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1. Introduction. Let P(n) denote the largest prime factor of an integer
n > 1, and P(1) = 1. For real numbers z,y > 2, let S(z,y) ={n:1<n
<z, P(n) <y} and u=1logz/logy. Also, let

U(z,y) = Z 1 and Yy (z,y) = Z 1.
neS(z,y) VL(ES()%Z{)
n7q =

Estimates for the function ¥(z,y) are needed in various problems in num-
ber theory and the study of the function has been the object of numerous
articles. Thus de Bruijn in [1] established the quantitative estimate

(L1) v(2.9) = zofu)(1+ 0 EL L)),

for the range > 3, exp{(logz)®/8+¢} < y < z, where ¢ is any fixed
positive number, and o(u), the Dickman—de Bruijn function, is defined as
the continuous solution of the system

olu)=1, 0<u<l,
wo'(u) = —o(u—1), u>1.

Recently Hildebrand [7] showed that the asymptotic formula (1.1) remains
valid in the range

(1.2) v >3, exp{(log,z)”/**} <y <u,

where log, x = loglogx. More recently Hildebrand and Tenenbaum [8]
obtained an asymptotic formula for ¥(x,y) in the range = >y > 2.

The asymptotic behaviour for ¥,(x,y) has been studied by several au-
thors, including Norton [9], Hazlewood [6], Fouvry and Tenenbaum [4].
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Thus, it was shown in [4] that uniformly for

(1.3) x> x0(e), exp{(log,z)”/*t} <y <,
and 1—
logy ©
1 N<d o4
OgQ(q+ )— {log(u—i—l)} )
we have the estimate
v(q) ( <10g2 (qy) logy x ) )
1.4 U, (z,y) = —=¥(x, 1+0| —=—=—=>>=—],
(1.4) 4(7,9) . (z,9) Tog.y

where ¢(q) is Euler’s function.
We improved the above result (unpublished) by showing that

o) = A0, 1 4 oA+ Dloglut 1)) ]

logy
holds uniformly in the range

x > x9, exp{cilogzlogsz/log,z} <y<uz
and
w(q) < exp{calogz/log, x},
where w(n) denotes the number of distinct prime divisors of n.
Very recently Tenenbaum [12] improved the above result; he showed the
following result:
Let ¢ be an arbitrary positive constant. Under the conditions

P(g)<y<wm, w(g) <y el

we have uniformly

_ ¢(9) log(u + 1) log(w(q) +3)
(1.5) U, (x,y) = TW(:C, ) (1 + O( Tog 4 >>

The proof of the last assertion used a result in sieve theory. (For all
relevant literature on the functions ¥(z,y) and ¥,(z,y), see [9] and [4].)

The purpose of this paper is to estimate ¥,(x,y) in a wider range in g.

Let g, denote the product of the prime divisors of ¢ that are < y. For
u > 1, let & = &(u) be the unique positive solution of e = ué + 1, and
&(1) =0, so that asymptotically

&(u) =logu + logy u + O(1).

Put 5 = p(z,y) =1 — &(u)/logy. Finally, let cg,cq1,ca,... denote positive
absolute constants.
We now state our main result.

THEOREM 1. For
(1.6) v >10(e), (logz)'** <y <u,
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(1.7) w(gy) < y'/?,

we have uniformly

18 Ty = [] <1—p-ﬁ>w<w,y>{1+0(

plg, p<y

log(w(qy) +3) )
log(u+ 1) logy

+O(exp(~(log ) |
Moreover, if
(1.9) w(qy) < exp{cslogy/log(u+ 1)},
then the first error term in the right-hand side of (1.8) may be replaced by
O(log(w(gy) +3)/logx).
From Theorem 1 we shall deduce the following corollary:
1/2

COROLLARY. For z, y satisfying (1.3) and w(qy) < y'/*, we have uni-

formly

)= ] (1= 4 oot (E02600)

pla,p<y X{1+O<W>}.

