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1. Introduction. Let p(z) and u(z) be two non-negative summable
functions defined on the interval [a, b], which assume the value zero only on a
set of measure zero. Let ¢1(z), p2(x), ... be a finite or denumerably infinite
system of linearly independent functions defined on [a,b] which belong to
Lz(z)([a, b)) N Lﬁ(x)([a, b)), p>1 (Lg(z)([a, b)) is the class of those functions
f(z) for which the product v(z)|f(x)|? is summable).

Let {wg(x)} be the orthonormal system with weight p(z) that is obtained
by the orthogonalization of the original system {¢y(x)} according to the
Schmidt procedure. Then

(1) wi(2) = Pirdi (@) + ... + Berdr(x), Bk = (Ar—1/Ax)"?,

and
(2) qu(l') = mesws(l')a bimm = (Am/Am—1)1/27

where Ay is the Gram determinant of the system of functions {¢;(x)}r_,,
Ay =1.
We consider integrals of the type

b
(3) [ w(@)|@Qu()|P dz,  p>1,
where @, (x) is a non-trivial generalized polynomial, i.e. a function of the
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form
n
Qn(x) =) oxou(x)
k=1
with coefficients ay, ..., a, not simultaneously zero.

We prove the following general theorem:

THEOREM 1. There exists a non-trivial generalized polynomial Q. (x)
with rational integral coefficients such that

b n
(4) I = [ u(2)|Qn(x)|P dw < nP~TAR/CM N " A,
a s=1
where A, is the Gram determinant of the system {¢p(x)}}_, with respect
to the weight function p(x), As = f; u(z)|ws(z) P de and {wk(x)} is the or-
thonormal system with weight p(x) that is obtained by the orthogonalization

of the system {¢r(x)}.

As applications of Theorem 1 we obtain bounds of the values of the
integral (3) for integral polynomials Q,(z) = >__, cxz” on certain intervals
and for several weight functions p(z) and u(z).

(i) In [12], Theorem 1 was proved for {¢x(x)} C C([a,b]) and p(x) =
u(z) = 1. The case p = 2 was proved by E. Aparicio [2, 3].

(ii) Concerning the existence of polynomials with rational integral coeffi-
cients on intervals of length less than 4 and with arbitrarily small norms (see
[9, 6, 2, 8, 14, 4, 5]), D. Hilbert [9] proved the following theorem: If b—a < 4,
then for all 0 < ¢ < 1, there exists a polynomial P, (z) with rational integral

coefficients, not simultaneously zero, such that f; P2(z)dz <6 < 1.

In the case of uniform norm a similar theorem was proved by Fekete [6],
see also [4]. The importance of these polynomials may be seen in [7].

2. Proof of Theorem 1. We consider an integral of type (3). Substi-
tuting in (3) the expressions (2) for the functions ¢,,(z), we obtain

b n k
I, = f u(:v)‘ Z o Z bksws(x)‘p dx
a k=1 =1

and by changing the order of summation we get

(5) I, :jzu(x)‘ Zn: [Zn:bksak}ws(x)‘pdm

s=1 k=s
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and hence

n

©) zasfumﬂz;wm%@mrdu

where
(7) Ls:Zkaak (s=1,...,n).
k=s
By Minkowski’s Linear Forms Theorem [13], there exists a system of rational
integers aq, ..., ay,, not simultaneously zero, such that
(8) |Ly| < AY™  (s=1,....n),

where A is the determinant of the system (7).
By (2), brx = f: dr(x)wy(x)p(x) dr and the determinant A = b1y ... by,

becomes A = A}/ 2, and therefore,

(9) |Ls| < A/ (s=1,...,n).
From (6) and (9) and taking into account the inequality

n p n
(Xlal) < n Yo
s=1 s=1

(4) follows. m

Remark 1. If p = 2 and p(x) = u(z), since the system {wg(x)} is
orthonormal, from (5) and (9) we can obtain (see [2, 3])

