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Convolution algebras with weighted
rearrangement-invariant norm

by

R. KERMAN (St. Catharines, Ont.) and E. SAWY ER (Hamilton, Ont.)

Abstract. Let X be a rearrangement-invariant space of Lebesgue-measurable func-
tions on R™, such as the classical Lebesgue, Lorentz or Orlicz spaces. Given a nonnegative,
measurable (weight) function on R", define X(w) = {F : R" — C: 00 > [|F|x(w) =
|Fw| x}. We investigate conditions on such a weight w that guarantee X (w) is an algebra
under the convolution product F*G defined at z € R" by (FxG)(z) = [pn F(z—y)G(y) dy;
more precisely, when [+ G|| x (w) < [I1Fl| x (w) |Gl x (w) for all F,G € X (w).

1. Introduction. A weight function on R™ is a Lebesgue-measurable
function w for which 0 < w < oo a.e. with respect to Lebesgue measure.
Given 1 < p < oo, define

LP(w) = {F :R" = C:oo> [|F|prw) = [ [ |F(z)w(z)P dx} 1/p} .

When w = 1 we use the abbreviated notations LP and || |,. As usual,
p=p/(p—1).

This paper was motivated by the problem of determining when LP(w) is
an algebra under the convolution product F' * G defined at x € R™ by

(FG)(x)= [ Flz—y)Gly)dy;

more precisely, when
(1) || E GHLP(w) < ||FHLP(w)||GHLP(w) for F,G € L?(w).

The problem was solved in the case p = 1 by Beurling [2] who showed (1)
holds if and only if

(2) w(z+y) <w(z)w(y) forz,y e R,
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or, equivalently, setting w(z) = e®®),
(3) P(x+y) <P(x)+P(y) forz,yeR"”.

We observe that a natural class of weights for which (2) holds is the class
C consisting of those w = e?, where ®(x) = &(|z|) is radial and, considered
as a function on Ry = (0,00), @ is increasing and concave with ¢(0+) = 0.
Examples of such weights are (1 + |z|)¢, « > 0, and el?l” 0 <8< 1. Here
|z| can be any norm on R". However, for n > 2, the methods used below
require the norm |z| = |z1| + ... + |z,| for x = (x1,...,2,) in R", which
we adopt from now on. Given zy € R", r > 0, we denote by B,(zo) the set
{z e R" : |z — zo| < r}.

Another case readily dealt with is p = co. The weights w satisfying (1)
are those for which w(w™! * w™!) < 1; that is,

_ v or 2 € R"
J e pem st freeR

This, together with (2) written in the form

w(z)

——= <1 forxzeR",
w(z —y)w(y)

suggests, for 1 < p < oo, the condition

(4) { f (W)p dy} l/p, <1 forzeR".

R

Nikol’skii [12] showed (4) is sufficient for (1) in the context of sequence
spaces. See also Grabiner [7]. The short proof, which it will be convenient for
us to reproduce here, is a clever application of Holder’s inequality. Observe
first that, writing F' = f/w, G = g/w, (1) becomes

o (5%)
w *
wow

< 1 £llxllgll -
p
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< [Rf LR[ <llj(af_”(;))zu(y)>p/dy]p_l[ﬂ{[ (@ = y)g(y)l” dy] dx}

1/p

@ e el
< esssup [ () d } x — .
s su ]R{L"f W@ =) 0) Yy [1f (= y)g(W)|l e ay) | e (dz)
The first factor in the last line of (5) is, by (4), at most 1, while Fubini’s
theorem can be applied to the second factor to yield

(6) 1@ = 9)gW)l e ay) e @) = [1F1lpll9ll -
This proves (1).

Condition (4) is not, in general, necessary for (1). But, as we will show
in Section 4, it is if w is in a certain class containing C (cf. [10] for a result
similar to this in the case n = 1).

The main purpose of this paper is to investigate when

X(w) ={F:R" = C: 00> [|[Fl|x ) = [[Fuwllx}

is closed under convolution, where X is a rearrangement-invariant (r.i.)
space of functions on R"™ with Kothe dual X’. See Section 2 for definitions
and some properties of such spaces. For more background we recommend
[1].

Inequalities (5) with X and X’ in place of L? and L', respectively,
suggest the condition

(7) esssupr(x)H <C
cern || w(T —y)w(y) X' (dy)

is sufficient for
(8) [F* Gl x(w) < CIF|x ) |Gllx w)

which would certainly, by Nikol’skii’s argument (5), be true if the following
(weaker) analogue of (6) held:

