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Ordinal products of topological spaces
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V. A. Chatyrko (Moscow)

Abstract. The notion of the ordinal product of a transfinite sequence of topological
spaces which is an extension of the finite product operation is introduced. The dimensions
of finite and infinite ordinal products are estimated. In particular, the dimensions of
ordinary products of Smirnov’s [S] and Henderson’s [Hel] compacta are calculated.

Introduction. The necessary information about the notions and nota-
tions we use can be found in [A-Pa], [E1], [E2], [K-M] and in the appendix.
One of the main questions in transfinite dimension theory is

THE PROBLEM OF PRODUCT DIMENSION (PPD). Let DIM be a transfinite
dimension function, for example: ind, Ind, dimy, dim., D, and suppose U
is a fixed class of topological spaces. What can be said about the dimension
DIM of the product of two spaces X, Y from the class U if this dimension
is defined for the factors?

Let us give some possible concretizations of (PPD):
(1)  Does DIM X X Y exist?

(2)  Is there an (optimal) transfinite function @ = &(«, 3) of two trans-
finite variables such that

DIMX xY < ¢(DIM X,DIMY) ?

(The function @(«, 3) is called optimal if for every pair of transfinite numbers
a, 3 there are spaces X = X (a, ) and Y = Y (a, 3) in U such that DIM X =
a, DIMY = 3, and DIMX x Y = &(a, 3).)

(3)  What is the value of DIM X x Y ?

In this paper we will be interested in questions (2), (3) and their gener-
alizations. In the introduction we discuss the case of metric compacta unless
otherwise stated.
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For the traditional transfinite dimensions ind and Ind (see [A-Pa]) the
inequality

(%) DIMX xY < w,

is well known, and it is equivalent to the existence of DIM X x Y for these
dimensions. The analogous statement is true for dim., the transfinite exten-
sion of the Lebesgue covering dimension dim to compact C-spaces ([B3] and
[Ha-Y]). A more delicate result for ind has been obtained by Toulmin [T]:
ind X xY < (ind X(4)indY') + n, where n is a finite non-negative integer
which depends on the inductive dimensions of X and Y, and (+) is the
natural sum of Hessenberg [Hes].

For any metrizable compactum Z we have Ind Z < w - ind Z [Le], which
leads to a more precise estimate for Ind than (x). Note that an improvement
of (%) for Ind for a certain class of topological spaces has also been stated by
Polkowski [Po]. For the dimension D the inequality D(X xY) < DX(+)DY
has been proved by Henderson [He2].

So PPD(2) for the dimensions indicated above reduces either to ob-
taining an optimal estimating function @ or to the proof of optimality
of a given one. Note that for dim,, another transfinite extension of dim
to weakly infinite-dimensional compacta [B1], even the rough estimate (x)
has not been obtained yet. This is the well-known problem of the weak
infinite-dimensionality of the product of weakly infinite-dimensional com-
pacta. Note that PPD(2) coincides with PPD(3) in the part which deals
with optimality—one has to calculate the dimension of the product of the
chosen pair of compacta. As far as I know the calculation of the dimension
of the product of two infinite-dimensional compacta has not been made yet.

In [S] Smirnov constructed compacta S* with Ind S* = a, a < wy,
and from this he deduced that there are no universal spaces in the class
of countable-dimensional metric compacta. Smirnov’s construction turned
out to be very useful. Using its modification Henderson [Hel] constructed
AR-compacta H* «— S* with Ind H* = «a, a < w1, and defined for them the
notion of an essential mapping. He also proved that DS® = « [He2|. In [B1],
[B2] Borst, having extended the covering dimension dim to ordinals, proved a
transfinite analog of Aleksandrov’s theorem on essential mappings for locally
compact metric spaces, namely: dimy, X > « iff X x C' has an essential
mapping onto H, where C' is the Cantor middle thirds set (dim,, is the
above mentioned transfinite extension of dim). He also proved the equalities
dim, ¢ = dimy, H® = « for a < wi, from which one sees directly that
there is no universal space in the class of weakly infinite-dimensional metric
compacta (the weak infinite-dimensionality of a metric compactum X is
equivalent to the inequality dimy, X < w; [B1]). Note that the non-existence
of universal spaces in the class of weakly infinite-dimensional compacta also
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follows from an earlier result of Pol [P] connected with Smirnov compacta.
Namely:

If a complete space X topologically contains every Smirnov compactum
5S¢, then X topologically contains the Hilbert cube. Hence X is not weakly
infinite-dimensional.

Naturally PPD(3) arises for useful and easily constructed Smirnov and
Henderson compacta. In this paper this question is completely solved. It
turns out that

DIM X% x X? = a(+)8,
where DIM is Ind, Id (to be defined below), dimy,, or D and X7, v < wy,
are either the Smirnov compacta S7 or the Henderson compacta H"7.

The paper consists of three parts. In the first part, starting from Smir-
nov’s construction we suggest the definition of an infinite product of topolog-
ical spaces—the ordinal Rg-product (Definition 1) for which, in contrast to
Tikhonov products, there are non-trivial solutions of the natural extension
of PPD to an infinite number of non-zero-dimensional factors (Theorem 4).

Let, for example, S = {X,,7 < B} be a set of compacta indexed by
ordinals < (3 (such sets will be called -sequences). Then the compactum

point if 6=0;
w,ord
( H Xv) x Xg—1 if B is a non-limit ordinal;
w,ord y<pB-1
H 7 =~ Y Aleksandrov compactification of the free sum
v<B w,ord
((+) ( I1 X7>> « N if 8 is a limit ordinal, where
6<p y<o
N are the natural numbers,

is the ordinal Wo-product of the (-sequence S. If all the X, are homeo-
morphic to X, then H:;;d X, is called the B-ordinal Rp-power and is de-
noted by S¥(X). In particular, if 3 < w; and [ is the interval [0,1] then
SP SE(I) — SP where S is the Smirnov compactum (— denotes
closed embedding).