Remark. From Theorem 1 we know that (1.5) in the ranges (1.6) and
(1.9) is a consequence of (1.8) and Lemma 10 below.

2. Estimates for II(y,s). We write the complex variable s in the form
s = o + it with real o and t. Let
O(y,s)= [[=p)"" y=[+1/2
Py
o(t) = log™ ([t] + 2) logy ([t] + 3),
and let ((s) be the Riemann zeta-function.
LEMMA 1. There is an absolute constant c4 > 0 such that:
(i) In the region o > 1 —ca/o(t), ((s) # 0.
(ii) In the region |t| > 1, 0 > 1 —c4/0(t),
((s) < Tog™(Jt] +2) logy*([t] + 3).
(iii) In the region |t| > 1, 0 > 1 —c4/20(t),
log ((s) < log®/3([t| + 2)logy*(|t] + 3).
Proof. By Richert [10], we have for 0 < o <2, ¢ > 2,

C(s) < (1 + 1000002y (1og 1)2/3,



306 T. Z. Xuan
From this and applying Theorems 3.10 and 3.11 of Titchmarsh [13] with
o(t) = 22 1og, t, 0(t) = (log, t)?/3/(log t)?/3, the lemma follows.

To show Theorem 1 and Corollary, we shall need the estimate for the
quantity I1(y, s). Saias [11] proved that the estimate

(1-s)logy _1
(2.1) I (y,s) = logyexp {’y—i— f 5 dv}
0

1
holds uniformly in the range

y>2, max(l— (logy)?°7¢,3/4) <o <2, |t|<L(e),

where ¢ is any fixed positive number and

(2:2) L(e) = exp{(logy)*/°~°}.
From this we also have
(2.3) I(y, B +it) = exp{y + 1({(uv)) + w(u, —itlogy)}
x (—€(u)C(B+it))(1+ O (L(e) ™)),
where
(2.4) 1) = [ evv_ Lo,
0
and
Z pb(u)tv
(2.5) w(u, z) zof mdv'

In [8], Hildebrand and Tenenbaum have given an upper estimate for
II(y,s), but insufficient for our purposes. The following lemma gives a
stronger upper bound for I1(y, 5+ it). The method of proof is based on the
method of Vinogradov [14].

LEMMA 2. For 2 <u < L(¢) and t > 1/logy we have uniformly

— 1/10)ut?
2. w(u,—itlogy) - ( ]
(2.6) e | < exp A-p2+i
Proof. Let usset n = 1— 08 = &(u)/logy and a(t) = a(t,u,y) =
Re w(u, —itlogy). Then
tlogy .
£ — W ;vcosx—g(u)smmd .
a(t) = e df £2(u) + 22 v
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We first consider the case u > ug (ug sufficiently large). Using integration
by parts we obtain
27)  a(t) = 5@ { tlogysin(tlogy) + &(u) cos(t log y)
€2(u) + (tlogy)?

1 t2
‘am*OQw+wer
O8Y 12 i g 4 (14 &(u))xcosz
: (@) + 222 dx}'

Again using integration by parts we deduce that the last integral on the
right-hand side of (2.7) is

< 2¢(u)(tlogy) sin(tlogy) N < t2 )

— (&) + (tlogy)?)? (2 +1?)&2(u)

Put tané = t/n. Then from (2.7) and (2.8) we get

(2.9) af(t) < ef<u>{

+2

(2.8)

1
cos (tlogy — 0) — —

N t2§ §(u)
28 (u)(t log y) sin(tlogy) t?
(&%(u) + (tlogy)?)? +O((??2 +t2)§2(U)>}'
If t > n, from (2.9) we obtain

oz -3 ot ot ) ) < e

If 6/logy <t <mn, we have sin(¢ logy <1 < (tlogy)/6. Hence, from
(2.9) we have

(t) < f(“){ ! v 41 v +O< v >}
a 6 _—— — _— . — —_—
- 3 (P +2)Ew) 7 (0?4 #2)E(u) (n? +12)€%(u)
~ (1/10)ut?
772 + 2
If 7/logy < t < 6/logy, then sin(tlogy) < 0. From this and (2.9), the
desired estimate (2.7) is derived at once.
Finally, if 1/logy < t < 7/logy, then cos(tlogy — 0) < cos(w/4) =
1/+/2. From (2.9) we get