(9) 1 (2 = 9)9W)l x (ay) 1 x (a2) < ClIf [ xNlgllx -

(We would like to point out that (8) is equivalent to X (w) being closed
under convolution, see [8], p. 471, and that one can take C = 1 if w is
replaced by w/C.) Now, on the one hand, (7) is no longer sufficient for
(8); in particular, as shown in Section 5, (7) guarantees (8) for the Lorentz
space X = LP4(R), ¢ > p, if and only if p = ¢. On the other hand, as shown
in Section 2, (9) does hold for nonnegative f and g in the class R.D. of
radially decreasing functions; that is, f(x) = f(|z|) and g(z) = g(|z|) are
decreasing functions of |z|. This, then, raises the question of characterizing
those weights for which it is enough to test (8) for nonnegative functions in
R.D.
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To this end, we introduce the class M of weights w(z) = w(|x|) for which
w(y) < Cw(z), 0 <y < z, and

w(r + s)
w(r)w(s)
is essentially decreasing in each variable separately, i.e. B(ry,s)<CB(rs,s),
whenever s > 0 and r; > 75 > 0. (This class contains C, since for w = e?,
& concave on Ry, 0B/0r = (9'(r + s) — ?'(r))B(r,s) < 0.) We prove that
given w € M there holds the following weighted analogue of an inequality
of F. Riesz [13] and S. L. Sobolev [14]:

(10) f (f*g>hw§0f <J:_*g;>h++w for f,g,h > 0.
R™

w w
R™

B(r,s) = (r,s > 0)

Here, for example, bt is the (a.e.) unique nonnegative function in R.D. on
R” satisfying

Hz € R : bt (|z]) > A} = [{z € R™ : |h(z)| > A}

for all A > 0, and At is the (larger) nonnegative R.D. function on R™ given
by

W () = W (Ja]) = (Calal) ™ [ R (lyl) dy,
ly|<|z|
where C7 = |B1(0)].
In sum, we are able to prove the following

THEOREM 1. Let w € M and suppose X is an r.i. space of functions on
R™ for which the mapping f — fTT is bounded on X'. Then a necessary
and sufficient condition for X (w) to be closed under convolution is

(11)

w(z)

oot <c preere
w(z —y)w(y) X' (dy)

The requirement that f — f™* be bounded on X’ eliminates those
r.i. spaces X near L (see Lemma 6 below). To include such spaces in our
theory requires a stronger weighted analogue of the Riesz inequality, namely
(10) with A" in place of h*T; that is,

(12) f <f*g>hw§0f <{:*g+>h+w for f,g,h >0.
R"

R™ wow w

We show that for w € M., where

., CwE+Y) o L on
Moo_{ GM.iw(x)w(y)eL (R XR)},
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(12) holds if and only if w satisfies the additional condition

n—1

T‘/2 r

w(r) . s

(13) —— 5" ds < C 5ds  forr>0.
(3[ w(r — s)w(s) of w(s)

(We note in passing that w(z) = el*I” 2 € R”, belongs to C C My, for
0 < a < 1, but satisfies (13) if and only if a« = 1. Indeed, if &« = 1 the left
side is =~ r™, while the right side is O(1).) We can now obtain the following
result having no restriction on X.

THEOREM 2. Let w(x) = w(|x|) belong to Mo and satisfy (13). Sup-
pose X is an r.i. space of functions on R™. Then (11) is a necessary and
sufficient condition for X (w) to be closed under convolution.

The sufficiency of (11) is related to (10) and (12) in Section 2 and proofs
of the latter are given in the following section. The necessity of (11) is the
subject of Section 4 and, as mentioned above, the question of the general
sufficiency of (11) is considered for the LP¢ spaces, ¢ > p (when n = 1), in
Section 5.

The referee has pointed out that it should be possible to extend some of
our results to the setting of locally compact Abelian groups.

2. Rearrangement-invariant function spaces. Let (2, Y, ) be a
complete o-finite measure space. A Banach lattice X = X ({2) is a Banach
space of (equivalence classes of p-a.e. equal) complex-valued measurable
functions on (2 such that if |g| < |f| p-a.e., where f € X and g is measurable,
then g € X and ||g||x < ||f||x. If, in addition, X has the Fatou property:

0< ful f prae, supllfullx <oo = f€X and||fllx = lim ||fullx

together with the property that whenever F € X with p(E) < co we have
xe € X and [, |fIxpdp < oo for all f € X, then X is said to be a Banach
function space. Such a space is a saturated Banach lattice in the sense that
every E' € X with p(F) > 0 has a measurable subset F' of finite positive
measure for which yp € X.

The Banach function space X = X({?) is called a rearrangement-invar-
iant function space (r.i. space) if f € X implies g € X and [|g||x = || f| x,
whenever g is equimeasurable with f, that is,

pp(t) = p({z € 2:|f(x)] > t})
=p({z € 2:|g(x)| > t}) =: pg(t) fort>0.

Important examples of r.i. spaces are the Lorentz spaces LP1({2), 1 < p < oo,
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1 < g < oo, with norms given by
1o = { Lo~ (sp(9)/7)7s7Hds} 19 for g < oc,
PO supyog spy(s)Y/P for ¢ = oc.
In case p = q, LP1(§2) = LP({2), the usual Lebesgue space, and we shorten
| fllp to | f]lp- The smallest of all r.i. spaces is the intersection, L' N L,
of L'(£2) and L>(£2), with [[f]|z1nze = max{[[f[l1, | fllsc}-
The Kothe dual or associate space X' = X'(£2) of a Banach lattice

X = X (1) consists of those complex-valued measurable functions f on (2
such that fg € L'(£2) for all g € X. We define

£l =sup{| [ fodu|:lglx <1}.
2

This is a norm provided X has the Fatou property. In this case, X’ is a
Banach lattice which is both saturated and has the Fatou property; more-
over, X" = X isometrically, so that

(14) I£lx =sup{| [ fodu|: llglx- <1}
2

The generalized Hélder inequality asserts the consequence of (14) that when
f € X, g€ X', the function fg € L'(2) and || fg|l1 < ||f]|x|lgllx’- Theorem
5.2 of [1] shows that for X an r.i. space on R,

(15) IxB,.llxlIxB,(©lx = Cpr™  forr>0.