The new product, just as the Tikhonov product, is an extension of the
notion of a finite topological product to an infinite number of factors, but
in contrast to the latter, it essentially depends on the order of the indexed
set of factors. For example, for two different countable ordinals o and (3 the
a- and B-ordinal Ng-powers of the interval are not homeomorphic because
Ind S® = o # 3 = Ind S”. Let us state one of the main results of the paper
which explains why Ng-products are called products.

THEOREM 1. Let X be an arbitrary topological space and «, (B be count-
able ordinals. Then

S2(X) % S5(X) = 524 )5(X) .
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From Theorem 1 which reminds the main property of the power, one
directly obtains

COROLLARY 2. Let @ be a numerical function on topological spaces,
monotone on closed subsets, for example a dimension (ind, Ind, dimy, D
or others). Then

P(S5(X) x 55(X)) = D(55(4)5(X)) -
In particular, for Smirnov compacta one has:

(a) DIM S x S# = a(+)3, where DIM is dim,,, Ind, Id or D;

(b) ind S x S = ind S*(H)B;

(c) 8 x 8P can be continuously mapped into [0,1] so that every point of
the interval has a finite-dimensional preimage.

One can easily see that an upper estimate of the dimension of S x S#
is obtained from the inclusion S* x S — S§2()8 which is not true for
Henderson compacta. For these, the necessary estimate is deduced from the
second part of the paper, where for the transfinite extension of the finite
dimension Id, introduced by Pasynkov [Pal], we give the optimal solution
of PPD(2), namely:

Let X, Y be compacta for which 1d is defined. Then IdX x Y <
IdX(+)IdY.

This inequality, obtained as a corollary of the more general Theorem 3,
makes it possible to give an optimal upper bound for the dimensions Ind,
dim,, of products of compacta under natural additional assumptions (Corol-
lary 6). Note that this inequality has been independently obtained by Vino-
gradov. Also note that the obtained estimate for Id, just as Henderson’s
inequality for D, is optimal (use Smirnov compacta).

In the third part questions connected with the dimension of infinite or-
dinal products are discussed. In particular, we prove the following trans-
finite generalization to ordinal Ng-products of the Brower theorem on the
n-dimensionality of the cube I"™.

THEOREM 5. Let DIM be Ind, Id or dimy,, and let X, v < 3, be one-
dimensional metric compacta. Then

w,ord
DIM ]~ X, =8.
v<pB

1. Ordinal products of topological spaces (a special case). Let
Xo, @ € A, |A| > g, be a family of topological spaces. The one-point
Aleksandrov extension of the free sum of the spaces X, a € A, is the space
X = {*} U (+)acaXa, formed from (+),caX, by adding the point * with
the following topology:
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e X, is clopen in X for all a € A;
o the sets X\{Xo,(+)...(+) X0, }, i € A;i=1,...,k, k € N, generate
the base of the topology at .

Obviously, if all X, o € A, are compact, then the one-point Aleksandrov
extension coincides with the one-point Aleksandrov compactification.

Let us list some elementary properties of the one-point Aleksandrov ex-
tension. The notation Z ~ Y will mean that the spaces Z and Y are homeo-
morphic. Let X = {*} U (+)acaXs. Then

e if V is an open subset of X\{x} such that B ={a € A: (X\V)N X,
# (0} has cardinality > Ng, then X\V = {*} U (+)aen(Xa\V) — X;

o if Y, — X, for all « € A, then {*} U (4+)acaYa — X;

o if for every o € A the space X, is Hausdorff (Tikhonov, pseudo-
compact, normal, paracompact, compact, S-weakly infinite-dimensional, a
C-space), then so is X;

o if |[A] = Ny and for every a € A the space X, is perfectly normal
(metrizable, with a countable base), then so is X;

e B({*} U (H)acaXa) = {¥} U (+)acaBX, where 8 denotes the Cech—
Stone compactification.

A family S = {X,,v < B} of topological spaces indexed by ordinals < 3
will be called a (-sequence of topological spaces.

DEFINITION 1. The ordinal product (resp. ordinal No-product) of a (-
sequence S = {X,, v < [} of topological spaces is, respectively, the topo-
logical space

point if 3=0;
rd
- (IT" x) x X5 ifB=6+1;
H X’y = v<0 J
or
v<B {x}U(+) (H Xﬂy) if £ is a limit ordinal,
o<p <6
and
point if 6 =0;
w,ord
oond (IT" %) x X5 it B=0+1;
X'y = v<é 4
B oE{(IT" %) o< Bi<w) if Bis limit
<8 !
Here (H:gd X))~ H‘;é’gd X, i < w. The notation H(W“;)(’sord X, will mean
either Hifgd X, or H:lf(; X,.

Let us list some elementary properties of ordinal products. Let X =

Hgi)bord X,. Then
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o if Y, — X, for every v < (3, then H(w),Ord v

y<pB ol
e if § < 3, then H,(y“;)(’;ord X, — X;
e if for every v < 3 the space X, is a Hausdorff (Tikhonov, compact,
compact C-) space, then so is X;
o if 5 < w; and for every v < [ the space X, is metrizable (with a
countable base), then so is X;

e if X is pseudocompact, then

— X;

(w),ord
Bx =1]] BX, .
v<B
Recall that the product of two compact C-spaces is a compact C-space
[Ha-Y], and if X x Y is pseudocompact, then 3(X xY) = BX x BY [El].

2. Ordinal power of a topological space (a special case). Let X
be a topological space and S = {X,,v < B} be a #-sequence of topological
spaces such that X, ~ X for every v < (3.