(10) I, = En: (En:bksak>2 < nAl/n,
1 k=s

sS=

Remark 2. If the functions u(z) and {¢r(z)} belong to C([a, b]), then

(11) Jp = max ‘u(m)iamﬁk(x)‘

a<z<b

n

< A:L/(Qn) max (Z |u($)ws($)|> < nMnA}l/(Zn)’

a<x<b
- - s=1
where
M, = nax, |u(z)ws ().
1<s<n
On the other hand, for a fixed natural number n, we may consider o,
defined by

b
(12) qwzggwm@wmwa
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where the infimum is over all non-trivial generalized polynomials with ra-
tional integral coefficients.
We then have the following result:

COROLLARY 1. The inequality

. ~1/(pm)
(13) o= lim o, > lim A-YC) Jig (ZAS> g

n—o0 n—oo n—oo

holds if the limits exist.

Remark 3.If p(z) = u(x) = (1 — 22)~'/2, estimate (13) is optimal.
Consider the system {¢x(x)} = {T\k_l(x)}, k=1,...,n, of normalized or-
thogonal Chebyshev polynomials with positive leading coefficient (as usual,
we shall denote by ﬁn(x) a polynomial of degree n normalized so that its
leading coefficient is 1). Then

1

—np _ B 2—1/2‘ = )p
o, aI;?EfZ f (1—2x%) ;aka_l(x) dx

> | L1 () nf o, |”

—p )
H2,p(m) O;élanez
1

inf 1—22)"12|T,_ ol ..|Pd
xanER f( x”) | 1(z) +cpoTpo(z)+...[Pde

1
> T @) 0, [ (12?72 ()P da,
—1

This last inequality follows by Rivlin [11, p. 81]. Here || - ||, »(x) is the
L,-norm with weight v(z). In view of Achieser [1, p. 251],

p/2 1 p+l

O_;np > (2> F(2)F( 2 ) (TL > 2)
T r¢+1)

and hence

o= lim o, <1.
n—oo

But for this case A,, =1, and

1 p/2 1 p+1
o 2\"2 D(HI(25)
As — 1 — 2\—1/2 Ts— Pip = 2 2 2
_L[ ( :C) | 1($)| € <7r> F(%—I—l) ’
Al :Wl_p/2.

Therefore the limit as n — oo of the right-hand side of (13) is also 1.

3. Theorems of Hilbert’s type. Let u(z) = p(z) = [(z—a)(b—2)] /2
and consider the system {¢y(z) = 2*}, k = 0,1,..., on the interval [a, b].
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Then the polynomials {wy(x)} which form an orthonormal system are the
Chebyshev polynomials {fk(a:)}, k=0,1,... (see [10, 11]). Since
b R b_a\"
bk = [ [(x = a)(b— )] 722 Ty (2) do = ( 1 ) (2m)1/2,

a

1/2
boo = /2,

it is clear that

n b—a n(n+1)
2 1
k=0
Moreover,
2 +1
As — <2>p/ F(%)F(%)’ AO — 7_rlfp/Q.
r(&+1)
Applying the inequality (4), we then have the following result:

THEOREM 2. For every natural number n, there exists a non-trivial poly-
nomial Q,(z) = > p_, axz® with rational integral coefficients such that

b

f [(x —a)(b— m)]_1/2‘Qn(x)|p de

¢ r(yr(es) b o\ P2
< yor/2232/° % 2 ) \opn/(2n+2) (4 1)p—1
- (W riz+1) " (n+1) 4
(p=1,2,...).
We note that the limit as n — oo of the right-hand side is zero if b—a < 4.
Thus we can reword Theorem 2 in the following way (see (ii)):

THEOREM 3. Ifb—a < 4, then for all 0 < § < 1, there exists a polynomial
Qn(x) = D1 _y ™ with rational integral coefficients, not simultaneously
zero, such that

b
[l@—a)b—2)] ?|Qu(@)lPde <6 <1 (p=1,2,...).

a

It is clear that in the case p = 2 by (10) we can get

b—a

b / J(nt1) !
—1/2 2 n/(n+1
[ (@ = a)(b—2)]7?Q%(x) do < 7(n +1)2 (4) .

a

THEOREM 4. For every natural number n, there exists a non-trivial poly-
nomial Q. (x) with rational integral coefficients, of degree < n, such that

I zafb 1Qn(2)] dz < 2<b_2“>(n+ 1)(b;“)n/2.
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Proof. Consider the Chebyshev polynomials {Uy(z)} of the second kind
which form an orthonormal system with weight p(z) = [(z — a)(b — 2)]*/?
on the interval [a,b] (see [10, 11]).