Given Banach lattices X = X(£2), Y = Y(£2) and 0 < 6 < 1, the
Calderdn product Z = X'~V ? consists of all measurable h on (2 such that
|h| < Af17%° p-ae. for some A >0, 0< fe X,0<g €V, |flx,
llglly < 1. In this case, ||h||z = inf \. It is shown in #33.5 of [4] that Z is
a Banach lattice. Further, one readily proves that Z is saturated whenever
X and Y are and that it has the Fatou property whenever X and Y do.

THEOREM 3. Let X; = X;(02), Y; = Y;(12), i = 1,2, be Banach lattices
which have the Fatou property and let Xg = X{17°X8, Yy = Y{7Y¢ for
some fized 6, 0 < 0 < 1. Suppose T is a linear operator which satisfies

0<gnTgeX; p-ae. = 0<Tg, TTg €Y, pu-a.e.
with
ITf;

v, < M| fi

X; for fie X;, i =1,2.
Then
ITfllv, < Mol fllx, for f € Xo, where My < M; M.

Proof. Consider f € Xy with
[fI <A R prae A > 05 g, B> 05 (lgllx,, [[P]lx, <1
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Then, by the abstract Holder inequality ([9], p. 143)

9],
ITf| <T|f| < AT(g"n%) < AN[Tg)*~°[Th)’
1—-6

Tg\ "%/ Th\"’
S)\M}QMQ"(Mgl) <MZ>

Hence, ||Th|y, < AM; Mg and we are done.

THEOREM 4 (Lozanovskii [11]). Let X = X (£2) be a Banach lattice with
Kothe dual X' = X'(£2). Suppose X (and hence X') is saturated and has the
Fatou property. Set Z = X (§)'1/2X'(2)Y/2. Then Z = L*(R2) isometrically.

Proof. We begin by observing that Z is a saturated Banach lattice
which has the Fatou property.

Given f € Z, let A\ > 0 be such that |f| < Ag'/?h'/? for 0 < g € X,
0 < he X', with ||g]|x, ||h]|x» < 1. Then

17 = ( f 17Pan) " < A( [ ghau)” < Alglclbl)? < .
2 2

and so || f|l2 < || f]lz- Here, we have used Holder’s inequality.

Suppose, next, that f € L%(£2) and ||f|]2 = 1. We have |f| = /|f|?,
where |f|? € L1(£2) and |||f|?||; = 1. By Theorem 1 in [6], |f|?> = gh, where
llgllx||~]|x+ = 1; indeed, without loss of generality, ||g||x = ||hl|lx = 1.
It follows that [[f||z < 1 = ||f|l2- The same is then clearly true of any
f € L?(£2). This completes the proof.

Given a Banach lattice X = X ({2) and measurable w : {2 — R, define
X(w) ={F: 02— C:00>|Flx( = [[Fw|x}.

It is easily seen X (w) is a Banach lattice which is saturated whenever X is
and has the Fatou property whenever X does; further, X (w) = X'(w™1!).
We thus have

COROLLARY 5. Let X = X(£2) be a Banach lattice with Kithe dual
X' = X'(2) and assume X (and hence X') is saturated and has the Fatou
property. Suppose w : 2 — R is measurable. Then X (w)'/2X'(w=1)1/2 =
L?(92) isometrically.

We now record two additional results for r.i. spaces, the first of which
characterizes one of the hypotheses in Theorem 1.

LEMMA 6 (D. Boyd [3]). Suppose X = X (R™) is an r.i. space of func-
tions on R™. Then the mapping f — f1 is bounded on X if and only if
lim, oo h(s) = 0, where h(s) is the (finite) operator norm of the dilation
operator (Esf)(x) := f(sx) (s >0, x € R™) from X to itself.
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LEMMA 7. Suppose X = X(R™) is an r.i. space of functions on R™.
Then there is a positive constant C such that for all 0 < f, g € R.D.,

(16) S = 9)9(W) | x(ay) | x (az) < CllFlIxllgllx -

Proof. Given 0 < f,g € R.D. and =,y € R", we have

fl@—y)gy) = f(z—yDg(lyl) < f(z1/2)g(yl) + f(|z — yl)g(|z]/2),

since f(lz —y|) < f(l2|/2) if [z — y[ = |2|/2 while g(|y]) < g(||/2) if
ly| > |x|/2 (one of these cases must hold as |z| < |z — y| + |y|). Thus, the
left side of (16) is at most

S (=l/2)g(lyl) + f (12 = yDg(l21/2) L x (ay) L x (do)
< [F (=120 x llgllx + 11 Flxlg(l/2)x < 2p(1/2)[[ flx gl x

where we have used the fact that X is translation-invariant.

