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Abstract. An extremally disconnected space is called an absolute retract in the class
of all extremally disconnected spaces if it is a retract of any extremally disconnected
compact space in which it can be embedded. The Gleason spaces over dyadic spaces have
this property. The main result of this paper says that if a space X of w-weight wp is
an absolute retract in the class of all extremally disconnected compact spaces and X
is homogeneous with respect to m-weight (i.e. all non-empty open sets have the same
m-weight), then X is homeomorphic to the Gleason space over the Cantor cube {0,1}*.

Introduction. As usual, a subset Y of a space X is a retract of Y
whenever there exists a continuous mapping r : X — Y such that r|Y is
the identity. X is an absolute retract of Y, briefly X € AR(Y), if X can be
embedded in Y and every subset of Y which is homeomorphic to X is also
a retract of Y.

Recall that a space X is extremally disconnected if the closure of every
open subset of X is open. If Y is a retract of an extremally disconnected
space X, then Y is extremally disconnected as well. On the other hand,
the well known Balcar-Franek Theorem [1] implies that if X and Y are
compact extremally disconnected spaces and w(X) < w(Y), then X can
be embedded in Y. The above remarks motivate the following definition:
a compact space X is called an absolute retract in the class of extremally
disconnected compact spaces, briefly X € AR(e.d.), whenever X € AR(Y)
for any compact extremally disconnected space Y such that w(X) < w(Y).

Here we will be mainly interested in the space w* (the remainder of the
Cech-Stone compactification of a countable discrete space or, equivalently,
the Stone space of the Boolean algebra P(w)/Fin). A relevant fact is that
every extremally disconnected separable compact space can be embedded
as a retract in w* (see Lemma 2.2 for k = w).
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On the other hand, every absolute retract X of w* is separable and hence
even extremally disconnected. Indeed, X is a subset of Sw, and the latter is
homeomorphic to a subset of w*.

The previous considerations naturally suggest the question whether every
separable extremally disconnected compact space is an absolute retract of
w*. Originally this question was formulated by D. Maharam [6] in connection
with her investigations of lifting.

The negative answer was first given, under (CH), by M. Talagrand [14]
and then by A. Szymanski [13] under the assumption of Martin’s Axiom.
The first examples in ZFC were constructed by P. Simon [12] and next by
L. Shapiro [9].

The aim of this paper is to investigate the nature of absolute retracts of
w*. It turns out that the absolute retracts of w* which are of w-weight not
greater than w; have a nice structure, being essentially the Gleason spaces
of some Cantor cube.

We would like to thank Professor Sabine Koppelberg for her careful
reading the previous version of the paper and finding a gap in the proof
of the main theorem. The authors are also indebted to the referee for very
constructive comments.

1. Irreducible and semi-open mappings. All the mappings consid-
ered here are assumed to be continuous and all spaces are compact Hausdorff
and O-dimensional. A mapping f : X — Y is called irreducible provided that
F = X for any closed set F' C X such that f(F) = f(X). It is easy to show
that for every f: X — Y there exists a closed set F' C X such that f|F is
irreducible. By Zorn’s lemma, it is enough to consider a minimal closed set
in X which is mapped onto the whole f(X).

A surjection f : X — Y is called semi-open if Int f(U) # () for every non-
empty open set U C X. All irreducible surjections are semi-open. Indeed,
if Int f(U) = () and U C X is open, then f(X — U) = Y (recall that all
mappings are closed since they are continuous and all spaces are compact).

A closed set F' C X is called regular-closed whenever F' = clInt F.
Clearly, all regular-closed subsets of an extremally disconnected space are
clopen. One can easily prove the following lemmas:

LEMMA 1.1. A (continuous) surjection f : X — Y is semi-open iff for
every clopen set U C X, f(U) is reqular-closed in Y .

LEMMA 1.2. Every semi-open surjection onto an extremally disconnected
space s open.