DEFINITION 2. The (-ordinal power (resp. Ro-power) of X is the space
d w Jord
Sp(X) = [1525 X5 (vesp. S5(X) =125 X5).
The notation Séw)(X) will mean either S%(X) or Sg(X).
It is clear that, if 1 < 8 < wq, then

e S5(I) is the Smirnov compactum S?;
e C'— S3(C) — C, where C is the Cantor set.

Let us state some elementary properties of ordinal powers:
e if X — Y, then Séw)(X) — Séw)(Y);

o if § < a, then S5 (X) — S (X).

The following statement will often be used below.

LEMMA 1. Let o« < wy. Then

(a) if {a;}52, is a sequence of ordinals such that a;; < ciy1 and sup; o; =
a, then
SEX) = {+} U (+) SE)(X) — SE7(X);
i=1
(b) Sa(X) = SF(X) — Sa(X);
(c) if a is a limit ordinal, then S¥(X) ~ S¥(X)\{a finite number of
terms of the free sum defining S¢(X)}.

The proof is obvious.
We now prove the finite multiplicativity of Ng-powers for countable or-
dinals.
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THEOREM 1. Let a, 8 < wi. Then
Sa (X) x S5(X) = 551)5(X)
(here a(+)0 is the natural sum of the ordinals & and 3; see appendix).

Proof. We use induction. Let § =1, and let a be an ordinal < w;. By
the definition we have
Se(X) x X =55 )1(X).

Assume that for § < v and for all & < w; our statement is true, and
let 8 = v. Suppose 3 = € + 1. Then by the definition and the inductive
assumption one can easily check that

Sa(X) x SE(X) = Sa(X) x SZ(X) x X
= Sa11(X) X 52(X) = SGq1) (e (X) = S5 p(X).-
Let now  be a limit ordinal. We now use induction on a. For @ = 1 the
statement is obvious. Suppose that for every a < p and the fixed limit g

the statement is true, and let o = p. Assume that o = € + 1. Then by the
definition and the inductive assumption we have

S2(X) x S3(X) = S2(X) x SE(X) x X = 82 5(X) x X = $2,,5(X).
Let now « be a limit ordinal. By Definition 1 one has
SUX)={x1}U(H){(S§ (X)) 10 <, i <w}.

Note that for a fixed 6 < « the space Sy (X) appears in the free sum
countably many times. Let us number all spaces of the free sum by positive
integers:

Se(X) ={x}U(+) X,
i=1
and the same for S(X):
S5(X) = {x2} U (1) Y.

i=1
We also number by positive integers all different ordinals of the form §(+)n,
where § < o and n < f3:

{0(H)n:0 <o, n< B} ={mn,72,--.}.
By the inductive assumption the product X x Y}, k., < w, is homeomorphic
to S¢, where § = 0(+)n for some 0 < a and 7 < 3, and X, = S§(X),
Y; = S (X). Consider an increasing sequence {m(i)}3<, of positive integers
with m(0) = 1 such that for every i < w the spaces S,,(X), j = 1,...,1,
occur in the free sum

() Xe x Y :m() <k, <m(i+1)}.
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Hence in the free sum
(FH{Xe x Y :m@i) <kl<m(i+1), i<w}
there are countably many spaces S,,(X), for j =1,2,... Clearly,
S2(X) % S5(X) = {(+} U (+){Xe x Vi
()X, x (SFXONE)NYp :p <mli+1)})
() SGONENXp i p <m(i+ 1)}) x Vi :
m(i) <kl<m(i+1), i<w}.
By Lemma 1(c) for every i < w one has
S (XONENXp 1 p <m(i+ 1)} = 57(X),
SEXNENY, 1 p <m(i+1)} = S5(X).
Hence
S (X) x SE(X)
= {x} U (£){ X x Yi(+) Xk x S5(X)(+)55(X) x V7
m(i) < k,l<m(i+1),i <w}.
Recall that X = S§(X) and V; = S;(X) for some 6 < o and n < f,
k,l < w. Hence by the inductive assumption one has
X x Sg(X) = 55(X) x S5(X) = S514)5(X) s
Sa(X) x Y = S(X) x 57(X) = 554, (X).
Moreover, by Lemma A1 of the appendix for every 7 < a(+)( there exist or-
dinals a1, 81 such that v = a1 (+)681, a1 < a, B1 < B. So Sg(X) x SF(X) =
{x} U (H){(SY(X)); : v < a(+)B3, i < w}, where (S¥(X)); ~ S¥(X),

i < w. By Definitions 1, 2 one finally has Sg(X) x S5(X) = S (X).

i a(+)8
The theorem is proved.

QUESTION 1. Can the assumption «, 3 < w; be omitted in Theorem 17

Remark 1. S,(I) x Sy,(I) 2 Suy2(I), because in S, (I) x S,,(I) there
is one isolated point and in S, .)2(/) there are two isolated points.

Note, however, that for the ordinal powers there is a relation very close
to equality:

COROLLARY 1. Let o, 8 < wy. Then
(a) Sa(+)8(X) = Sa(X) X 5(X) = Sa(4)5(X);

(b) S&(X x ¥) = SE(X) x 88 (V) = 80 s (X X Y.

Proof. (a) follows directly from Theorem 1 by using Lemma 1(b). Let us
prove (b). We shall examine the case of ordinal products and use induction.
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Let @ < w. It is clear that S, (X X Y) = S,(X) x S4(Y). Moreover,
p(a)()2+n(a) = a.

Let us prove the embedding S, (X X Y) — S, (X) x So(Y) for a > w.
Assume that for o < v > w the statement is true, and let @ = v. Suppose
that @ = € + 1. By the definition and the inductive assumption one easily
has

Sa(X) x So(Y)=8:(X) xS (Y)x X XY
S (X XY)x (X xY)=8,(XxY).