Finally, we show how the sufficiency of (11) for X (w) to be closed under
convolution reduces to (10) (in Theorem 1) and (12) (in Theorem 2). Indeed,
assuming first the hypotheses of Theorem 1 we have, by (15), with F =
flw=0,G=g/w=0,

(17)  ||F*G|lx@) = sup f (f * g) hw

hllx/<1 5 \W W
g
+ o+
< sup (f * g>h++w given (10)
Il <t gn \W W
R>0
ftog"
<C sup ( * )w IR |lx, by Holder’s inequality
(17l x/ <1 w w X
R>0
+ o+
< C’H (f * g)wH since h — h1T is bounded on X’
woow X
w(z)
<Cesswp |0 = gt 0l
cern || w(T —y)w(y) X' (dy) (dy) 11X (de)

as in (5)
< ClfflxllgIx = Clflixllglx = IFllx (w)|Gllx (w)

since, by Lemma 7, (9) holds for the nonnegative R.D. functions f*, g*.

Assuming the hypotheses of Theorem 2 instead, we again obtain (17),
but this time with ||A*||x, = ||h]|x/ in place of |A*| x/ (by (12)) and since
IIh||x < 1, no assumption on X’ is needed now.
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3. The weighted Riesz—Sobolev inequalities. As shown in the
last section, the sufficiency of (11) for X (w) to be closed under convolution
depends, under varying assumptions on X and w, on the following two
theorems:

THEOREM 8. Suppose w € M. Then
+ gt
(18) f(f*g>hw§0f<f*g>h++w for f,g,h >0.
g W w o Nww

THEOREM 9. Suppose w € My,. Then

(19) f <f>k>hw<C’f <>|<g+>h+w for f,g,h >0

woow w
R™ R™
if and only if w satisfies (13).

The proofs of Theorems 8 and 9 require certain monotonicity properties
of w € M. These are a consequence of the following general result.

LEMMA 10. Suppose @ : R™ — R" satisfies &(z) = &(|z|), x € R". If
there exists C > 0 such that

(20) Ba) < CB()  for [a] > |2

then

(21) J xp(@)@(@) do < CIE|min {o(r), |[F|"" [ o(y)dy}
w2 F

for all ECR™, r >0 and F C B,.(0). In particular,
(22) qu )dz < (C?+1) [ ®(z)dz  for ECR", r,=C B[V,

lz|<rn
If there exists C' > 0 such that

(23) B(z) < C(Culz)™ [ @(y)dy forz eR",
ly|<|z]
then
(24) f Xe(x)P(z)dx < (C+1) f x5t (2)®(z) dx
|z| <7 |z|<r

for all E C R™ and r > 0.

Proof. We obtain (21) from (20) since ®(x) < CP(r) and &(z) < CP(y)
whenever |z| > r and |y| < r. Then (22) follows on writing

[o@)de= [ xp@)®@)de+ [ xp()d@)ds

E x| <7y lz|=>rn
and applying (21) with F' = B, (0).
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If r <ry,, then (24) is trivial, so we suppose r > r,,. We have

f XE(x)P(z) dx

|z|<r
< [o@wde+C [ xp@{(Cula)" [ @(z)dz}da
|z|<rp rn <|z|<r |z| <[]
< [ #@)de+C qu(z){ [ XE(J;)(C’n]a:\)_”da:}dz
|z|<rp |z|<r max(|z],ry)
1]

max{(Col2)™, [T}

< [ d@yda+C [ B(2)

lz|<rn |z|<r

<(CH+1) [ xht(@)d(z)dz.

|@|<r
LEMMA 11. Suppose w € M. Then
(i) B(|x|,+) and B(-, |x|) satisfy (20) with C > 0 independent of x € R™;

||
. w(|z]) -1 :
(ii) W(z) = ————>——5"" " ds satisfies (23).
S e
Proof. (i) is obvious. To prove (ii) we first show that if 3|z|/4 < |y| <
|z|, then W(z) < CW (y). Now,

W(zx) = + ) s"lds=T+1II.
w(|z] = s)w(s)
0 ] /2
Since w € M, we have
|| /2
w(|yl) -1
25 I< "rds < W
(25) < | o e S,
and
||
w(lyl) 1
26 I < " d
@) s J s s

Jw(s + |yl — |=|)
%(7& + Jz| — |y))" "t < C, W (Jy])
i o2 @8l = Dw(®) B |

since t+|z|—|y| < Ct for |y| —|z|/2 < t|ly| and 3|z|/4 < |y| < |z|. From (25)
and (26) we obtain W(|z|) < C,W(|y|) for 3|z|/4 < |y| < |z|, as claimed.

IN
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Iterating this inequality yields the doubling condition

W) < (’, |') W(yl) for 0 <[yl < o],

where C' and [ are positive constants depending only on the dimension n.
We now obtain that W satisfies (23) easily from

W) = Co(Cale) ™ [ W(a) 'y'

ly|<|=]

< Cu(Cola)™ [ W(lyl)d

lyl<|z|

Let R? = {(z1,...,2n) : &1 > 0,...,2, > 0}. Define the set ET by
Xe+ = (xg)T; this will be a ball (recall |z| = |z1|+. ..+ |7,|) centred at the
origin with, say, radius rg+. Lastly, denote by E the ball concentric with

. . 1
Et and with radius x> = 57p+.