The next lemma follows immediately from the above one and from the
fact that irreducible open mappings are necessarily one-to-one.
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LEMMA 1.3 (Mioduszewski-Rudolf [7]; Porter—Woods [8]). Ewery irredu-
cible surjection onto an extremally disconnected space is a homeomorphism.

LEMMA 1.4. Assume f: X — Y and g:Y — Z are surjections such that
go f is semi-open. Then g is semi-open as well. Moreover, if g is irreducible
then also f is semi-open.

The next lemma presents the most important property of irreducible and
semi-open mappings.

LEMMA 1.5 (Mioduszewski-Rudolf [7]). If f,g: X — Y are semi-open
and h : Y — Z is irreducible and ho f = ho g, then f = g.

COROLLARY 1.6. If h : X — Y 1s irreducible and g : X — X is such
that hog = h, then g is the identity.

This follows immediately from Lemma 1.5 since, by Lemma 1.4, g is
semi-open.

A very important role in our considerations is played by the well known
Gleason Theorem.

THEOREM 1.7 (Gleason [4]). If Z is extremally disconnected, then for
every f: Z — Y and every surjection g : X — Y there exvists h : Z — X
such that f = goh.

The Gleason space over X is the Stone space G(X) of the Boolean alge-
bra of all regular-open subsets of X; a set U C X is regular-open if X —U
is regular-closed or, equivalently, U = IntclU. The space G(X) is com-
pact extremally disconnected and admits a canonical Gleason projection
Gx : G(X) — X which is an irreducible surjection; see e.g. Comfort and
Negrepontis [2] or Porter and Woods [8]. It is easy to see that by Glea-
son’s Theorem and Lemma 1.3, G(X) is unique up to homeomorphism. It is
enough to observe that if a composition f o g is irreducible then both f and
g are. A similar argument leads to the conclusion that for any f: X — Y
there exists Gf : G(X) — G(Y) such that

GyoGf=foGx.

Moreover, if f is a semi-open surjection, then G f is an open surjection and
it is unique. Again, we use Gleason’s Theorem for the existence of G f. Next
we use Lemma 1.4, Lemma 1.2 and, for the uniqueness, Lemma 1.5.

LEMMA 1.8. If U C G(X) is a clopen set and V C X is open and such
that 1V = Gx (U), then U = cl G (V).

Proof. First observe that G;(I(V) C U. Indeed, in the other case there
exists a clopen non-empty set H C G_}l (V) such that HNU = (). Then

Gx(H) cVcC Gx(U) C Gx(G(X) —H),
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which contradicts the irreducibility of Gx. Since G3'(V) C U and U is
clopen, cl G5 (V) C U. Clearly, clG3' (V) is clopen and Gx (clGy' (V) =
Gx(U) because clV = Gx(U). Thus, using the irreducibility of Gx again,
we get the required conclusion.

2. Absolute retracts of Gx. Recall that all spaces are assumed to be
compact and 0-dimensional.

It is well known that if X is homeomorphic to a retract of the Cantor
cube {0,1}", then X € AR({0, 1}*); here x stands for an infinite cardinal.
We shall show that if we replace the Cantor cube by 8r (= the Cech—Stone
compactification of a discrete space of power k), then the situation is quite
different. To do this, we will need some lemmas.

LEMMA 2.1. If a compact space X has a (continuous) mapping onto an
extremally disconnected space Y, then Y can be embedded as a retract in X.

Proof. Assume f : X — Y is a surjection. There exists a closed set
Z C X such that f|Z is irreducible. By Lemma 1.3, f|Z is a homeomorphism
and thus (f|Z)~! o f is the required retraction.

Recall that for a cardinal k > w, U(k) denotes the space of all uniform
ultrafilters over k, i.e. U(k) consists of all ultrafilters p € (k such that
|A| = & for every A € p. The topology on U (k) is inherited from fk. Clearly,
U(w) = w*.

LEMMA 2.2. If X is compact extremally disconnected and d(X) = k > w,
then X can be embedded as a retract in both Bk and U(k).