Let now « be a limit ordinal. Then there exists an increasing sequence
{@;}32, of ordinals such that sup; ; = . Consider the chain of embeddings:

Sa(X) x Su(Y)

= (4} U (D) S0, (X)) % ({22} U (1) S0, (1)) (by Lemma 1)

i=1 =1

— {*} U (+)Sq, (X xY) (by the inductive assumption)

i=1
— S, (X xY) (by Lemma 1).
Let us prove the inverse embedding
Sa(X) X Sa(Y) = Sp(a)()24n(a) (X X Y).

Assume that for o < v > w the statement is true, and let o = v. Suppose
a =€ + 1. Clearly,

Sa(X) X So(Y) = Spie)()24n(e) (X X Y) X (X XY) = Spa)()24n(a) (X XY).
Suppose now that « is a limit ordinal. Then p(a)(-)2+n(a) = a(-)2. Clearly,
Sa(X) X Sa(Y) = Sa(X xY) x S (X xY)

= Sa)a(X xY)  (by (a)
= Sa(p2(X xY).
The corollary is proved.

Now we get the following statement.

COROLLARY 2. Let @ be a numerical function on topological spaces,
monotone on closed sets, for example a dimension (ind, Ind, dimy, D or
others). Then

P(SL)(X) x 85 (X)) = &(5), (X))
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In particular, for Smirnov compacta S, v < w1, one has

(a) DIM S x S# = a(+)3, where DIM is dim,,, Ind, Id or D:;

(b) ind S x S? = ind §*(H)5;

(c) S x 8P can be continuously mapped into I so that every point of I
has a finite-dimensional preimage.

Proof. Recall (see the introduction) that dim,, S¢ = Ind S¢ = DS =
Id S = a for @ < wy (for Id see Corollary 5 in §3).

Remark 2. Since the product H* x H? cannot be continuously mapped
into the interval with every point preimage finite-dimensional, and H” can
be mapped in such a way, the inclusion H* x H? < H7 is not true for any
infinite «a, 8, < wi. Therefore for the upper estimate of the dimension of
H*x H” we need Corollary 5 of §3, namely: Id H*x H” < 1d H*(+)Id H? =
a(+)8.

Since )P s G % §F < H x HP the lower estimate is immediate;
recall that dim X < Ind X < Id X for every compactum X. In the case
of the dimension D, we need the following statements mentioned in the
introduction: DS® = o, a < wy, D(H® x H?) < DH®(+)DH? and the
equalities DH?Y = v, v < w1, which one easily checks by induction using the
following properties of D in the class of metrizable spaces [He2]:

o if either Ind X or DX is finite then they are equal;

e D(X xY)<DX(+)DY;

e if X is the union of a locally finite collection of closed subsets each
with D-dimension < g, then DX < §;

e if ' is a closed subset of the space X then DX < D(X\F)+ DF.

(For the definition of Henderson’s compacta H?, v < wq, see the proof of
Corollary 5.)

One finally has DIM H® x H” = a(+)#3, where DIM is Ind, Id, dim,, or
D, and o, 8 < wy.

In order to simplify formulas we write H?erﬁ X, and Sg(X) for ordinal
Ro-products and ordinal Ro-powers. The notation (+),<gc, denotes the
inductive extension of the natural sum to infinite sequences of ordinals (see
appendix).

THEOREM 2. Let X be an arbitrary topological space and let ordinals 3
and oy, > 1, v < 3, be countable. Then
ord
(*) S(+)'y<,8aw (X) - H Sa’v (X) - S(+)w<ﬁaw (X) ’
v<pB
Proof. We use induction. Let 5 < w. Then (*) is obvious by Corollary 1.
Suppose that the statement is true for all < v > w, and let 8 =v > w.
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Assume that § = e 4+ 1. Then by the inductive assumption one has

ord
() St)yeear(X) = [T Say (X) = 54y, -.a, (X))
y<e

Multiply (sx) by Sa.(X). By the definition one has ((+)y<cy)(+)oe =
(+)y<pey. Now we only need to use either Corollary 1 or Theorem 1.

Let now [ be a limit ordinal. Then there exists a sequence {f;}:°,
of ordinals such that sup; 3; = (. Set 0; = (4)y<pg, 4. It is clear that
(4+)~<pay = sup; 0;. By the inductive assumption for every i < w one has

Soi(X) =TT S, (X) = S0, (X).

Y<Bi
Moreover, obviously
ord o0 ord ord
[T Sex)c{=u) [T San(X) = [ Say(X)
v<B =l y<p; v<B

and

S(+)’Y<BO‘W (X) - {*} Y (__’—1) Sai (X) - S(+)7<ﬂaw (X) .
Our statement follows from these three chains of embeddings. The theorem
is proved.

Remark 3. SY(S5(I)) # SY(I), though 2 x w = w.
COROLLARY 3. Let a, 8 < wy. Then
Saxp(X) = 5(5a(X)) = Saxp(X).

Proof. Let us only note that if we set ., = « for all v < 3, then by
the definition from the appendix we have o x § = (4),<ga~, and by the

definition of the power H:rfﬁ L(X) = 55(54(X)).

COROLLARY 4. Let @ be a numerical function on topological spaces,
monotone on closed sets, for example a dimension (ind, Ind, dimy, D or
others), and let oy, f < wi. Then

o(T1™ 50, (X)) = #(S(0), o, (X)).

<8

ord

Note that the product [] 5 Sa,(I) can be continuously mapped into
an interval with all point prelmages finite-dimensional. For the product
H:rfﬁ H, (I) there is no such mapping.