" n? t2 (1/10)ut?
“”Sé”{‘am+ﬁ>+OQw+ﬁﬁwQ}§‘7ﬂ+ﬂ'

Thus (2.6) is proved in the case u > ug.
In the case 2 < u < wug, we have to show that a(t) < 1, which follows
easily from (2.9).
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This completes the proof of Lemma, 2.
LEMMA 3. For 2 <u < L(¢) and 0 <t < 1/logy we have uniformly
a(t) < —cou(tlogy)?,
where cq is a sufficiently small positive number.

Proof. It suffices to show
t2
F(t) := a(t) + coet™ <5(“3> <0.
n

By definition of a(t) and the condition 0 < tlogy <1, we have

2

t(1-— (5/6)
F'(t) < 8w — 2¢o
From this and noting that 1 +¢2/n* <1+ { 2(u), £(u) > €(2) > 1.25 and
¢o has been chosen sufficiently small, we obtain F (t) < 0 for ¢ > 0. This

provides the required inequality.
LEMMA 4. For 2 <u < L(¢) and |t| < 1/logy we have uniformly

w(u, —itlogy)

et (;) _ e <5Q<u> —nzgu) + 2) 2 Ou(tlos ).

Proof. Write
an

a?w(% Z)

By the definition of w(u,z), we have wo(u) = 0, wy(u) = W1 (u),
wo(u) = —e8W(&(u) — 1)672(u), and (0°/02%)w(u,z) < u. From this and
Taylor’s theorem, the lemma is derived at once.

Remark. From Lemmas 1, 2 and formula (2.3) we have for 1/logy <
|t| < L(e), and 2 < u < L(e)

111 (y, B+ it)] < exp{I(§(u)) — crout®/((1 = B)* + 1)}
x {(log([t] +2))*® (logs (|t] + 3))"/* + 1/t}.

This improves on a result of [8].

3. Estimates for (g, s)™'. Let

olgy,s)= [ a-p )"

plg, p<y

If w(gy) > 2, we choose K so that 7(K,) = w(gy), where m(x) denotes the
number of primes not exceedlng z. If w(gy) <1, we put K, = e. Hence, we



Integers with no large prime factors 309

have

log K, =< log(w(gy) + 3).

We need some estimates for ¢(g,,s) .

LEMMA 5. For u > 2, |t| < (u!/3logy)™!, and w(q,) < y*/?, we have
uniformly

(3.1) play, B+it) " = p(ay, 6) "1 (1 +itA+ O(1*A7)),
where A = A(qy, 3) is a real-valued function, and
A <M (ug(u)'? (log K4/ logy) =: Ag.
Proof. We have

W — (HATO(?B)
©(qy, B)~

say,

where

Z Z 1055’ Z Z mlog p‘

plg, p<y m= 1 P plg, p<y m=1

We first estimate the quantity A. If exp{cslogy/log(u+1)} < w(q,) < y'/?,
by partial summation and the prime number theorem we obtain

32 A< Y logp_ f 1ngd7r( )<<e"1°qu+f dz

p<K, Z
< nlentoe ke « n_l(uf(u))l/Q(log K,/logy).