Proof of Theorems 8 and 9. To begin, observe that it is enough
to prove (18) and (19) for nonnegative simple functions f,¢ and h which
are symmetric with respect to all 2™-orthotants of R™. Furthermore, we
claim that one need only consider f = xg, g = xr, h = Xxg, where E,
F and G are sets symmetric with respect to all 2"-orthotants of R™. For,
suppose the latter fact to be true. Then the simple functions f,g and h
referred to above can be written as finite sums of the form f = )", fixz,,
g= Zj 9iXF;, h =Y, hxXa,, where the sets E;, F; and Gy are symmetric,
with E; D B, Fj D Fjq1, Gk O G4 and the constants f;, g; and hy, are
nonnegative. Hence, we get (for example) (18) as follows:

[ <£ * >hw = figihn f <XE o >XGk

R™ 1,7,k

<CZfzg]hk f <XE+*XZ>XE:1U—Cf <f+ w)hJer

7]7

Summarizing, we have shown that in order to prove (18) and (19), it is
enough to establish, respectively,

@) [ [ xew+)EEY g,

JJ wle)wly)

<c [[x& x+ywdxdy,

ETxFT
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for symmetric sets F, F', G C R, and

(28) ffXGw-l-y ) ())d dy
EXF

w(x +y)
<C i (x 4+ y)———2% da dy,
!-[; ol )w(x)w(y)
ETXF
for symmetric sets E, F', G C R™.

To prove (27) and (28) we distinguish three cases, in all of which it may
be assumed without loss of generality that |E| < |F)|.

Case 1: |E| < |F| < |G|. In this case we actually have the stronger
inequality (28) for w € M without any additional assumptions. Indeed,
since E and F are symmetric and w(z +y) < Cw(|z| + |y|), the left side of
(28) is at most

C [ [ Blallyhdedy<C [ [ B(lal,lyl) dzdy
F FE F E

by Lemma 11(i) and (21) of Lemma 10, and thus at most

(29) <C [ [ B(al|,lyl) dady
=2"C [ [ xz@)xzw)B(lz],ly|) dzdy
RixRi

upon reversing the order of integration and applying (21) again. Since E+
F C Gt and |z +y| = |z| + |y| for 2,y € R, the last integral in (29) is at
most

C [ [ xh@xtwxd @+ y)m dz dy

RY xR7
XE XF
R" w w

Case 2: |E| < |G| < |F|. Here again there holds the stronger inequality
(28) assuming only w € M. We have

XE | XF
@) [ (322 vews [ [xale+ 0Bl ) dedy
R™ ExR™
<C [ [ xela,y)B(z||yl)dydw,

ENRY xR
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where xg(z,y) = > xa(r1 £ y1,..., 2, £ yn) for z,y € RY, the sum being
extended over all choices of . The last term in (30) equals

¢ [ [ B(zlly)dydz  where xg, (y) = xg(x,y), v,y € R}
ENRY Gy

Arguing as in case 1 and observing that |G,| < 2"|G| for all z € R", we
obtain the upper bound

¢ J | et fﬁi%d @

R xR
+ o
<C ffXE Xg+(x+y)((§)w(y))d:vdy since E+ G C G*
R} xR Yy
+ ot
X X
<o [ (22 g
RTL

Case 3: |G| < |E| < |F|. In this case we can only obtain (27) for
w € M. We then prove (28) holds for w € My if and only if (13) does.
The left side of (27) is at most

(31) (ff + ff)XG$+y (() ())dxdy_l—i—H

ExE (E‘><E)L

Let i = @) + Yk, Sk = Y, 7 = . x| and s = >, |sg]. Since |r —s| <
>k Ik — sk = |z], we have w(|r — s|) < Cw(|z|), and we may bound I by

"B

w(r) -1
(32) (ri,...,mn) ——————5"" " dsdry...dr,.
[”; JwW—ﬂW@

We now show that the inner integral in (32) satisfies

f —w(r) s" s r r~
(33) Ofw(]r—s|)w(s) ds < C[W(r) + W(rg)].

Indeed, when r= < r < rg+, the left side of (33) is at most CW (rz)
since w € M; while, for 0 < r < r~, we have, letting 7o = min{r, rE = r}
and observing that w(r)/w(r +s) < C and w(rz)/w(rgz —s) > ¢,

TE TE—T

—w(r) s"lds = T
T T AL A

w(r)

w(r + s)w(s) (rts)"ds



116 R. Kerman and E. Sawyer

(r+ 3)”‘1 ds

6[ w(r + s)w(s)

[T”—l f B(rg—s,s)der TB(TE_S,S)Sn_lds}

0 r

IN
Q

| /\

TE
f —5,5)s" tds = CW(rz).
0

Thus,

(34) I<C f XG(r1, ..o r)W(r)dry ... dry, + C|G|IW (r) .