3. Solution of the product problem for the inductive dimension
functions id and id,. Let X be a normal space.
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DEFINITION 3. Let Id X = —1 iff X = (). Let Id X < a, where « is an
ordinal, if there are collections o_1, 09, ..., 05, 0 < «, of closed subsets of X
such that

(a) o_1 ={0}, 05 2 X, 0 C o, for all 8, vy with —1 < 3 <~ <§;

(b) for all 0 <y < § and F' € o, and every pair of disjoint closed subsets
A and B of X there exist 3 < v and 9 € og such that ¢» C F and v is a
partition in F' between AN F and BN F;

(c) for every v < § and every pair Fy, F5 of elements of o, there exists
F € o, such that F' <= Fy U F5.

Let us put Id X = min{a : Id X < a}.
If Id X < a for no ordinal «, then we define Id X = oo (which means
that Id X does not exist).

Note that for every F' € 0., v < 9, we have Id F' < .

If one of the sets from Definition 3, say A, is a single point, we get the
definition of the dimension id.

If both A, B are singletons, we get the definition of the dimension id,.
If both A, B are compacta we get the definition of the dimension cld.

Clearly, id, X <id X <Id X and id, X < clId X for every space X.

Remark 4. (a) The definitions of the finite dimensions id and Id and
the statements given below for id and Id in the finite-dimensional case are
due to Pasynkov [Pal].

(b) The transfinite extensions of id and Id were independently considered
by Vinogradov. He has independently proved the elementary properties of
these dimensions given below, as well as Theorem 3 (for id) and Corollar-
ies 5, 6.

Let DM be idp, id, Id or cld, and DIM be indy, ind, Ind or cInd (in
the definition of ind,, the partitions are taken between points and in the
definition of cInd—between compacta [Hal).

STATEMENT 1. DIM X < « iff there exist collections o_1,...,05, 0 < a,
of closed subsets of X satisfying conditions (a), (b) of Definition 3.

Proof Let DIMX =6 < a. Put 0, ={Y C X : Y is closed in X and
DIMY <~},v=—1,...,6. It is clear that (a) and (b) are satisfied. Let us
prove the converse. We use induction. Let o« = —1; then X = () and, hence,
DIM X = —1. Suppose that for o < v the statement is true, and let o = v.
By (a), X € 05, § < v, and by (b) for every pair A, B of disjoint closed
subsets of X there exist 3 < § < v and ¥ € o such that v is a partition
in X between A and B. Consider the collections o} = {C'Nv : C € o,},
v < 3, of subsets of 1. It is clear that they satisfy conditions (a) and (b).
By the inductive assumption we have DIM ¢ < 3 < v. Hence, DIM X < v.
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A collection B of closed subsets of X is called monotone if every closed
subset of any element of B also belongs to B. A collection B of closed subsets
of X is called additive if for any A, B € B we have AU B € B.

STATEMENT 2. DM X < « iff there exist collections o_1,...,0s, 6 < «,
of closed subsets of X satisfying conditions (a), (b) of Definition 3 and the
condition

(c)! 0., is monotone and additive for every v < 4.

Proof. The “if” part is clear. Let us prove the “only if” part. Let
DM X < a. Then there exist collections 0_1,...,05, § < a, of closed subsets
of X satisfying conditions (a), (b) and (c) of Definition 3. Put

a}Y:{AQB:AisclosedinXandBan}, v <.
It is clear that these collections satisfy (a), (b) and (c)*.

Note that in Statement 2 one can always put § = a. From Statements 1
and 2 we get

STATEMENT 3. If DM X ezists, then DIM X exists. Moreover, DIM X <
DM X.

STATEMENT 4. (i) For every compactum X we have id, X = id X =
IdX =cld X.
(ii) For every normal space X we have cId X =1id, X.

Proof. (i) Let id, X < «. There exist collections o_1,00,...,0, of
closed subsets of X, satisfying (a), (b) and (c)! (with A and B being points).
By additivity and monotonicity (Statement 2 ), the same systems 0., v < «,
satisfy (a), (b) and (c)! for A and B arbitrary closed disjoint sets. Thus (i)
is proved. The proof of (ii) is analogous.

STATEMENT 5. (i) If F is closed in X, then DM F < DM X.

(ii) Suppose DIM X exists and the finite sum theorem for DIM holds in
X, for example, X is a metric compactum with Ind X < w. Then DM X
exists and DM X = DIM X.

(iii) Let X, be a compactum with DM X, = (., o € A, |A| > w, and
SUpyca fBa = B. Let X = {*} U (+)acaXq be the one-point Aleksandrov
compactification of the free sum of the spaces X,, a« € A. Then DM X
exists and DM X = (.

Proof. (i) is clear.
(ii) Let DIM X = . Then for v = —1,0,...,a we put

o, ={Y CX:Y isclosed in X and DIMY <~}.

By the monotonicity of DIM on closed sets and the finite sum theorem one
can easily check that the collections 0., v < «, satisfy conditions (a), (b)
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and (c)!. So DM X < DIM X. From Statement 3 one finally has DM X =
DIM X.

(ili) Let U%O‘), v < 3, be collections of closed subsets of X satisfying (a),
(b) and (c)!, for a € A. Put

oy ={A1U...UA 1 4; €0, a; € A, keN}, <3,

and o3 = {A C X : Ais compact}. It is clear that for 0_1, ..., og conditions
(a), (b) and (c)! are satisfied.

Hence, DM X < . Since DM X, < DM X for every a € A, one finally
obtains DM X = (.

QUESTIONS. 2. Does DM X exist if DIM X exists?

3. It is known that for Smirnov compacta with Ind > w the finite sum
theorem for Ind does not hold [Le]. Does there exist a compactum X with
Ind X > w in which the finite sum theorem for Ind holds?

4. By Filippov’s [F] and Pasynkov’s [Pal] results there exists a com-
pactum X with Ind X = 2 and Id X > 3. How large may be the difference
between Ind and Id for infinite-dimensional spaces (for DIM and DM)?