From Theorem 1 it follows that

(14) L1 < A5 3 A,
s=0

Since
b

bk = f [(x —a)(b— x)]l/zxkﬁk(m‘) dz

a

k
= (w/2)1/2(b_2a><b;a> . k=0,1,...,
it follows that

_ 2(n+1) _ n(n+1)
(15) A= (U500

2 4

Moreover,
b AN
A = [U.()| de =2(2/m)" 2, s=0,1,...,

and therefore

(16) A, =22/m) 2% (n+1).
s=0
From (14)—(16) the theorem follows. =

We next turn to the least-squares approximation problem on an interval:

THEOREM 5. For every natural number n, there exists a non-trivial poly-
nomial Q,(z) = > p_, axz® with rational integral coefficients such that

Fs = [ (@ — a)(b— 2)]2Q2 () da < g(b;)2<n+1>(b4“)".

a

Proof. By Remark 1 we have

(17) Ly < (n+ 1A/,

Let {Ug(z)} be the orthonormal system obtained by the orthogonalization
of {z*} with weight [(z — a)(b — )]*/2. Since

b—a b—a\F
bkk:(ﬂ-/2)1/2<2>< 4 )7 ]{2:0,1,...,
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it follows that

. 2(n+1) . n(n+1)
(18) Apyr = (m/2)" <b2a> (T) :

From (17) and (18) the theorem follows. m

THEOREM 6. For every natural number n, there exists a non-trivial poly-
nomial Q,(x) = > 1_, axx® with rational integral coefficients such that

I :j (i:”;)l/gcgi(x)da: gw(b;“>(n+1)<b;“>n.

Proof. In this case we consider the polynomials {/Wk(ac)} which form
an orthonormal system on [a,b] with weight [(b — z)/(z — a)]*/? (see [10,
11]). But now

b 1/2 1/2 k
b—=x — b—a b—a
bkk:f(ﬂ:—a) kak(m)d“T:Wl/Q( 2 > < 4 > ’

and therefore
b n+1 b n(n+1)
An-l—l = 7Tn+1 a a )
2 4

so that (10) becomes

L1 < n<b_2“>(n+1)<b;“>n. .

Following the notation used by Achieser [1, pp. 249-254], let

o= (=) (- 5) - (-20)

be a polynomial which is positive in (—1,1), and can have simple roots at
one or both ends of (—1,1). The polynomial w(z) is of degree 2¢ — 1 if
agq =00 and |ag| < oo, k=1,...,2¢ — 1. Set

s=3(v+1) (s,

1 1
(19) ak=<%+-> (ool <1, k=1.....2),
2 Ck.
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2q
e [ e >0
(19) L= 2
[cont.] 2—4+1H(1 —I—C%)I/Q(l +0102...62q)_1 (m = Q)'
k=1

We consider the weight functions
(1 — z2)P—1)/2

B ( x2)1/2
= e |

w(x)

and p(z) =

Let {wy(z)}}_, be the orthonormal system with weight p(z) that is obtained
by the orthogonalization of {x*}7_,. By Achieser [1, p. 251], the system of

monic polynomials {U, (z; W) bm>q of degree m in z,
2/v)  mi1-2q 20) w(z)
2(v) Q1 v)J1/jv—0v’
is orthogonal on [—1, 1] with weight function p(z). Hence
{WO(x)a Wl(x)a s awq—l(x)’ ﬁq(x; w)a R ﬁn(wi)}