Proof. By the Lemma 2.1, it is enough to show that there exists f :
Bk — X such that f(U(k)) = X. To do this, note that there exists ¢ : Kk —
X such that (k) is dense in X and |¢ ()| = & for every x € (k). Then
the extension of ¢ to Bk is the desired mapping.

The lemma above implies, in particular, that every separable extremally
disconnected compact space can be embedded as a retract in Sw (and also
in w*). However, as was mentioned above, there are separable extremally
disconnected compact spaces that are not absolute retracts of Sw. Also, by
Lemma 2.1, every extremally disconnected compact space X can be embed-
ded in the Gleason space over {0,1}7, where 7 is the weight of X. In fact,
since X can be embedded in {0,1}7, some closed subspace of G({0,1}"7) has
a (continuous) mapping onto X.

THEOREM 2.3. For every extremally disconnected compact space X the
following conditions are equivalent:

(a) X € AR(e.d.),
(b) X € AR(G({0,1}7)), where T = w(X),
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(c) X € AR(U(k)), where k = d(X),
(d) X € AR(Bk), where k = d(X).

Proof. (a)=(d) is obvious.

(d)=(c) follows easily from the fact that U(k) is a subspace of Sx. Thus
for every X C U(k), the restriction to U(k) of a retraction from Sk onto X
is the desired retraction.

(c)=(d). It is enough to prove that G({0,1}") can be embedded in U(k),
where 7 = w(X) and x = d(X). Since the Gleason space over {0,1}?" has a
dense subset of size k and 7 < 2%, there exists a (continuous) mapping from
U(k) onto G({0,1}7). Thus we can use Lemma 2.1.

(b)=(a). Assume X is an extremally disconnected compact space of
weight k. Since every extremally disconnected compact space can be em-
bedded in the Gleason space over a Cantor cube, it is enough to show that
for every embedding of X in G({0,1}7) for some cardinal 7, X is a retract of
G({0,1}7). Without loss of generality we can assume that X C G({0,1}7).
Since w(X) = k, there exists a family R of clopen subsets of G({0,1}"7)
such that {X NU : U € R} is a base in X. On the other hand, since the
canonical Gleason mapping G : G({0,1}7) — {0,1}7 is irreducible, G(U)
is regular-closed for every U € R (see Lemma 1.1). Since the Cantor cube
has the Suslin property, there exists a countable family of clopen subsets
of {0,1}” whose union is dense in G(U). Hence there exists a countable set
A(U) C 7 and an open set V C {0,1}4") such that G(U) = CIWIZ(IU)(V),
where 747y is the canonical projection from {0,1}” onto {0, 1340 Let
A=U{AU) : U € R} and let 7 : {0,1}7 — {0,1}* be the projection.
Then there exists a family P of open subsets of {0,1}* such that for every
U € R there exists V' € P such that

GU) =clr (V)
where cl denotes closure in {0,1}7. Hence, by Lemma 1.8, for every U € R
there exists V' € P such that
(%) U=cdG ' (x (V).

Consider the Gleason space G({0,1}*) and the canonical projection G :
G({0,1}*) — {0,1}4. By Gleason’s Theorem there exists a mapping ¢ :
G({0,1}7) — G({0,1}) such that

mTAO é = é oY.
By (%), for every U € R there exists V' € P such that
(%) U=cle Y (GHV)).

We claim that ¢|X is one-to-one. In fact, if z,y € X and = # vy,
then there exist U,U’ € R such that x € U, y € U’ and UNU' = 0.
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By (%*), we can find some V.V’ € P such that U = GV ))
and U’ = clo ™} (G71(V")). Clearly VNV’ = 0, p(z) € cIG7HV) a
p(y) € cLG™H(V'). Thus p(z) # ¢(y).

Since |A| = &, by (b), there exists a retraction r : {0,1}* — ¢(X).
Hence (¢|X)™! or o ¢ is the required retraction from G({0,1}7) onto X.

A special case of the next theorem was obtained by Shapiro [9].
THEOREM 2.4. If X is a dyadic space, then G(X) € AR(e.d.).

