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Oscillatory kernels in certain Hardy-type spaces

hy

LUNG-KEE CHEN (Corvallis, Oreg.) and
DASHAN FPAN (Miwaukee, Wis.)

Abstract. We consider a convolution operator T'f = pv. {2 * § with z) =
I((x)a“"('“), where K () is an (n,8) kernel near the origin and an (o, 8), a > n, ker-
nel away from the origin; h(z) &5 a real-valued C™ function on R™ \ {0}. We give a
criterion for such an operator to be bounded from the space HE(R™) into itself.

* 1. Introduction and notations. Let 2 = (zy,...,2,) € R™ and h(z)
be a real-valued function. Consider the oscillatory kernel £2(z) = K(z)e*h(®)
with K (x) being an (n, §) kernel near the origin of R and an (e, 5) kernel
away from the origin, An (e, ) kernel K is a function on R™\ {0} satisfying
(1.1) DK (2)| < Cylz|~o1V]
with |J] < 8, © 5 0. The phase function h(z) is a C* function on R™ \ {0}
satisfying (1.2) and (1.3):

(1.2) D’ h(z)| < Cylal>V!
for all multi-indices J with |J| £ M, o # 0, where M and b are positive
integers, and
(1.3) [Vh(z)| > ClzlP~?,
where V = (d;,,...,8,,) is the gradient operator.

For the above defined kernel £2(2), the associated oscillatory singular
integral T" ig defined by

(14) Tiy) =pv. [ MKy~ 2)f(2) de,

"
where () satisfies (1.1) and in addition, there exists an £ > 0 such that
(1.5) p.v. f K (z)dz = 0.

< n|Le
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A typical example of such an operator is the oscillating integral

fopy. [ e~y (a ~ ) f (y) dy,
Rn
a = n, where 9 is a €' function satisfying ¥ (z) = 0 if [z|] < 1 and Y(z) =
1 if x| > 2. This operator was studied extensively and the boundedness
properties in H* (p > 0) spaces were established in 8j6lin [11], Jurkat-
Sampson [9] and Chanillo et al. [1].

We shall consider operators with phase function h(z) satisfying (1.2)
and (1.3). The main result we obtain is the boundedness of such operators
in certain Hardy-type spaces HE(R™), in analogy with $jolin’s result on the
Hardy spaces H?(R™) [11]. A similar problem in the context of the Besov
space By?(R™) = H}(R™) was studied carlier by one of the anthors [3].

Suppose & € & satisfies | ®(x)dx = 0. Then the Lusin function S5()
for any f € &' is defined by

) by o dt 1/(b4+1)

W) sE=( [le i as)

I}

where I'(z) = {(y,) € RT™ : [z — y| < ¢} and &y(y) = Py /t) for t > 0,

Suppose that f € §'; we say that f vanishes weakly at infinity if for any
Pes, fxd, —0in S ast - oo.

Suppose that 0 < p < 1. Let s be an integer greater than or equal to
[n(1/p—1)] and & € § with

[ 8@ %o
0

for any = # 0. Suppose, moreover, that supp & C {zr € R™ : |z| < 1} and
[ #'®(z)dz = 0 for all multi-indices J with 0 < |V € 5. The Hardy-type
spaces are defined by

Hy(R™) = {f € 8"+ |85 f]iy < o0}

This type of space is of inoterest since & well-lnown fact is that H = HP(R™)
(see [5]) and Hf = By°(R™) (see [6]). In this paper, we are particularly
mTferested In studying the oscillating integral (1.4) on the space Hj. For
this purpose, we need an atomic characterization of HF(R™), Suppose 0 <
P <1 <g<co and s is an integer at least [n(1/p~1)]. A (p,q,s)-atom
centered at zo is a function o € L4(R™) supported in the ball B(zg, g) of R®
with center at zp and radius ¢ such thag

(1.7) lolly < o™M1/a=1/8)

and

(1.8) f a(@)z’ dz =0 where 0 < |J| < s.
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A (p,1,q, s)-atom centered at 2q is a (p, ¢, 8)-atom satisfying
(1.9) [Vafo, < g*0/3-1/m0-1,