Et

Both terms on the right side of (34) are no larger than

Cfx r)dry...dry;

this is true for the first term by Lemma 11(ii) and (24) of Lemma 10, while
for the second term we have, by Lemma 11(ii) again,

IGIW(rz) < C 1G] fW Ydry...dr, <C [ XGT )W (r)dry .. .dr,
(r5)" J
Since
ffx (x+y) dedy
JJ w(z)w(y)

> [ xX& Ul + ly)B(al, lyl) de dy

(ETOR})x(ETNRY)

>cfx r)dry...dr,,

we get I dominated by the right side of (27).
Using the notations G and G, as in case 2 above, term I in (31) is seen
to be at most

( JI+ ]+ ff)ng B(|z|, ly|) dwdy = ITy + IT2 + 113

ExE° E°XE E°xE°
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Now,
(36) Ty = { xo. () B, |y]) dy | da
<C |gm dy ¢ d b
< f 7] fB(!:L“I,Iy!) ypde by (21)
+
<C ff \E] B(|z|, ly|) dz dy since |G| < 2"|G]|.
EtxET
Similarly,
I, <C ‘G| drd
(37) 220 [ [ {GiBel b dedy.
EtxET
Again,
(38) II3 < C|E||G|B(rgz,rz) by Lemma 11(i)
1G] 5
<¢ [ [ 5Bl lshdwdy.
EtxET

But the common right side of (36), (37) and (38) is no bigger than

[ | x&t (@ +y)B(x,y) dedy,
ETxET

since x5 (2rg+) = C|G|/|E|, which is dominated, in turn, by the right side
of (18).

Next, we show that when w € M, (28) and (13) are equivalent. Sup-
pose (28) holds. Taking £ = F = B,.(0) and G = B,15(0) — B,_5(0),
0<6<r/2, in (28) yields

w(z +y) i
(39) i { 5 { TxG(x +9) a0
(z+y)

<c [ [ xg<x+y>Wdyd:c.

lz|<r |y|<r

On the left side of (39) restrict attention to x and y in the first orthotant
and make the substitution ¢, = xr + yi, sk = Tp, t =D, te, S =Y, Sk tO
get the lower bound
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r—9§ r+0
Cf s"1 f B(s,t — s)t" " 'dtds
0 r—94
r—9 r+90
Zcf s"1B(s,r +6 —s) f t"Ldtds
0 r—4
RS w(r + 0) _
> cor™ ! f s"lds.
g w(r + 6 — s)w(s)

As for the right side of (39), with e® = ¢dr™~!, it is dominated by

w(e)
C f f —————dydx < co,
ol Bu(eay P (W)

since w € M. We conclude

Dividing by €™ and letting € — 0+, we obtain (13).
Now suppose that w € M, and that (13) holds. With a view to bound-
ing I in (31) by the right side of (28) we claim that, given (13),

TE T+

w(r _ n_1 ds
(40) fw(|()s" 1d5§0fs ! 0<r<rg+.
0

r— s[)uw(s) w(s)?’

For r= <r <rpg+, the left side of (40) is at most

"B w(r~
f #5”_1 ds since w € M
; w(rg — s)w(s)
ot ds
< n—1 .
<C J‘ ST by (13)

When 0 <r < T

"Bt .n—1

f&s”_ldsng ——ds
0 0

w(r — s)w(s) w(s)?
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by (13), while, arguing as for (33),

TE TE—T

W) g w0
e e e

? s—r)w r 4+ s)w(s)

"B w(r=) et gn-1
<C | ——E __s"lds<C | ——ds,
E)[ w(ry — s)w(s) [\Jf w(s)?
by (13). This proves (40), so we have

T‘E+ 1
" d
(41) ISC’fxg(rl,...,rn)drl...drnf 2ds§C\G]f7x
0 ET

J w(oP W@

We now show (41) holds with I replaced by II. By symmetry, II; in
(35) satisfies

m=c [{ [ xo.)B(ally)dy}da

=~ n =+ n\c
ENR%  (ETNRY)

TE
<C [ |GIB(jx|,rg —|a])dz = C|G| [ B(rz—s,s)s" " ds
0

EmRi
e+ gn—1
<C|G d
= ‘ ’ Oj‘ w(3)2 S,
by (13). The term Il in (35) is dealt with similarly. Again,
113 < C‘EHG‘B(TE,TE)
TE Te+ Sn—l
< |G| f B(rz — s,8)s"Lds < C|G| f st
0 0

by (13). Since w € M,

|G| w _y)
< - 7
C f o dy,

whence, by (41) (for II as well as for I), the left side of (28) is at most

f f ) dydr < C f f w@+y) dy dx
w(z — y)w(z) w(z)w(y)
ETNRY —G1NRY} ETARY (~GTNRY ) —x

w(z +vy)
<C [ [ xarlatp 22D gy qq,
ot

which completes the proof.
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4. Necessary conditions. In this section we prove the necessity half of
Theorems 1 and 2. In fact, we show that, given w € M, X (w) closed under
convolution implies (11). But first we prove simpler necessary conditions
which are valid in a wider context than that of Theorem 1 or 2.