Proof. Assume Y is extremally disconnected compact and G(X) C Y.
Since X is dyadic, there exists a surjection f : {0,1}” — X, where 7 =
w(X). Let G : G(X) — X be the canonical Gleason mapping. By Gleason’s
Theorem there exists a surjection ¢ : G(X) — {0,1}7 such that

fog=G.
Using Gleason’s Theorem again we obtain ¢ : Y — G(X) such that
Gop=foh.

Then

Go(p|G(X)) = fo (hG(X))=fog=0G,
and by Lemmas 1.4 and 1.5 we deduce that ¢|G(X) is the identity; the proof
is complete.

3. Inverse limits versus absolute retracts. In the sequel we shall
use inverse limits of O-dimensional compact spaces over well ordered sets of
indices. An inverse system is a system S = {Xa,pg; B < a < 1} such that
plo pg = p) whenever a < # <y < 7, 7 is an ordinal, X, are O-dimensional
compact spaces and p? are continuous surjections for all a, 3 € 7. The limit
of the inverse system, denoted by lim S or @{Xa, Pl <a< T} consists

of all points (z4)a<- of the product of X,’s such that x5 = pg(aza) for any
0 < a<T.Forevery a < T, pg : liLHS — X, is the canonical projection, i.e.

Pa((Za)a<r) = xq. All the projections are continuous surjections. If a set
XY C 7 is unbounded in 7 (i.e. for every a < 7 there exists § € X such that
a < f3), then the family {p,'(U) : « € X and U is open in X,} is a base
in @S . Clearly, lim S is a 0-dimensional compact space. The mappings P
are usually called bonding mappings or connecting mappings. All the inverse
systems considered here are assumed to be continuous, i.e. on every limit
step the space in the system is the inverse limit of the preceding spaces and
bonding mappings. An outline of the theory of inverse systems can be found
in the book of Engelking [3].

LEMMA 3.1. Assume S = {Xo,p3;8 < a < 7} and T = {Ya,q5;8 <
a < T} are inverse systems and X C T is an unbounded set for which there
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is an order preserving function ¢ : X — T such that (X)) is unbounded in
7. If for every o € X there exists a surjection hy @ Xo — Yy() such that

»(B)

a< fpB<T implies hyopy = A (a)

Ohﬂ,

then there exists a unique (continuous) surjection h : imS — lim T such
—— pa——

that for every a < T,

(*) ha 0 pa = do(a) © I,

where po and qo are the canonical projections from @S and im T', respec-

tively. Moreover, if all the mappings hy, for a € X, are irreducible, then so

s h.

Proof. The first part of the lemma is well known. The mapping h is

uniquely determined by (x): for the Sth coordinate of h((x4)a<r) we take
qg(a)(ha (z)), where « is so large that 5 < ¢(a); see e.g. [3]. For the proof
of the second part of the lemma choose a closed set F' C lim S such that
F #£ liLnS . Then there exists a € Y and a non-empty open set U C X,

such that F C p;*'(Xo — U). Suppose h(F) = lim 7. Then
Xgp(a) = QLp(oc)(h(F)) = h‘a(pa(F)) - hOt(Xa - U)a

and we get a contradiction since h,, is irreducible.

The next lemma, due to Shchepin [11], is in fact a converse of the previous
one.

LEMMA 3.2 (Shchepin). Assume X = lim{X,,p%; 8 < a < 7} and

Y = an{Ya, b <a< T}, where T is an uncountable reqular cardinal and

w(Yy) < 7 for every a < 7. Then for every mapping f : X — Y there exists
a closed unbounded set ) C T such that for every o € X' there is a mapping
fa 1 Xo — Y, with

faopaZanf'

LEMMA 3.3. Assume S = {Xa,pg; B < a < T} is an inverse system such
that the cofinality of T is greater than the Suslin number of im S. If there

exists an unbounded set X C T such that X, is extremally disconnected for
all € X, then im S is extremally disconnected.