This provides the desired estimate.
If w(gy) < exp{czlogy/log(u+ 1)}, we have

log p log p
(3.3) A< ) <) —= <logk,.
p<K, p<K,

This provides a stronger estimate than the assertion of the lemma.
Similarly,

K

1 1

(3.4) B < E og P« f OZ%Z dz + ™8 Kalog K,
p<K, 2

<n 'log qu"bqu <0 Mlogy(ué(u))'/?,
since t2B < 1, for |t| < (u'/?logy)~', so we have
ltA+O(t B) _ =1 +ZtA+ O(tQAO)

This completes the proof of Lemma 5.
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LEMMA 6. For u > 2, [t| < 1/log K4, and w(g,) < exp{cslogy/log(u +
1)}, we have uniformly

(1) @(gy, B+ it)~" = p(gqy, B) " (1 +itA; + O(t?log® K,)), where Ay =
Aq(qy, B) is a real-valued function, and Ay < log K.
(ii) Fr(gy. B+ it)" < @(qy, 8) " log K.
(iii) %‘P(qu B+it) !t < olgy,8)7! log” K.
Proof. It is similar to the proof of Lemma 5.

LEMMA 7. Foru > 2, [t| < 1/logy, and w(g,) < y*/?, we have uniformly
gy, B+1it) " < p(gy, B) " exp{O(u'*(tlogy)*)}.

Proof. We have
o(qy, B +it) < exp{0<t2 Z Ogﬁp>}
<k, P
P=Kgq

oy, )"

< exp{O(ul/2 (tlogy)*)}
as wanted.

LemMMA 8. (i) If u > 2 and w(q,) < y'/?, then we have uniformly

oay, B+it) " < play, B) " (log”y)e? V™.

(i) If u > 2 and w(gy) < exp{cslogy/log(u+ 1)}, then we have uni-
formly

o(qy, B+ it)_1 < (qy, [3)_1 log2 K,.
Proof. We have
- 1
o(qy, B+ 1it) l« exp{ Z pﬁ}
P<Kqy

In the case (i), by partial summation and the prime number theorem we

obtain

1 1
> — <log O(u'/?)
8 = _ 9
pﬁKq p 1 IB
hence
(qy, B+ it) " < (logy)e®V™.
Similarly

¢(qy, ) < (logy)e®V™.
These provide the desired estimate.
In the case (ii), we have

> plg =y ;(1+0((1—6)10gp)) = loglog K, + O(1).

pSKq pSKq
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Hence
olqy, B+it) !t < log K,.
Also

¢(qy, B) < log K.

These provide the assertion.
This completes the proof of Lemma 8.

LEMMA 9. For u > 2 and w(q,) < y*/2, we have uniformly

‘P(Qy)/Qy < @(va ﬂ)_leo(ﬁ)‘

Proof. We have

1
elgy) <l
4y ‘P(anﬁ)

1 1
2= ¥ (53)
p p
pla, p<y
By partial summation and the prime number theorem we obtain

where

K
qnlogzil d
E<<f & ) z
5 z log 2z
1 w nlog Kq
-1 w—1
= [ ° dw+ | dw < V.
nlog2 w 1

This provides the desired estimate.

311

LEMMA 10. If w(qy) < exp{cslogy/log(u+1)}, then we have uniformly

play,8)"" = SDEZ;’) <1 +0 <log(u Lglllog Kq))

Proof. By the same argument as in [8, p. 289], we obtain

o< 11 (m(-1) a(-2)

plg, p<y

Sﬁfldcfj{ > log(l—pla>}d0

pSKq

1 g Ra s g
:(1+O< >) 1l ds + O(n) < nlog K.

logy g S

From this, Lemma 10 follows.
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4. Application of the sieve methods. Let

(4.1) Ny(x)= > 1:33{@;(1)—1—]%(1(33)}.

’I’LSI, (n7Q):1

In this section we first give two lemmas on Ny (z), which are obtained by the
fundamental lemma of the sieve. Then we apply these results to estimate
the integrals

oo

u—2
Li= [ IR @dv,  Is= [ [Ry(y")]e"s dv.
> u—2

LEMMA 11. If ¢ > 1, P(q) < X and r = log X/log(w(q) + 3) > 2, then
we have uniformly

(4.2) Nq(X) = X('OSIQ){l + O(e—(3/5)rlogr) + O(e_(1/2)\/@)}.