LEMMA 12. Suppose w is even on R™, i.e. w(zx) = w(—=x) for allz € R™.
If X = X(R™) is an r.i. space and X (w) is closed under convolution, then
X(w) C LY(R™) or, equivalently, w=' € X'. Moreover, if C > 0 is as in
(8), then

[l < Cllfllxw)  for f e X(w).
Proof. Fix f € X(w) with || f||x(w) = 1 and define T': X(w) — X (w)
by (Tg)(z) = (| f|*g)(x), z € R™. By (8), T is bounded on X (w) with norm
at most C and, by duality, 7" is bounded on X (w)’ = X'(w™!) with norm

at most C. But, since w is even, T/ = T, so, by Theorem 3 and Corollary
5, |f| * L? C L? with norm at most C and it follows that

fHﬂ OPlgQPdc = [ (f1%§)()] da

R™

<C [lg@)Pde=C [ g d¢

RTL RTL
for all g € L2. Thus ||f|*(¢)] is bounded by C and, in particular,

Hﬁr—fm 1£17(0) < C = O fll x(w) -

LEMMA 13. Suppose w is radial, finite a.e. and satisfies

(42) B(ry,8) < CB(rg,s) fors>0, 1 >ry>0,
yet fails to satisfy
(43) w(y) < Cw(z) for0<y<z

for the same constant C; that is,
(44) w(y) > Cw(z) for some 0 <y < z.
Then (w=1)T(x) = 0o for all x € R™.

Proof. w radial and finite a.e. implies there exists M > 0 and a set
Ec{zeR} :y< |z <z}, |E| >0, with w(z) < M for all x with |z| € E.
We will be done if we can show that for each k =1,2,...,

w(z) < Mrk for |z| € E+ k(2 —vy),

where r = Cw(z)/w(y) < 1 by (44). But, for |z| € E + k(z — y), say
|z| = u+ k(z —y), u € E, we have
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+D(E-9)
U+] (z—v))

U
<MH () (42)
7=0

w(y)
§Mr.

COROLLARY 14. If w is radial and satisfies (42) and X (w) is closed
under convolution, then (43) holds.

Proof. By Lemma 12, w™! € X', which means (w™1)¥(z) < oo for all
0 # x € R™. We suppose now that w satisfies (42), X = X(R") is an r.i.
space and X (w) is closed under convolution (i.e. (8) holds) and prove that
(11) holds. Begin by fixing r > 0. For g(z) = g(|z|) > 0 we have

(45) [ (s, w™) * (gw™ ")) (2)w(z) dz
|z|<r
< N (xBow ™) * (gw™ ) x (w) IXB,.0) | x7
< C”gwiluX(w)HXBT(O)wilHX(w)HXBT(O)HX’ by (8)
< Clixs.ollxllxs.©lxlglx < Cr*lgllx
by (15). Now, the left side of (45) is

46) [ f )g(y)dydx
|xkﬁ|m<r
1 w(x)
>cr" fg@)ﬁ f ——————~drdy
ez T e Y0 )
> er'’ j) g<y) n 1‘|n jq (xQU(%;U( )(ktdy
r — w(z —
lyl<r/2 I i<lel<r yyuy
yERﬁ x—yERﬁ

T

1 _
>er” f Q(Q)W fB( —lyl,[y))s" "t ds dy

lyl<r/2 lyl
n
y€R+

= er® f g(y)B(r —|yl,|y])dy  since w € M

lyl<r/2
yGR+

> e [ gu)xs, .0 W) B — lyl. 1y]) dy
R’n
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Combining (45) and (46) yields

I x5,,.0@B — 1yl ly)g(y) dy < Cllgllx ,
RTL
which, by duality, implies
1XB,,20) W) B =1yl [yl xr(ay) < C-
Thus, given = € R™, we have, by (43),
w(z —y)w(y) X' (dy)
< Cllxmy a0 ®) Bl = [l oDl < €

From (43) and the rearrangement-invariance of X’ we further obtain for all
z € R", |z| = |z|,

XB,,2(0)(Y)

_wl@) wio)
R ol ] SR e | WO
()

g ’

XBw|/2(0)(y)UJ(:U—z/)10(y)HX'(dy) .

As B\, (0) is covered by B|;|/2(0), together with a finite number (indepen-

dent of ) of By /2(2), |2| = |z|, we conclude

w(x)
47 X Yy H <C.
o 51O W)= ) |

By (43) again,
w(z)

(48) ‘ w(z — y)w(y) er(dm

XR"—B),(0) (v)

sc‘ < Clux <C,

0l
T =) llx(ay
in view of Lemma 12, and, together, (47) and (48) yield (11).

X]R"—B‘ﬂ(o) (y)w(

5. Examples. Let

1, I <z <3,
(49) w(z) = {9’“[3’“—(1—3““)\Ix! —2- 3%,
3F < x| <3 kE=1,2,...

We will prove that w satisfies (11) for all r.i. spaces X, yet LP?(w) is not
an algebra when 1 < p < ¢ < 0.