A particular (p,q, s)-atom centered at wq is a (p, q, 8)-atom a(z) supported
in a ball B(wxg, ) satislying

a(x) = Z M,

where each a; s a (1, 1, , s)-atom with suppa; C B(y,r;) C Blzy, ) and

X}

3wl € v,
LE

DEFINITION, Suppose that 0 < p < 1. The atomic Hardy-type space
HEP®® is the collection of all tempered distributions f € &' of the form
f = 2. eway where 3 [ex]? < oo, the ap's are particular (p,q,3)-atoms and
the series converges in the distributional sense. Also the “norm” ||f|| P
is defined to be the infimum of the expressions

(; |Ck|p)1/:v

for all such representations of f. It is easy to see that the space HHP?,
if s 2 [n(1/p~1)), is a subspace of the Hardy space HP(R") which was
studied by many authors [2], [10].

The following theorem can be found in [7] (or [8]).

TurorEM 1.10. Suppose s 2 [n(1/p ~ 1) and assume Se(f) = SI(f).
Then

(1) For any particular (p,q, s)-atom a{x), there exists o constant € in-
dependent of a(x) such that ||Ss(a)l, < C;
(2) HY(R™) = HPT(R™) for g 2 1, and moreover,

(1.11) [ £l gpan = {|f]] pra

Thus a linear operator I defined on S(R™) N HY(R") extends to a
bounded operator in HE if there i a constant ¢ independent of f such
that

(1.12) |Sa(T F)llp £ CllFllzzgeae.
The main result of this paper is the following

TuroREM A. Fork = 1,2,3,... and py = n/(n+k), let o > kb-+n and let
K be a kernel of type (n, k 4 1) near the origin ond of type (o, k + 1) oway
Jrom the origin. In addition, suppose K satisfies (1.5). Then the operator
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TF =p~v. 2% f is bounded in HY (B™) for py < p < 1 provided h(z) satisfies
(1.2) and (1.3) withb>0,b# 1 and M 2 k+1.

(Clearly, to prove the theorem, by a standard argument (see [7] or [8]), it
suffices to show that for any particular (p, 00, s)-atom a{z),
(1.18) iSe(Ta)ll, <C (P<1)
with a constant ¢ independent of a(z).

Note. The case p = 1 has been proved in [3].

We will prove (1.13) in the third section and give some necessary lemmas
in the second section.

Throughout this paper, the letter C will denote (possibly different) con-
stants that are independent of the essential variables.

2. Some lemmas. In this section, we will prove some lemmas which
are necessary for proving the main theorem. We first observe a simple fact
that if s > [n{1/p - 1)] and a(z) is a (1,1, 00, 5)-atom supported in B(zy, o)
then o™ ™/Pa(z) is a (p, 1, 0o, 8)-atom.

LeEMMA 2.1. Let Tf = K * f be any convolution operator, If
(2.2) |Tallgz < C
with a constant independent of any (p, 1, 00, 8)-atom a(x), then

1T f|z S Clifllgz, 0<p<l

Proof We need to prove (1.13) for any particular (p, 0o, s)-atom a{z)
with support in B(zq, ¢). By definition, a (p,oc, s)-atom a(z) has a de-
composition a{x) = ¥ wia:(z) with a; being a (1,1, 00, 8)-atom supported
in B(z;,mi) C Blwg,0) and 3 |p| < ¢ ™P. Note that PP, is a
{p,1, 00, 8)-atom. So by (2.2), one has

“Ta'“Hé’ < OZ |Mi"’";n+n/p < Q-n.—n/PT.;n*I-n/P_

Since n/p >n and r; < ¢ we have [|T'al|gr < C. Lemma 2.1 is proved.

Since any convolution operator commutes with shift operators, without
loss of generality, we can assume that the atom involved in our argument
has support in B(0, g).