Proof. Let U and V be disjoint open subsets of lim S. Since the family
B = {p;"(W):a¢c X and W is open in X,} is a base in lim S, there
exist families P, R C B consisting of disjoint sets such that |J P is dense

in U and |JR is dense in V. Then there exists some 6 € X such that
P,R C {p; (W) : W is open in Xs}, because the power of both P and
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R does not exceed the cofinality of 7. Since Xj is extremally disconnected,
cd(UR)Necl(YP) =0. Hence clU NclV = ; the proof is complete.

Now we are ready to prove the main theorem:

THEOREM 3.4. Assume X € AR(e.d.) and the m-weight of X is an un-
countable regular cardinal. Then X is homeomorphic to the Gleason space
over im{X,,p3; 8 < a < k}, where k = Tw(X), all the connecting map-
pings are semi-open and each X, is compact 0-dimensional of weight less
than k.

Proof. First note that {0,1}" can be represented as the limit of the in-
verse system S = {{0,1}%,7%; a < 3 < k}, where {0,1}* is endowed with
the product topology and the connecting mappings 7 are just the projec-
tions, i.e. 72 (x) = z|a for all x € {0,1}” and all a < 3. Clearly, the system
S is continuous and all the connecting mappings are open. By induction we
will construct a continuous Gleason system over S, i.e. a continuous inverse
system G(S) = {Z,,p%;a < 8 < K} together with a family {g, : a < k} of
irreducible mappings such that:

(1) Zy consists of a single point and go : Zg — {0,1}° = {0} is constant,

(2) if @ < k is a limit ordinal then Z, = @{Zﬁ,pi;v <4 < a}, pf§ are
the projections from the inverse limit Z,, onto Zg, for all 8 < «, and g,
is the unique function from Z, onto {0,1}* induced by {gg : 5 < a},
Le. ggopg =mg ogy forall 3 <a,

(3) if a = B+ 1, where 3 is a limit ordinal, then Z, = G({0,1}"), ga
is the Gleason projection from G({0,1}?) onto {0,1}? and pg is the
unique mapping such that gz o p§ = ga,

(4)  ifa=p+1 and f is a successor ordinal, then we set Z, = Zg x {0,1}
and pg(z,4) = x for all (x,i) € Z,, and we define g, : Zo — {0, 1}8 =
{0,1}7 x {0,1}, where v+ 1 = 3, by ga(z,7) = (g5(x), ).

Note that pf in (3) exists by Gleason’s Theorem and is irreducible since
Jo is. Thus, if (3 is a limit ordinal, then Zz, is in fact the Gleason space over
Zg. However, the mapping g, in (2) is irreducible by Lemma 3.1. Concerning
(4), observe that g,1 is irreducible since g, is irreducible and p2™?! is a
surjection.

Now consider the space Z = lim G(S). By (1)—(4) and Lemma 3.1, there

exists an irreducible mapping g : Z — {0,1}" such that for any o < k we
have

(5) Ta ©9 = Ja+1 ©Pa+1

where p,+1 is the canonical projection from Z onto Z,1; see the diagram
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below, where « is a limit ordinal less than k.

G({0,1}%)

|

Za Zo+1 Zoto = Zoy1 X {07 1}&2
lga% J{gaﬂ J{g
{0, 1}0‘ {0’ 1}a+1 — {O, 1}04 % {0’ 1}& {07 l}n

Since ¢ is irreducible and {0, 1}" is ccc, Z is also ccc. Hence, by Lemma 3.3,
Z is extremally disconnected (since cf(x) > w). Thus Z is homeomorphic to
G({0,1}%).

Assume X € AR(e.d.) and ﬂw()?) = k = cf(k) > w. Then there exists a
0-dimensional compact space X such that w(X) = x and X is homeomorphic
to the Gleason space of X. Indeed, one can set X to be the Stone space of
the Boolean algebra generated by a family of clopen subsets of X which is
a m-base of power k. Since w(X) < K, we can assume that X C {0,1}".
For every a < k we set X, = m,(X) and for every a < 3 < k™ we define
s = 78| X 5. Then X, C {0,1}* for every a < s and

X:@{Xa,sg;a§ﬂ<n}.