Proof. This is a simple modification of Tenenbaum’s argument in [12].
We apply the fundamental lemma in the form given in [5, Ch. 4, Section 8].
For any z < X and s = log X/log z we have

(4.3) qu (X) — XSOE]q){l 4 O(efslogerslog2 35+2s) + O(ef\/@)h

where ¢, = le g.p<=P- We may assume that X is a sufficiently large pos-

itive number, the result being trivial otherwise. We select z = (w(q) +
exp +/log X)3/2. This implies z < X, since r > 2. We also have

() )

- (qu){l + O(e~(W/2VIes X))

By (4.3) and (4.4) we obtain

N,

qz

(x) = x 2@ (1 | (e G/oriosry 4 o(e-/2VIER)).
q

Thus, to finish the proof of the lemma, it suffices to show
N, (X) — Ny(X) < Xe~ /210X
The left-hand side equals
S MONLX/ <X S )

dlq/qz,d>1 dlq/q-,d>1

From this, the above estimate is derived at once.
This completes the proof of the lemma.
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LEMMA 12. For P(q) <y and v > 2, we have uniformly

(4.5) Nq(yv) — y”@;q){l + O(e*(l/&'))vlogv) + 0(67(1/2)v10gy)}.

Proof. We apply the fundamental lemma in the form given in [3]. For
any z and s > 1 we have

Ny (X) = X(p(g:)/a:){1 + O(s7*/%)} + O(=°).

Now, upon selecting X = y¥, z = y, and s = log v/ X /log z = v/2, the result
is derived at once.

Next apply Lemma 11 to estimate 4.
LEMMA 13. If ug < u < (logy y)?, then

¢(q) log(w(q) +3)
logy

Proof. Let vy = 2log(w(q) +3)/logy. We write I4 = [41 + I42, where
141 corresponds to the integration range —oo < v < vg; we have

Vo N v
Iay < et f <‘1(y) + 4,0(61)) dv
0 q

yU
1., el
2 n+0q}'

n<yvo, (n,q)=1

(4.6) Ih < exp{u?’/?'}.

The sum over n is

< ]I (1+;><<vology 11 <1—;>

p<yY,ptq plg, p<yv

< vo(logy)(p(q)/a)-

Hence
1 3
Ly < (uz)w(Q)_ og(w(g) +3)
q log y

This is acceptable.
For 149, applying Lemma 11 we have

11 1 logy ©(q)
v — — vl - 3~
Ry(y") < exp{ 10"7%" 7 20 " log(w(q) +3)} q

1
+exp{ — gvlogy}(pEIQ).

So for u < (log, y)? we obtain

u—2
(10((]) . log(w(q) =+ 3) f 6—(11/10)vlogv+v£(u) dv.
q

logy

T4 <

Vo
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If v > w20 then (11/10)logv > (26/25)¢(u). Hence the last integral
is < exp{u?%/?'}. The desired result (4.6) now follows on collecting these
estimates.

LEMMA 14. If ug < u < (log, y)?, then

1 3
logy
Proof. For u —2 <wv <logy/(logs y)3, it is easily seen that

6_(1/2)\/ log yv < 6_27)'5(“) (]Og y)_Q‘

Thus from Lemma 11 we deduce that

(4.8) |R (yv)| < (p(Q) . log(w(Q) + 3) e—(l.OS)vf(u).
¢ logy

If v > logy/(logs y)3, applying Lemma 12 yields

(49) |Rq(yv)‘ < @{e*(l/xﬁ)vlogv + e*(l/S)Ulogy}
q

SD(Q) . log(w(q) + 3) 6_2U€(u).
q logy
Now (4.7) follows from the above two estimates.

<

5. Proof of Theorem 1: the case u < (log, y)?. Let

z [T o(u—v)dR,(y"), xeR\ZT,
Ag(z,y) = Joo ol ) dRq(y") +\

Ag(xz+0,y), reZr.

