = Par 1 (f)llx < /2.
Since A is bounded in X, Pyr_;(A) is precompact in X, and then there exists

aset {g1,...,9m} such that for every f € A there exists j € {1,...,m} with
[ Por—1(f) — gillx < e/2,
and therefore

1f = g5llx <Wf = Par—1(Hllx + [Por—1(f) — gillx < e

Hence A is precompact in X, and then A is relatively compact in X. The
result now follows from Theorem 1.

2. Some applications. Now we obtain some consequences of the
preceding results. First, we establish various convergence theorems.

THEOREM 3. Let (X, A,) be an approximation scheme. Suppose that
fn— f in X and that

lim Z[2k9a2k (frm, X)]* =0 wuniformly on A,
k=n

where A := {fm : m € N}. Then f, — f in X2.

Proof. Since f, — f in X, the set AU {f} is compact, hence A
is relatively compact in X. From the uniform convergence assumption, we
have A C X2. Applying Theorem 1 we conclude that A is relatively compact
in X2. Then f is the only adherent value of the sequence (f,,) and therefore
fn— fin X2.

The following dominated convergence theorem (see [4, p. 39] for opera-
tors in the Schatten classes) is an immediate consequence of Theorem 3.

THEOREM 4. Let (X, A,) be an approximation scheme. Suppose that
fn— [ in X, with f € X8, and that

u?
ar(fn) <oar(f) fork,n=12,...
Then fn — f m Xg
THEOREM 5. Let X be a quasi-Banach space equipped with a p-norm

II“llx (0<p<1). Let (X, A,,) be an approximation scheme. Suppose that
fn— f in X and that

[fnllxe = [1f e
Then f, — f in X2.

Proof. It follows from

| (fr, X)P = an(f, X)PI < | fw = fli
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and f, — f in X that lim, ag(f,) = ar(f) for £ = 1,2,... Obviously, the
corresponding approximation numbers are defined from the p-norm || - || x.

Since || ful%e — l[fI%e, given & > 0, there exists a natural number n;
such that for n > n; we have

D 12Ran (fo, X" < e+ ) [2F0n (£, X))
k=0 k=0

Also f € X¢, and then there exists a natural number ny such that

D 2" (f, X)) < e+ ) [2Man (f, X))
k=0 k=0

Combining the above inequalities we obtain

[e%e] no
()Y 2P0 (fr, X" <25+ ) [2F0n (f, X)) for m > ny.
k=0 k=0
Using
no o
lim Y " [2520un (fo, X" =D [2%a0e (£, X)]",
" =0 k=0
we get a natural number ngy such that for n > ny we have
no no
(%) D [2age(f, X)) < e+ D [25agk(fa, X)]™
k=0 k=0

Hence (%) and (%) for n > max(n1,ng) yield

oo

24y (o X)]* < 36 13 [25%0uge (S X)),

k=0 k=0

and then

o0

> 2R (fo, X)]" < 3e.

k=nop+1

We take mg := max(ni,ng,2). Since fi,..., fm,—1 € X2, given € > 0, we
obtain a natural number n3 such that n > n3 and k € {1,...,mg— 1} imply

D (200 (i, X)]" < 3e.

Therefore, from the two preceding inequalities we see that for m > max(no+
1,ng) and n=1,2,...,
o0

> 125 (fr, X)]" < 3.

k=m
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Thus
hmz R qvon (fm, X)]“ =0

uniformly on {f,, : m € N}, and the result follows from Theorem 3.

To prove a compactness criterion in Besov spaces, we start with some
notation. Let I be the interval [0, 1] and let m be an integer, m > —1. We
consider the orthonormal systems { fy(Lm) :n > —m} of spline functions of
order m defined on I (for definition and properties see e.g. [1]). The system
{f(m) n > —m} is a basis in C(I) and L,(I) for 1 < p < oc.

The best approximation in L,(I) for 1 < p < oo and in C(I) for p = oo
is defined by

EM(f) =

’f— ajf](m)H :
—m p

{a mose aan}

The modulus of smoothness of order r > 1 of the function f € L,([) is
defined for finite p and ér <1 by

1—rh

o910 = sw ([ 1asord)’

0<h<é 0

and for p = oo by
W (f,0) = sup{|ALf(t)| : 0 <t <t4+rh <1, h<§},

where A} denotes the forward progressive difference of order r with incre-
ment h.

Let 0 <a<m+1+1/p, 1 <9 <oo. The space B y"(I) is defined as
the set of functions which belong to L,(I) for 1 < p < oo and to C(I) for
p = 00, and for which

1 1/9
a,m —a dt
o= eellaron )
0
is finite. It is a Banach space with respect to the norm
I lBemay = If e + 115
For f € B y"(I) we put
i m 1/9
115y = £l + (Zo[amE;n,w) .
n=

It was proved in [3] that || - || ey and Il - ngsgn (1) are equivalent norms.
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THEOREM 6. Let m > —1, 1 <p<o0, 1 <Y < oo and
O<a<m+1+1/p.
Let A be a subset of B J"(I). Then A is relatively compact in B " (I) if

and only if the following two conditions are satisfied:

(1) A is bounded in L,(I) for 1 <p < oo and in C(I) for p = oo.

(2) For every e > 0, there exists a § > 0 such that for every measurable
set E C I of measure m(E) < ¢ and for all f € A,

J a0 % <

E

Proof. Suppose that A is relatively compact in B,y"(I). Then, given
€ > 0, there exists a finite set {fi,..., f;} C A such that for every f € A,
there exists i € {1,...,q} with

If = fill ey <&
Hence
P

1
[0 (f = i)
0

Since {f1,..., fq} C A, given € > 0, there exists a § > 0 such that for every
measurable set E C I of measure m(E) < § and for every j € {1,...,¢},

a dt
J a0 — <e
E
Consequently,

[ w5 (f.0)]

E

ﬂdt

X . dt
f [t il = fil) +t Wi (fi D]

< (S euliats = r® dt) +( J o) Cf)w)ﬁ

E
< (2¢)7.
The set A is bounded in L,(I) or in C([) since
1l < 1 fllpgrry  for £ € B D).

Conversely, assume that (1) and (2) are satisfied. There exists a natural
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number ng such that for n > ng we have 1/2" < § and 2" > m + 2. If
P (/250 1725,
k>n

then m(F) < 4. For k > n we have 28t > 2% > 2" > + 2 and from [1]
we obtain

BT (1) € Myl o (f,1/2941),
hence for ¢ > 1 and for all f € A we have

9—av 114 ( ) oo (»)
k+1)ad m 9
a2 2B (< 30 [ ek ()
m k=n k=n 1/9k+1

< f [t wnha (£, 1))

Therefore, given € > 0, there exists a natural number n; such that for n > n;
we have

[eo]
(%) sup Y (2N [EGY () <e.
Ay —
Define AT = [fg;), ) man—1] and consider the approximation

scheme (L, (1), AY™) for 1 < p < oo and (C(I), AS™) for p = co. By (),
given £ > 0, there exists a natural number ny such that for n > ny we have

ka
sup Y [2"ag(f, Ly(I))]’ < e,
w3
with 1 < p < oo, and the same holds for p = co. Applying Theorem 2 we
conclude that A is relatively compact in L, (I)§ for 1 < p < oo and in C(I)§

for p = oo. Finally, using the norm || - ||33§’,1;n( n we obtain the embeddings

(in fact, in both cases there are equalities), and then A is relatively compact
in B 7" (1).
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