Let ¥ be a 0 non-negative radial function with supp¥ C {1/2 £ |z|
<2} and },0(2|y|) = 1fory+#0. Let

o0
pz) =1~ w2727 a))
J=N
where N is the integer that appears in the following lemma.
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LemMMA 2.3. Let a(z) be a (1,1,00,s)-atom supported in B(0, p) and
0<t<1. Let

Ajlg,0) =  sup
o< |y|<2t4g

f M=) (028 di,

'[Rn

where (3 is any multi-index with {8] = s and h(z)} is the phase function
satisfying (1.2) and (1.3) for M > 2 and b s£ 1. Then for = 1,2,..., we
have

(2.4) Aj(p,0) < CgbTe2ile=1y
and there exisis an N > 0 independent of o such that if j > N then
(2.5) Ailo,a) < C(27p) 2020t

Proof. Lemma 2.3 is an easy modification of Lemma (2.1) in [3].

Let £2(z) be the kernel in Theorem A. We have

2(z) = n(2)2() + Y, LW (@727 af) = Q(z) + Y ().
j=N j=N

Suppose a(x) denotes a (p, 1, 0o, §)-atom with support in B(0, o). It is
clear that supp(£2 * &) € B(0,2V+5) and supp(f2; * a) C B(0,2/74p) for
j=N-+1,N+2, ... Also by the cancellation condition on a(z), one easily
sees that

(2.6) f z/ (2 *a)(z)de =0 and f g’ (2 a)(z)dz =0

K" R
for all j = N+1, N+2,..., and all multi-indices .J with |J| < s. This implies
that, up to-the size conditions, {29 * a and £2; * a are atoms. Hence we need

to check the size conditions. To estimate 20 » g, if 2Ny < [yl < 2N+35. by
the hypothesis on K (z), one can see that

o xa = | [ MKy - )n(y ~ w)a(z) do
< [ IK@y~a)lla() de < Co™™?.
B(0,¢)
If |y| < 2% p, then n(x —y) =1 for all z in B(0, g). Therefore,
, 2 1/2
120 % aify < Coe /2] [ | [ a@ete-K(y - ) dn:_‘ dy}
ly|<2Ne R
< Co™™P 21002 x o]
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By Theorem 1 of [4], we have |2 % al|z < Cllalla < Co~P+"/2, This shows
42 * al|a < Cg~/PT"/2. Following the same ideas, we can prove that

“V(_Qg #* G)HQ = ||'QU * Va,||2 S OQ—H/P—i-nﬂ—l,

Thus, up to a constant, g" P2y « a is a (1,1,2, s)-atom and clearly {2y %
is a particular (p, 2, s)-atom.

LEMMA 2.7. For j = N +1,N + 2,..., and any (p,1, 00, s) atom a(z)
with support in B(0, p), if 279 > 1, then
(a) 192 % aljes € G279 (2 g)=2gt—n/PHn (2] g)eli=1)
+ 0(23’g)_a98——n/’p+n(2jg)s(b»1)
1
x [ min{277 (27 )%, 27(27 9) "0t} at,
0
{b) V(2 % a)||oo < G279 (21 g) =2 oo —n/PHn=1 (24 g)s(b-1)
+ C(ng)—&gs—ﬂ/zl-f-nwl(ng)s(bul)

1
x [ min{279(27 p)t, 27 (27 ) """} at.
0

Proof. By the proof in [8], one easily sees that we can assume that oVa
is also a (p, 1, 00, 5)-atom. So noting that || V(£2; % a)|cc = 07402, % 0Va|ce,
we only need to prove (a). It suffices to assume that s = [n(1/p— 1)] > 1.
By the cancellation property of a{z)

?

(28) |12 — Pt o 1
: Jm(yn_‘ > I ———B'—-D 2;(y — tx) dt 2t a(e) dz
|B]=s—1R" O )

1
<c Y. | | fDﬁ“nj(ymtm)a:ﬁ**la(x)czm]dt.
|Blsgml 0 W

Here
DFFL0,(y)