Recall that 7(K,) = w(gy) for w(gy) > 2 and K, = e for w(gy) < 1. By

formulas (5.4), (5.5) and (5.8) of [4] we have

WQ(way) = AQ(x7y) + O(L(€/2)_1W(a;, y) H (1 +p—ﬁ+c/logy))7
pSKq

where L(e) is defined by (2.2).

It is easily seen that the product over p < K, is < exp{(log, y)3}. So
we obtain

(5.1) Vy(z,y) = Aq(z,y) + O(W(z,y)L(e) ™).

We give the main steps of the proof of Theorem 1 in the form of four
lemmas.

LEMMA 15. (i) For u > 2 and T > ™) we have uniformly
(5-2) o(u) = &7~ IHIEWD) I (u) +- O(1/T),
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where

1 T eitu+w(u,—it)

(5.3) J(w) = 5 I e

dt,

and where 1(z), w(u, z) are defined by (2.4), (2.5), respectively.
(ii) Foru>2,0<v<u—2and T > ef() we have uniformly
(5.4) o(u —v) = Y TuEHIEW) Ve | (y ) 4 O(1/T),
where
1 T eit(u—v)-i—w(u,—it)

(5.5) K(u,v):%_a[ e dt.

Write
(5 6) / ( ) 1 f, 6itlogaUer(u,fitlogy) ( g(ﬁ ))d
: ,Y) = o5— - —(— +1t)) dt
! 2r (B +it)elay, B +it)
and
(5.7) Q(u) = )W FI(Ew)

LEMMA 16. For up < u < (logy y)?, w(gy,) < y*/? and 1/1logy < T' < 1
we have uniformly

(5.8)  Ag(z,y) = 2Q(u)§(u)lg(x, y)

+0 <LZ/(90, y)cp(qu ﬁ)—le—cuu/logQ(qul)

o (loslwlay) +3) 1 .
logy T"logy

1 T; et log z4+w(u,—it log y)

o B+ it
—C(B+it) —C(ﬁ+z‘t)> ..
) <@(Qy7ﬁ+it) ¢(ay, B) d (=12,

where 71 = 1/logy, T> = 1/log K.
LEMMA 17. For z, y satisfying (1.3), u > ug and exp{cslogy/log(u +
1D} < w(gy) < y'/? we have uniformly
(5.10) H{V (z,y) < ¥(z,y)¢(qy, 8)" (log Ko/ (log ylog(u + 1))).
LEMMA 18. For z, y satisfying (1.3), w(qy) < exp{czlogy/log(u + 1)}

and u > ug we have uniformly
(5.11) H (2,y) < ¥(x,y)p(ay,8) " (log Ko/ log ).
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In the case ug < u < (logsy y)?, where ug is a sufficiently large absolute
constant, Theorem 1 follows easily from these lemmas and (5.1). In fact, by
Lemma 16 with 77 = 1/logy and (5.1) we have

1/logy et log z+w(u,—it log y)

Ty, y) = £Q(u)(u) — (=8 + it)) dt

2T | oy BT i)elay, B it)

+OW(x,y)p(qy, B) temenw/log*(utD)y,

When ¢ = 1, the last formula remains true. From this and Lemma 17, the
desired estimate (1.7) is derived, when we assume exp{cs logy/log(u+1)} <
w(gy) <y'/2.

If w(gy) < exp{cslogy/log(u+ 1)}, (1.7) is proved similarly.

If 1 < u < ug, the assertion of Theorem 1 becomes, by Lemma 10,

(512)  Wylny) = Sp(zy) W (z,y) (1 e <1°g(°‘1£)qu; +3) ) >

We first dispose of the case y*/¢ < w(gy) < y'/2, where C is sufficiently
large absolute constant. The desired estimate (5.12) follows from

Py(z, ) < 7(p(q)/q)x

(see, for example, [5, p. 104]).
We may therefore suppose w(g,) < y*/¢. By the definition of A(z,y) we
have for x € Z™,

u

Ag(z,y) =z [ olu—v)dRy(y")

— vo(u— )Ry e+ [ Ryly) (u—v)dv.