By transfinite induction we define a sequence {Y, : @ < k} such that for
any a < k the following conditions hold:

(6) Y, is a closed subset of Z,,

(7)  for every limit ordinal o < kK, go(Ya) = Xo and hy = go|Ys is
irreducible,

(8)  for every successor ordinal & =+ 1, go(Ya) = X and hq = ga|Ya
is irreducible,

(9)  forevery 8 < a, p§(Ya) = Y.

Assume that Y} is defined for every 8 < a.

If o is a limit ordinal we set Y, = lim{Yj, p}|X,; 8 <~ < a}. Since Z,
is the inverse limit of Zg’s for § < «, Y, C Z,, and g4(Ys) = X4, it follows
by Lemma 3.1 that hy = go|Ys is irreducible.

If « = 8+ 1 and § is a limit ordinal we choose a closed set Y, C
(pg”Ll)_l(Yg) such that ng(Ya) = Y and ng]Ya is irreducible. Hence,
by (3), ga|Ya is irreducible as a composition of irreducible mappings.

If « = 8+ 1 and (3 is a successor ordinal then, by (4), g, is a map
from Z, onto {0,1}” x {0,1}, where v + 1 = (. Since X3 is closed in
{0,1}7 x {0,1}, the sets F; = 72(({0,1}” x {i}) N Xp) are closed for any
i € {0,1} and Fy U F; = X,. We choose closed sets Ky, K1 C Y3 such
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that gg(K;) = F; and gg|K; is irreducible for any ¢ € {0,1}. Then we set
Y, = (Ko x{0})U(K1 x{1}). By (4), ga|Ya is irreducible and g, (Ys) = Xo.
Clearly, KoUK; = Yj because gs|Y} is irreducible. Thus p§(Y,) = Y, which
completes the construction of Y, ’s.

Hence we get an inverse system {Ya,tg;a < f < K} such that Y, is a
closed subset of Z, and t2 = pZ|Yj for every a < 3. Consider the space

Y:LiLn{Ya,tg; a< fB<k}.

Clearly, Y C Z and g¢|Y is an irreducible mapping of Y onto X. For every
limit ordinal o < k, Y441 is a closed subspace of an extremally disconnected
space Zg41. Since hg4q is irreducible and X, is ccc (because X is cce),
Ya+1 is ccc as well. Thus Y, 41 is extremally disconnected. By Lemma 3.3,
Y is also extremally disconnected and so it is homeomorphic to X. Hence
there exists a retraction r : Z — Y. By Lemma 3.2 there exists a closed
unbounded set Y’ C k such that for every a € X there exists ¢, : Zo — Xq
satisfying

(10) Pa ©Pa = Sa o(g|Yj or;
see the diagram below, where a € X
p3+1 Pa+1

Sa Sa+1
Xo<="—Xgr1<=—X

Without loss of generality we may assume that X' consists of limit or-
dinals. By Gleason’s Theorem and the fact that Z,,1 is extremally discon-
nected, there exists 7441 : Za+1 — Ya+1 such that
(11) Pa Opg—H = hat10Ta+1 -

We assert that r,41 is a retraction. To see this, choose y € Y, 1. There
exists € Y such that t,41(z) = pa+1(x) = y. By (10) and (11) we get

hat1(ra+1(¥)) = hat1(ra+1(Pa+1(2)))
= oAt (Pat1(2))) = @a(pPa(®)) = sa(g(r(z))).

Thus, since 7 is a retraction, we have

hat1(ra+1(¥y)) = 3a(9(2)) = hat1(ta+1(2)) = hat1(y) -

Therefore, ho+10 (Tat1|Yat1) = hat1, which implies r,41|Y, = id, because
ha+1 is irreducible (see Corollary 1.6).
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We claim that p,41 is an open mapping for every o € X. Since Z,41
is extremally disconnected, it is enough to show that p,y1 is semi-open;
see Lemma 1.2. Since 7, is open and g is irreducible, it follows by (5) that
Ja+1 © Pat1 18 semi-open. Hence, by Lemma 1.4, p,41 is semi-open.