LEMMA 2 (B. A. Pasynkov). Let X = Fy U...UF,, be a normal space,
where F;,1 = 1,...,n, are closed in X. Let A and B be two disjoint closed
subsets of X, and C; be a partition in F; between AN F; and BN F;, i =
1,...,n. Then there exists a partition C in X between A and B such that

Cc (CJCi)UU‘(FiﬁFj).

The notation id(;,) will mean either id;, or id. The main statement of this
section is

THEOREM 3. Let X1 x X be a normal space and suppose id(,) X; exists
fori=1,2. Then

id(p) X1 X Xg < id(p) X1 (+) id(p) X2 .
Proof. Let us show the inequality
(#) idel XX2 Slde1(+) ideQ.

For id the proof of the corresponding inequality is analogous.

Let id, X7 = &, idp Xo = ( and let 0_1 1 € ... C 0¢,1 be collections of
closed subsets of X1, and 0_12 C ... C o¢ 2 collections of closed subsets of
X, satisfying (a), (b) and (c)! for A and B being points. Put

U=¢(+)¢ o1 ={0},



Ordinal products 109
O'}/:{AXBZAEO'QJ, B € og2 and a(+)5 < v},
2={C1U...UCy:Cs€0), i=1,....k keN},

0, ={P CC:Pisclosed in X; x X5 andC’EJi}, v< X

g

Obviously, the collections o.,, v < X, satisfy (a) and (c)!. Let us show that
(b) holds. Let P € 0 and A, B be a pair of different points in P. We have
to show that there exist v < v and a set C € o, with C C P which is a
partition in P between A and B.

The main case. Let P C Dy x Dy, where Dy € 04,1, D2 € 032 and
a(+)6 < 7. From the monotonicity of the collections o, v < X, one can
easily check that it is only necessary to consider the case P = D1 X Ds.

Let m : X7 x Xo — X; be the projection. Since A = B, without loss
of generality one can assume that 1A = mB. There exists a partition C; in
D, between the points A, 7B such that C1 € oy 1, A < a. Then clearly
771_101 is a partition in P between A and B, and 7r1_1C'1 € ox(4)p- Note that
A+)8 < a(+)8 (see appendix).

The general case. Without loss of generality, by monotonicity and
additivity of o, v < X, and by Lemma 2 one can assume that P = (Dgl) X
Dgl)) U (D§2) X DéQ)), where Dy) € Oa;1s Dg) € 0,2 and a1(+)01 < 7,
ag(+)P2 < . Two cases are possible:

(I) a1(+)01 < az(+)B2 < 7. By the main case there exists a partition
Cy in D§2) X DéZ) between A and B such that C € o, for some p < . By
Lemma 2 one can choose a partition C' in P between A and B such that
cccyu (Dgl) X Dél)). Let v = max(ay(+)B1, p) <. Then C € 0,,.

(IT) a1 (+)B1 = az(+)B2. The following subcases are possible.

(IT); Let av; = ap = . Then (see appendix) (31 = B2 = . By additivity,
Dy =DWUD® €54y, Dy =D UD €05, and P C Dy x Ds. So the
conditions of the main case are satisfied.

(IT)2 Let oy < aa. Then (see appendix) 51 > (2. In this case by mono-

(2)

tonicity one has Dgl) N DgQ) € 0ay 1, Dgl) NDy” € 0,2 and

L= (D" x D) n (DY x D) = (D n D) x (DSY n DY) .

Moreover, ai(+)B2 < a1(+)81 = aa(+)f2 < v and L € 04,(4)3,- By
the main case there exists a partition C; in Dgi) X Dg) between A and
B such that C; € oy, for some p; < v, ¢ = 1,2. By Lemma 1 there ex-
ists a partition C' in P between A and B such that C C L U C; U Cs. Let
v = max(ai(+)052, p1, p2) < 7. By the additivity and monotonicity of o,
v < X, we get C € g,. The theorem is proved.
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In the sequel, dim stands for Borst’s [B1] transfinite extension dim,, of
the Lebesgue covering dimension dim. Recall that dim X < Ind X for every
normal space X [B1].

COROLLARY 5. (i) Let X1, Xo be compacta for which 1d ezists. Then
dim X7 x Xo <Ind X7 x Xo <Id X; x Xo <Id X;(+)Id X5 .
In particular, if 1d Xo =n < w, for example, Xo = I", then
dim X; x Xo <Ind X7 x Xo <IdX; x Xo <IdX; +n.

(i) IdS* = a for a < wy.
(iii) Id H* = a for a < wy.

Proof. (i) is evident.

(i) One can easily check by induction using (i) and Statement 5(iii) that
Id S* = « for @ < wy (recall that Ind S = o for o < wy, see [9]).

(iii) Recall Henderson’s description of H®. For a@ < wy, we define H®
and p, as follows: H* = {0}, H! =[0,1] =T and p; = 0; H*T! = H* x [
and Pai1 = Pa X {0}; if o is a limit ordinal, for 3 < « let A? be a half-open
arc with H? N A2 = {pg}; then H® = {x} U (4+)g<a(H? U A?) is the one
point-compactification of the free sum where p, = * is the compactification
point. Since S¢ — H* and Id S* = a for o < wy (see (ii)), we need to prove
that Id H* < « for a < w;. If a is a non-limit ordinal we can use (i).