is an orthonormal system with weight p(z) on [—1,1].
Since

o (50) = Lmﬂ{v?q—m—l

1
(1 — 22)1/2 N
bk = f W:ckwk(w) dr = ||&k|l2,p(2), k=0,1,...,q -1,

-1

and
! 1/2
1— .1:2 1/2 N -
bkk: f (a}l’))kak(l';W)dl‘: <2> Lk+17 k‘:q’”.’n,
-1
it follows that
n—q+ 2q
(20) Any1 = (H ||wkH2 p(w))( > 2 (n+q)(n—gq+1) H 1_|_C n—q+1
k=1
On the other hand,
1
I ir W
4= [ e s
- —p/2 1 l—x 12 _ P .
- <2> f 1/2 S(x;w) m
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Therefore
PR3

n qg—1
™
21 As = Ay — 2 2 2 (p— 1.
e =[N (3) T Ty oo
From (4), (20) and (21), we deduce the following result:
THEOREM 7. Suppose that

w(x)z(l—i)(l—é)...(l—;)>O

in (—1,1), and w(zx) can have simple roots at one or both ends of the interval
(=1,1).For every natuml number n > q, there exists a non-trivial polynomial
Qn(x) = Y }_ o arx® with rational integral coefficients such that

; 1—:U 1/2 P dx
f 1/2 Qn(x) (1—22)1/2
A T
T n—q+1
—(n+gq)(n—g+1)
<ty {(IIW% o) (3) e
2q p/(2n+2)
X H(l + C%)"_qﬂ}
k=1

) [z b+ (3) W n-a 1)

4. Theorem of Fekete’s type. As before we follow the notation used
by Achieser [1, p. 249]. Given a polynomial

o= (=) (- 5) - (- 20)

which is positive in [—1,1]. The degree of w(x) is 2¢ — 1 if ay; = oo and
lag| < oo (k=1,...,2¢ —1). We use the notation (19).
Let {wg(x)} be the orthonormal system with weight
1
() = S — a2

obtained by the orthogonalization of the system {*}. By Achieser [1, p. 250]

it is known that the system of monic polynomials {fm (zr;w)}, m > gq,

=y L e 2(L/0) g £2(v)
Totese) = {0 gt )

is orthogonal on [—1, 1] with weight p(z).
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Consider the orthonormal system
{“@($)7aq(x)7"'NUq—l(x)ij(xSQOa--'7j2(x;u0}
with weight p(z).

By Remark 2,
1 . k 1/(2n+2)
< 1
(22) _max e kzzoakx <(m+1)Mp1 AT,
where
(23) My 41
1 ~
= max{ max ws(:z)‘, max Ts(x;w)’}
—1<z<1 w(x) —1<2<1 |\ /w(x)
0<s<g-1 q<s<n

—1<x<1
0<s<qg—1

and A, is the Gram determinant of the system {z*}7_, with weight p(z).
Since

= HHD({ max

1
bkk = f Wk(.%‘)xkp(m) dr = ”akHZp(m)a k= O, RN 17
-1

and
PN " 1/2
bk :_j; Tk(fU;W)w(x)(l EpNYE dv = (mLyLkt1)"", k=g,
we have
(24) An-ﬁ-l
q—1 1 2q
_ ~ 2 ) n—q+1 o—n’+(q—1)2 2\n—q+1
= w )7 2 D 1+¢ .
(gywmu oo L0+

From (22)—-(24), we have thus proved the following:

THEOREM 8. Suppose that

o= (=) (- 2) - (- 20)

is positive in [—1,1]. For every natural number n > q, there exists a non-
trivial polynomial Q,(z) = 22:0 apx® with rational integral coefficients
such that
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e, | ZW
1
< 1
< (n+ 1) max _max uj($)ws(:t7) ,
0<s<qg—1

2 1/2 2 1/2
<> (1—|—Cl...62q)_1/2, <> }
™ ™

q—1

—~ _ 2 _ 2

X {(H ||wng,p(w)>ﬂ-n attgmniH(a—l)
k=0

1 2q 1/(2n+2)
[Ta+ ci)““’“} -

1+Cl---02q 1
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