Now we shall prove that p,1|T, where T' = (p®*1)~1(Y,11), is an open
mapping from T onto Y,11. Indeed, if U C Z is open, then

Pat1(UNT) = patr1(UN P Yas1)) = pat1(U) N Yair

is an open subset of Y, 11, because p,1 is open. Hence hqgy1 0 (pat1|T) is a
semi-open map from 7" onto X,. On the other hand, by (10), (5), (11), (8
and (3) we have

$a © g0 (r|T) = hay1 0 (Pat1|T).
Hence, by Lemma 1.4, s, is semi-open for every « € Y. It follows that for
any a, 3 € ¥ such that a < 3, s2 is semi-open. Since X is unbounded in &,
X = lim{X,, sP:a < B and o, B € X}, where all the connecting mappings
s are semi-open and for every a < k, X, is a O-dimensional compact space
with w(X,) < k. The proof is complete.

THEOREM 3.5. If X is dense in itself and the mw-weight of X is not
greater than wi, then X € AR(e.d.) iff it is homeomorphic either to
G({0,1}¥) or to G({0,1}*1) or to their disjoint union.

Proof. Assume X € AR(e.d). Then, by Theorem 3.4, X is homeomor-

phic to the Gleason space over X = lim{X,,p3;8 < a < w1}, where all
Xao's are compact metrizable and 0-dimensional and pj are semi-open for
all f < a < wy. Now we shall use the following lemma due to Shapiro [10]:
if f: X — Y’ is a semi-open surjection and X’ and Y’ are 0-dimensional
metrizable compact spaces, then there exists a 0-dimensional metrizable
compact space Z and mappings ¢ : X’ — Z and h : Z — Y’ such that h
is open, g is irreducible and f = h o g. Then, by induction, we construct
an inverse system S = {Y,,q3;8 < a < wi} such that all the Y, are
0-dimensional metrizable compact spaces, the ¢j are open surjections and
for every a < w; there exists an irreducible surjection h, : X, — Y, such
that g5 o ha = ha o pg whenever B < a < wy (see the diagram).

a+1

Xo X1 Xo < X1 <=— =X

i i lha iha+1 \Lh
qa+1

Yo Y; Y, <ty y

By Haydon’s Theorem [5], Y is homeomorphic to a retract of a Cantor
cube {0,1}%, a < w;. In particular, Y is dyadic. On the other hand X is
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homeomorphic to G(Y); see §1. Thus, by another theorem of Shapiro [10], X
is homeomorphic either to G({0,1}*) or to G({0,1}**) or to their disjoint
union.

The converse implication follows directly from Theorem 2.4.

One can easily show that every extremally disconnected compact space
is the disjoint union of a dense-in-itself extremally disconnected compact
space and the Cech-Stone compactification of a discrete space. Clearly, if
X € ARf(e.d.), then the set of isolated points of X is countable since X
is a retract of the Gleason space over a Cantor cube. On the other hand,
fw € AR(e.d.) because it is homeomorphic to the Gleason space over the
convergent sequence, and hence to the Gleason space over a dyadic space.
Thus we can restrict our consideration to the spaces that are dense in itself.

COROLLARY 3.6. If X C w* is dense in itself and the m-weight of X
is not greater than wy, then X € AR(w*) iff X is homeomorphic either to
G({0,1}¥) or to G({0,1}*1) or to their disjoint union.

Remark 3.7. Recall that every separable extremally disconnected com-
pact space can be embedded in w*. On the other hand, if X € AR(w*), then
X € AR(fw) and thus X is necessarily separable. However, one can show
that not all separable compact subspaces of w* are absolute retracts of w*. It
suffices to construct a separable compact space X of m-weight w; such that
G(X) is not homeomorphic to the Gleason space of a cube. The examples
constructed by Shapiro [9] and Szymaiiski [13] are just of this kind.
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