Let now a be a limit ordinal and suppose that Id H? < 3 for all 8 < a.
By Statement 4, Id can be replaced by id, in the above inequality. Let ag’g ),
v < a, be collections of closed subsets of H” satisfying (a), (b) and (c)! (see
Statement 2 for id;,) for § < a. Put

M ={0}u {ﬁnite subsets of U{Ag (0 < a}}, o1 =1{0},
oy ={A1U...UA,UP: 4 €0 Bi<akeNPeM}, ~<a,

and o, = {A C X : A is compact}. Obviously, o_1,...,0, satisfy (a), (b)
and (c)?.
COROLLARY 6. Let X1 and X be compacta for which Ind exists and in
which the finite sum theorem for Ind holds. Then
dlle X X2 < IndX1 X X2 < IndX1(+) IIldX2 .

In particular, if Ind X = n < w, for example, X5 = I, then dim X x X5 <
IndX1 X X2 < IndX1 +n.

QUESTION 5. Are there two metric compacta X; and X, such that
Ind X7 x X3 > Ind X;(+)Ind X357 The same question may be asked for
dimy,, dim, and ind.
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Now let us recall the definition of metrizable spaces M, a an ordinal,
constructed by Hattori [Ha]. My = {*} is a one-point space. Suppose that
the metrizable spaces Mg are defined for all 8 < . If &« = 3 + 1, define
M, = Mg xI.1If a is a limit ordinal, let M, be the tolopogical sum of copies
of all Mg, B < «, together with a new point x,,, with the following topology:
for each 8 < «, let hg, be the natural embedding of Mg in M,. Then
My ={zo} U (+){hga(Mp) : B < a}. A subset U of (+){hga(Mp) : f < a}
is open in M, if UNhgq (Mp) is open in hgo (Mg) (hgo(Mp) is homeomorphic
to Mg) for all B < . For every n,m € N let

V(@) = (+){hry1m,a(My4m) : v < « is a limit ordinal},

Un(2a) = {za} U {Vin(e) : m > n}.

Let {U,(x4) : n € N} be a base of neighborhoods at x,,. This completes the
inductive construction. In [Ha] Hattori showed the inequalities cInd X <
wind X for every metric space X and cInd M, > « for any «, from which
he got an affirmative answer to question 3.11 of [E3]: for every ordinal o
there exists a metrizable space X, with ind X, = a. Note that Pasynkov
[Pa2] had earlier stated the same result.

We have the following

COROLLARY 7. (i) cld M, =id, M, = «
(i) cld M, x Mg = id, My, x Ms < a(+).

Proof. Let us only note (see Statements 3 and 4) that o < cInd M, <
cld M, = id, M, and id, I" = n.

4. Dimension of ordinal products. Let B = {X,,7 < [} be a -

ord X, stands for either

sequence of topological spaces. In this section, H7 <8

ord w, ord
H7<B Xy or H7<ﬂ

THEOREM 4. Suppose H7<B ~ is a normal space (for example, all X,
v < B, are metric and < wy). Then

ord
dp) [T X5 < (+)idg) X,
v<p v<h

Proof. The statement directly follows from Theorem 3, Statement 5 and
the definition of the natural sum of a S-sequence of ordinals (see appendix).

COROLLARY 8. Let X, v < [3, be compact spaces. Then
Id H X < () 1d X,
v<p 7<’B

Proof. Use Statement 4.
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COROLLARY 9. (i) Suppose Sg(X) is a normal space and idp) X = a.
Then id(p) Sﬁ(X) <ax ,3

(ii) ind So(R¥) < id S, (R¥) < p(a) + k - n(a), where R is the real line
(note that ind S,4+3(R) =w+ 2 < w + 3, see [L]).

(ili) If X, v < B, are finite-dimensional metric compacta, then

ord ord ord
dim [ X, <md[] X, <Wd]] X, <(+)dimX,.
¥<p v<p v<pB v<p

(iv) If all X, v < B, are finite-dimensional in the sense of indp), the

finite sum theorem is satisfied for this dimension and H7<B

space, then

X, is a normal

ord .
1nd(p) H X < ld(p) H X < ( )Hld(p) XW .
y<B ¥<B8 V<8

Proof. Just note that a x § = (4+)y<gay where o, = a for all 7.

For L an arbitrary set, Fin L is the family of all finite non-empty subsets
of L. The notation L(X) stands for the family of all pairs of disjoint closed
subsets of the topological space X. A finite set {(A;, B;)}I~; € Fin L(X)
is called essential if every collection of partitions {C; }121, where C}; is a
partition between A; and B;, has non-empty intersection. Put M = {o €
Fin L : o is essential} for L C L(X).

LEMMA 3 (A. N. Dranishnikov [D]). Let {(A;, B;)}!'_; be an essential
set in a metric compactum X, Z a metric continuum and z %, 2~ different
points in Z. Then the set {(A; ><Z BixZ)}"  U(X x2T, X xz7) is essential
m X X Z.

Let X, v < 3, be metric one-dimensional continua and z+, zy be dif-

ferent points in X,. For every § < /3 we define a subset Pj5 of L(H:lf(s X5)
by

= {(20 , % )}
P5+1 {(F x X5, G X X(;) (F, G) S P(;}

ord ord
U(H Xﬂ,xzé_,H vaz;'>,

y<d <4
and if 0 is a limit number, then

Ps = {(i(F),i#(G)) : (F.G) € P, u <5},

where 44§ is the natural embedding of Hord X, into H:fa X,

Using Lemma 3 one can show (see [BQ]) that for a < 3,
€ Ord Mp, > «,
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where Ord is Borst’s transfinite function. Note that for every L C L(X) and
every normal space X the following inequalities are satisfied [B2]:

(k) Ord My < Ord Mp(xy =dim X <Ind X .

THEOREM 5. Let DIM be dim, Ind or Id, and let X, v < (3, be one-

dimensional metric compacta. Then DIM H:rfﬁ X, =8

ord X, < B follows from Corollary 8. The

Proof. The estimate Id[] 5
rest follows from (%) and (sxx).