= Z Gﬁxﬂzﬁs Dgl K(y)Dﬁ%lp(2—'j--«2gml y)D/’fg eih('y)’
|81+ |B21+|8a|=|8]+1

DB K (y)] < Cly|~o-18
|DJ2w (279725~ y)| < (2797 )BalF(a-i=2 =1y,
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for some nice fanction @(y) supported in {1/2 < |y| < 2}. Using the as-
sumption (1.2), we have no difficulty in showing that
DB i) < (29 9) Bal0-D) Q) @),

since 27p < y < 29749 and 2790 > 1, where Q(y) is a function satisfy-
ing |DyQ(y)] £ Cly|~!. Hence the right hand side of inequality (2.8) is
hounded by

c > fl E (24 o)~ I6al+18s16-1)

|Bl=a—1 QB |-+|B2]-+|Bs =|8]
><| f Dﬂl Ky —t2)Qy — tz)P (2792 g~y — te))eMy )08+ 0(0) d| dt,
R’ﬂ-

where 0+ 1 denotes a multi-index and |§+ 1] = s. The inner integral in the
above formula is estimated by

| [ DS K(y - )Q(y — to) - DI E(1)Q(w)}
R™ .

X W(292 g (y — tz))eP W) gF g (2) do

+ |DE K (y) Q)

x| [ ARy — ta) - 9(27 7y e (c) da
Rﬂ-

+IDEE@QW| [ ™o a(x) de
Rn

=TI+ I+ 1.

It is clear that
I < (9 g)~ o 1fal=2 ge—n/ptnstl

< (21"9)““"#"1 |=1 gemn/pntl

f gthly=ta) g=s g i+l () dw‘.
IRT‘:

I < (QjQ)*Ct”“mllQa

Thus by Lemma 2.3,

f e"h“"t“’)9:’3""19““'*"”’/?@(3:) dm‘.
R™ '

Since o™ "*t"/Pa(z) is a (1, 1, 00, 5)-atom, by Lemma 2.3 we have

I < (3‘(25"@)“"‘"'”3”ga_"/’“"“n min{27 (27 g) %1, 277 (29 0)"t}.

I < O(gjg)—a—lmlg-n/wn
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From the hypothesis 27 > 1, one has
|25 xaly)] < C(2g)~ (2 g)* ¢~V d o/t
+ G(Zj Q)——m(zjé)s(b—l)QSwn/p-l-ﬂ

1
x| min{27(279)"%~1, 277 (27 )"t} dit.
0

This completes the proof of Lemma 2.7.

LEMMA 2.9. Suppose 279 < 1. Then there exists an ¢ > 0 such that

(2.10) 192; % a(y)] < C(27 g)"/P2~3%
and
(2.11) (V{2 * a)(y)| < Co~*(2/g)~ /P2 e,

Proof We note that

supp (2; *a(y) = supp [ K(y - o)¥(27 720 Yy ~ )™ =" o (¢} du
R'ﬂ
C{y: Yo <yl < 27T}

In this case, by definition, K(z) is an (n, 3) kernel. Thus if we let
K(y) = K(y)#(279 % y)e0),

then we obtain

IDER (y - 2)] < 0(20)™ 1% for 18] < s +1 and |o| < .
By the cancellation condition on a(z), one has

12 % a(y)| < Cllafl oo g+ (27 g) o1

= C(giQ)—n/p(gj)~n—a-1-l-rr-/p = C(Q.’ia)'“'ﬂfpg*".?'f

with £ > 0. This proves (2.10). Similarly, we can prove (2.11).

3. The proof of the main theorem. By Lemma 2.1, it suffices to
show (2.2). For simplicity, we prove (2.2) when p = Py where py = n/(n-+k)
and s = [n(1/p ~ 1)] = k. The proof for p > py is similar. By the discussion
in the second section, clearly we only need to prove

Lo}
(3.1) 142 *"—1“%3 + Z 142 *“H?Ig sC
i=N
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with a constant C' independent of the (p, 1,00, s)-atom a(z). Since we know
that fp*ae is a particular (p,2,s)-atom, by Theorem 1.10 we have
1920 * aligz < C.