The assertion concerning (11) is an immediate consequence of the fact
that L' N L™ is the smallest 1.i. space and
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LEMMA 15. Let w be defined on R by (49). Then
H w(z)
w(z —y)w(y)

Proof. It is sufficient to consider z > 0, indeed = > 3. Let j and k be
integers, £k > 1 and 0 < 7 < k — 1, such that

3P 3t <z —2.3% <3k -3 4 1.

<C fora.e xzeR".
L'NL*> (dy)

We show

w(x) 1 ~
(50) S o) 324 e ;1 Wisi(w))
where

14 9UH(y| - 3)
w(y)

(H = xr, being the Heaviside function) is readily seen to be in L' N L>(dy)

uniformly in I. Observe that w(x) < 4-9¥%*! and consider the following

cases for y, assuming j > 1.

Case 1: |y —2-3F] < 38 — 371, Here, w(y) > 951771, so w(z)/w(y) <
324 and

Wi(y) . 1=0,1,2,...

w(z) < 324
w(z —yw(y) ~ wlx—y)
Case 2: 3" — 3771 <|y—2-3" <34 2.35"! We have y > 3*~! and
-yl >|y—2-3F — o —2-3F >3 -3 —1>31
so w(z —y) > 97! and
w(z) < 4 . 9k+it+1
w(z —y)wly) — Y w(y)

Case3: |y—2-3% > 3¥+2.3¥71 y > 0. Either 0 < y < 3¥~1 < z/2 and
we are done by symmetry, or y > 3¥+1 +2.3*=1 which means y —x > 3%~ 1,
w(r —y) > 951 and

< 324Wi_1(y) .

w(z)
wlo gty = )

Cased: y<0. If =371 <y <0, then 3* < 2 —y < 3**! and
lt —y—2-3%| <|z—2-3" +|y <3 -39 +3771 1,
so w(z —y) > 91 w(x)/w(r —y) < 324, whence
w(x) 324
< .
w(z —y)w(y) ~ wly)
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If y < —3771, then w(y) > 9~ and
w(z)
w(z —y)w(y)

Finally, when j = 0, one of y and = —y is greater than 3/~!. Therefore, (50)
holds then also.

< 324Wi(y) -

To see that LPY(w) is not an algebra when 1 <p<q<oo,let N be

a large positive integer and set f = 37 *xg,, where Ej, = UJI; and
I; = (37,39 +3/2) for 3kP+l < j < 3(’““]51’ We show that

()

N1/p+1/q < CN?/4

with C' > 0 independent of N, and hence that ¢ < p.
Since iy (t) < (3P4 /2)t7Px(3-~3-1)(t), we have

< O fl12e
Lra

implies

I f1|7 00 < 32PTUN2/2,

Next, (f+f)(x )#Oonlywhen I=f)(z fI (y)dy and x € I;+1;
for some j and j'; moreover, for x € I + I’ and y € I],

w(z) 1
w(zr —y)w(y) = 1000
Thus
f w(x)
w(){ = =) () = fle—y)fly)d
<w u) gzum—www> P
1

Zm(f*f)(x) m > 7kff1’—

Suppose, now, that 37V < ¢t < 37! and that the positive integer [ satisfies
3711 < ¢t <37l Then

{esu(L e D))= i f| 2 1w (@ > 570
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It follows that

‘ (f*f> > CONYPrtt/a S

wow Lpa -

¢ > 0 independent of N, and so we are done.

In the case p > g we are unable to construct a weight w satisfying

H w(z qf((;j))w(y)

((LP9)" = LP'7) for which LP%(w), p > ¢, is not an algebra, though we
believe such a w exists. In any event, we can show Nikol’skii’s proof will
not work in this case, since (9) does not hold for X = LP? when p > q. (Of
course, what we just proved implies (9) does not hold for LP? when g > p.)

Indeed, as we now prove, (9) with X = LP? implies p < ¢. For, take
f=9=Xgy, where Ex = UN_, I, with I;, = [4F 4¥ - 1/k], k=1,...,N.
Then,

<C, zeR"

Lr'd (dy)

N 1
|En| = Z o <Clogh,
whence
IXEx I7re < CIEN*P < C(log N)*/P.
We claim
(51) H HXEN (J} - y)XEN (y)HLP‘I(dy)HLP‘I(dx) > C(IOg N)l/erl/q )

so that (9) entails (log N)'/P*+1/4 < C(log N)?/? and so p < q. Observe that
the left side of (51) equals

N—1/p

1/q
1oy * X)) P lin = C{ [ Koy Xy > 26710t
N—2/p

Now,
N N
XEy * XEy Z 222% XIjk s
=1 k=y

where the I = [47 4+ 4% + 1/k, 47 + 4% + 1/4] are pairwise disjoint. So,
when N=2/P <t < N=1/P,

{XEx * XEN > 267} > ZT:ZT: (1 ,i) = [tlp]

<.
i
)
T
no
<.
<
i
)
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Thus,

tpP

NP a/p 1/q
log N _
!(XEN*XEN)l/pHLPq>C{ J < g ) v 1dt}

N—2/p
Nfl/pdt 1/q
Zc(logN)l/p{ f t} > ¢(log N)/Pt/a,
N—2/p
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