COROLLARY 10. Let DIM be dim, Ind or Id, let X be a one-dimensional
metric compactum and let oy, 3 < wi. Then

ord
DIM [ Sa, (X) = (+) ay .
v<B V<pB
In particular, if , for each o < wy, X% is the Smirnov compactum S< or the
Henderson compactum H<, then
DIMH * xen =(Ha,.
v<pB v<h
Proof. By Corollary 4 we have
ord
DIV (™ Sa, (X)) = DIM(S(4),, o, (X)) .
y<p
So by Theorem 5, DIM(S(4)_ _;a., (X)) = (+),<py. Recall that S, (1) = S7,
v <wi.
In the case of Henderson compacta we have
Id H s < (+)IdH™
<p v<p
(see Corollary 8),
() H™ = (+)a,

v<B v<B
recall that Id H* = a.,, see Corollary 5), [[¢, §% C Ord 5 H*, and the
ol y<pB

inequalities dim X < Ind X < Id X hold for every compactum X.

The author thanks the referee for his valuable remarks.

Appendix. Let us recall (see [K-M]) some notions and statements from
set theory. For every ordinal o the power with base w and exponent « is
defined by w° = 0, Wt = Wt w, and W = sup, ., w” if A is a limit ordinal.

Some properties of the power:

o if a < 3, then w® < w?;
® w£+n — w£ .wn;
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oifn>& >...>¢ andn; €N, i =1,...,p, then

W >w ng o W ny;
e every ordinal o can be uniquely represented as
a=wm ni+...40™ - -n,, n;EeEN,
where 71 > ... > n, > 0 are ordinals.
Let « and 3 be ordinals and
a=wm - ni+...4+w™ ng, L=w" -m+...+w my.

Adding powers with zero coefficients we get expansions with the same powers
of w:

(%) a=w . Wy, =W g W g
The ordinal
a()B=uw" - (pr+aq)+...+w* - (ph + qn)

is called the natural sum of o and (3. Their natural product () is obtained
by multiplying the expansions (%) as polynomials in w, i.e. multiplying two
powers of w we take the natural sum of the exponents and arrange the
monomials in the decreasing order of exponents.

Let @(«, 3) denote either a(+)5 or a(-)5. Then

» O(a,8) = D(f, o);

o if & < an, then &(aq, ) < (g, B);

o if ®(avy,31) = P(ag, B2), then ay = ag implies §1 = fa, and a3 < ao
implies 31 > (2

o a(+)...(+)a (n times) = a(-)n for n < w;

e a(+)n=a+nforn<w.

A function ¢ defined on a completely ordered set W(a) = {vy: v < a}
of type « is called a transfinite sequence of type a or an a-sequence. If the
values of this sequence are ordinals and if v < # < « implies p(7v) < ¢(5)
then this sequence is called increasing.

Let A be a limit ordinal and ¢ be an increasing A-sequence. Then

sup(a + ¢(§)) = a+supp(§), sup(a-p(§)) = a-supp(f),
E<A E<A E<A E<A

sup w® ?(&) = ¥ swPear 9(©) |
E<A

LEMMA Al [H]. Let o, 3 < wy. Then for every v < a(+)3 there exist
finitely many pairs oy, B1 such that v = a1(+)61 and a1 < «a, B < .
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EXAMPLE Al. Let o = 3 = w?. Then
2

a(+)f = w? -2 # sup(w - n(+H)w-m) = w?.

n,m

Let B = {ay,y < [} be a f-sequence of ordinals. The sum of all numbers
of B is defined by

Qo if 6=1;
ZO‘V: (deay)—f-oz(; if 3=0+1;
~<B Sups< (2, <5 @y) if B is a limit ordinal

(see, for example, [H]).
The natural sum of all numbers of B is the number

%o if =1,
(+) Oy = ((+)7<5047)(+)a5 if =0+1;
s sups.3(+)y<sy  if B is a limit ordinal.

Clearly, if v < 6 < (3, then zu<v a, < z“d a, and (+)u<ya, <
(+)u<s0y,, moreover, Zv<ﬁ ay < (+)y<py.

It is well known that every ordinal o may be represented in the form
a = p(a) +n(a), where p(«) is a limit ordinal (0 is considered to be a limit
ordinal) and n(a) < w.

One can easily check the following properties:

e If all vy, v < 3, are equal to 1, then 30 50y = (4+)y<pay = 3.
o If 1 <ay <wfory<f, then

Z = (+) = p(B) +app) + ... +ag_y if B is a non-limit ordinal,
T B if 3 is a limit ordinal.

¥<B v<p
° z:mina7 < Zaw < Zsupav,
S<p <P V<8 y<p <P
(+)mino, < (+) ay < (4)sup a, .
y<B V<P v<B v<BY<B
° Zavza-ﬁifallavza, v < B
v<p

In view of the last equality, it is natural to give another definition of the
product of two ordinals a and 3:

ax f=(+)ay,
v<B

where o, = o for v < 3. It is clear that a- 8 < o x 3 and there exist pairs
o, (B such that a - 8 < a x (3, for example,

WH1) 2=w-24+1<(W+1)x2=w-2+2.
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It is not difficult to establish a relation between the new product and
the usual operations on ordinals. We indicate it without proof:
Let a=wm -ny+...+w™ -ng, n; €N, and 1 > ... > ng. Then

ax f=wm-p(B)+al-)n(B).
Note that ax < «(-) and there exist pairs «, 3 such that ax s < «(-)8,
for example 2 X w = w < 2(-)w = w - 2. Note also that

o if B1 < B, then o x 81 < @ X B9, a > 0;

o ax (fi(+)52) = (ax B1)(+)(a x Ba);

e if )\ is a limit ordinal and ¢ is an increasing A-sequence, then
SUP§<A(04 x @) = ax SUPg <\ @(&)-
For the new product one may also introduce the notion of power.
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