We claim that

2ig<l
(3.2) > 2 xallfy < C
—
and
o0
(33) S92 alfy, <O
2ip>1

We will use Lemma 2.7 in proving (3.3) and Lemuna 2.9 in proving (3.2).
The two proofs are similar so we only prove (3.3). Let us write

J

g

® dt
[ [ @ 2«0l dy
0 |z—yl<t

20
P
= ] T
lo|gait0g 0 |m—yl<t
2J’~I~49

S Y B OO -

\m|525'+"3@ 2o |z—y|<t

+ f f{.,.)rda:

lg|g2d e, ity |m—yi<t

p
+ f f f (,..)‘ dz
|28 48 2+ |wemy| <t
2j+49 2
lo]>27t*g D |o-y|<t
=+ + IV V.

2
12 % alig "

By the support condition on £2; * a, we have V' = 0. By Holder’s ivequal-
ity and the cancellation of &,

. 20 d.t P
I< (zi+6g)n(1~p)( f f f | Py % (25 * cr.(y)[.siy———tﬂ+1 da:)
lw| g2t O |o—y|<t : :
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This implies |y| < ¢+ |z| < ¢+277*p. On the other hand, |z —y| < ¢, Hence
= (@¥5g)" "p)( f 5o o] < &+ ly| < 2 + 275, Since |z] > 2745, we have [2]/4 < t. Applying
0 |o|g29t8g [s—y|<t Fubini’s Theorem to interchange the order of the integrals f[mwqu and
[ - 502 al6) = 3 o) s dy o o ) fisgareey e bound the st expression by
x Ol wal @it [ [ 2 < o0, wal @)™
(@)D V(0 + a) | la[227+ ¢'21/4
Finally, by mimicking the estimate for Po(j) in [3], we have
<(J [ 7 Jlow-at e i)’ 1 < 0|12 * ol ()™,
21 <27%0 O Ja-yl<t RY One combines all the estimates of I-V and obtains
G QP V(2 0) (2070 < C V(8 = a) (2 o)™ 12+ alfgy < O ol (270" + CoP V(2 =) (20}
Also, . Since
II < (2948 g)nit-r) oP V(825 % a)|Z = |12 * oV a5,
P and pVa is a (p, 1, 00, 5)-atom supported in B(0, g) it is enough to estimate
x(f f | [ 8y —2)9«a(z dz|dy prs ) 152 % alfts < €112 xal| (27 0)"
jz| <2818 2i e, Ja—y|<t R™
< 11925 % a7, (2 o)™ (27 )P (-9) = G )2 .. ig;r ilge(p, 1,0, 8)-atom a. By Lemma 2.7, noting that p=n/(n+k), s =k

By the cancellation of §2; * a, IV can be written ag 1142; * |2 (27 )™ < C(29 )" (27 0) 2P (27 o) (b~ Vkpg—ip

ws [y 8 |aﬁ)l 7o + (27 g)" (2 0)°7 (21 0) =¥
. 1
2|50 +6 ! 16]= |z o .
[z|229 0 Ill =s 0 2+ Ja—y|<t , X ( [ min{279(24 g)bt, 9/ (23_9)"bt".1}dt)p-,
Py f (DSF®).(y — p2) 2102 * a(z) de dy% du| dz 0 ,
™ ¢ Note that from the hypothesis that c > kb+ n, if 27¢ > 1 then
S ety (o () on () < (2 gy,
6l=s |z|59+0,) |5J' 234‘!: [m;.!l-«:t Since p = n/(n + k), we have n — np — kp = 0 and thus
1
B - " . - . , s h b
I f (D6+1¢_5) (y ~ )21, xa(z dzldy tn+f+2 dul da. 142, * a||B,(27 o)™ < C279P -{-«C( f min{277 (27 0%, 27(27 p) 704 1}dt) .
[21<29 T4, ¢

It is clear that the last expression is dominated by A simple computation on the above integral yields
D 425+ al,

. 1 oo
W «altc@o™ 3 [ 1] f [ [
I81=5 21227485 0 23t4, |o—ylat |z1<2i+4, < >0 1925 el 20"

(D5 @0y - )] ddy vz o -

ty,uzzyns,um. o - o
ot sth2 <O+ szin{(:a”ﬂ(gfg)b)?’(23(23’9)"6(1 —In27(2 ) ”))P}.

By the compactness of suppsl5 (C {z : 2] < 1}), we have |y — pz! < t. Y
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Since b # 1, the last sum is uniformly bounded. The theorem is proved.

References

[1] S. Chanillo, D. Kurtz and G. Sampson, Weighted weak (1,1) and weighted LP
estimates for oscillating kernels, Trans. Amer. Math. Soc. 295 (1986), 127-145,

2] R.Coifman, A real variable characterization of H?, Studia Math. 51 {1974), 269-
274.

[3] D. Fan, An oscillating integral on the Besou space Bé’o, J. Math, Anal. Appl., to

appear.
[4] D.Fan and Y. Pan, Boundedness of certain oscillatory singuler integrals, Studia
Math., to appear.

[5] C.Fefferman and E. M. Stein, H? spaces of several variables, Acta Math. 129
(1972), 137-193.

[6] M. Frazier, B. Jawerth and G. Weiss, Littlewood-Pualey theory and the study of
function spaces, CBMS Regional Coni Ser. in Math. 79, Amer. Math. Soc,, 1992.

[7] Y.Han, Certain Hardy-type spaces, Ph.D. thesis, Washington University, St Louis,
1984,

[8] —, A class of Hardy-type spaces, Chinese Quart. J. Math. 1 (2) (1986), 42-64.

[9] W.B.Jurkat and G. Sampson, The complete solution to the (LP, L) mapping
. problem for a class of oscillating kernels, Indiana Univ. Math. J. 30 (1981), 403-413.
[10] R. H. Latter, A cheracterization of HP(R") in terms of atoms, Studia Math. 62

(1978), 93-101.
[11] P.3jdlin, Convolution with oscillating kernels on H spaces, J. London Math. Soc.
23 (1981), 442-454.

DEPARTMENT OF MATHEMATICS DEPARTMENT OF MATHEMATICAL SCIENCES
OREGON STATE UNIVERSITY UNIVERSITY OF WISCONSIN-MILWAUKEE
CORVALLIS, OREGON 67331 MILWAUXEE, WISCONSIN 53201

U.S.A. U.B.A.

Recetved November 5, 1993 (3187}
Revised version Februory 25, 1994

icm

INFORMATION FOR AUTHORS

Manuscripts should be typed on ene side oniy, with double or triple spacing and wide
marging, and submitted in duplicate, including the original typewritten copy.

Ap abstract of not more than 200 words and the AMS Mathematics Subject Classification
are required.

Formulas must be typewritten. A complete list of all handwritten symbols with
indications for the printer should be encloged.

Figures must be prepared in a form suitable for direct reproduction. Sending EPS, PCX,
TIF or CorelDraw files will be most helpful. The author should indicate on the margin of
the manuscript where figures are to be inserted.

References should be arranged in alphabetical order, typed with double spacing, and
styled and punctuated according to the examples given below. Abbreviations of journal
names should follow Mathematical Reviews. Titles of papers in Russian should be trans-
lated into English.

Examples:
[6] D. Beck, Introduction fo Dynemicel Systems, Vol. 2, Progr. Math. 54, Birkhiuser,
Basel, 1978.
[7] R. Hill and A. James, An indew formula, J. Differential Equations 15 (1982},
197-211.

[8] J. Kowalski, Some remarks on J(X), in: Algebra and Analysis, Proc. Conf.
Edmonton 1873, E. Brook (ed.), Lecture Notes in Math. 867, Springer, Berlin, 1974,
115-124.

[Nov] A. 8. Novikov, An existence theorern for planar graphs, preprint, Moscow Univer-
sity, 1980 (in Russian).
Authors’ affiliation should be given at the end of the manuscript.

Authors receive only page proofs {one copy). If the proofs are not returned promptly, the
article will be printed in a later issue.

Authors receive 50 reprints of their articles. Additional reprints can be ordered.

The publisher strongly encourages submission of manuscripts written in TEX. On accep-

tance of the paper, authors will be asked to send discs (preferably PC) plus relevant
details to the Editorial Committee, or transmit the file by electronic mail to:

STUDIAGQIMPAN.IMPAN.GOV.PL