By Lemma 11 the first term of the right-hand side equals
zo(u)(p(ay)/qy)(1 + O(log(w(gy) + 3)/ logy)).

By Lemma 11 we also deduce that, in the same way as in the proof of
Lemma 13, the second term is

< wo(u)(¢(9y)/ay)(log(w(gy) + 3)/logy).
By the above estimates and (5.1), (5.12) is proved for the case considered.
Proof of Lemma 15. By (1.9) of [2] we have
1 100
o(u) = — f ) g (uw > 1).

—100
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From this and (3.3) and (3.4) of [2] we obtain for T'> 1, u > 1,

iT
1
_ y—uz+1(z) 1/T).
o(u) 27rz'_;,£ e dz 4+ O(1)T)
Also,
L cost — 1
ReI(iT) = [ ——dt=—logT +0(1)
0
and
§(u)
I(o+1iT) - I(iT) < T f e"dr < 1,

0
ifT>ef™ and <o < &(u). So we have
o(u) = e%u&(u)JrI(&(u))j(u) +0(1/7),

where
T
Tlu) = — eltutI(€(u)—it)=1(&(w)) g¢.

Obviously,

‘ st §(u)
I(E(u) —it) — I(E(u)) = ————dw+log | ——~—— |.
(€(w) ) (&(u)) Of £(u) +w g<§(u)—lt>

From this and the definition of w(u, z) we have J(u)=J(u), which proves (i).
The proof of (ii) is similar.
Proof of Lemma 16. Write T* = T" log y and
T
(5.13) K(u,v) = f + f = Ki(u,v) + Ka(u,v), say.
T TU<<T
By the definition of A,(x,y) we have for & ZT,
u—2
(5.14) Ag(w,y) = 2Q(u) [ K (u,v)dRy(y")

—0o0

u—2

+ zQ(u) f "W Ky (u, v) dRy (y°)

— o0

u

rr [ otu-vdr)+0(5 [ lar)

u—2
=G+ Gy +Gs3 + O(G4), say.
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We first estimate G. Changing the order of integration and using inte-
gration by parts we get

(5.15) Gy = xQ(u){

) 1, () 1 2600 R (472) 1, (2) Jz},

where
1 ztb+w(u —zt)
Ji(b) = [ (2<b<u)
A A )
and
1 u—2
_ - itutw(u,—it) v ,v(&(u)—it)
Jy = 5 f e £(u){ f R, (y")e dv}dt.
T* <|t|<T %

By using integration by parts again we further obtain

f e e
t=T*

< efcuu/ log? (u+1) (T*)f

For Js, changing the order of integration, then using integration by parts
twice we see that the inner integral is

ew(u,—it)

t

w(u,—it) ‘U

(5.16) Ji(b) <«

T
) g dt
f ew(u,—zt) 6'Lt(u—v—1)

< emenu/log k) 4 (Eg(y) §u) — it
u)—1

T*
< e—cnu/ log? (u+1) ]

From this, and Lemmas 13 and 9, we get
u—2

(17) TS [ R ()] dv

< $(gy, ) (108 K,/ Tog y)e 12w/ 108"t D),
Combining (5.15)—(5.17) with (4.8) and using Lemma 9 we obtain
(518) GQ < W(.’E, y)@(q:,;, ﬁ)*lefclzu/ 10g2(u+1)
1 log K,
= =F .
X(T* + log y > 1, say

Also, by Lemmas 13 and 9 we easily get

(5.19) Gs3 < Fy.
Now we turn to estimating G4 in (5.14). We have
x 1
(5.20) Gi < > ~

m<y4, (m,q)=1
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1 1\ !
<<xH<1+> I1 <1+>
r o, p) D
p<y p<y“,plq
< 2T (ulogy)(v(gy)/ay) < Er
if T = %) (log? ). Combining the above estimates yields
(5.21) U(x,y) = G1 + O(Ey).

To finish the proof of the lemma, it remains to estimate G;. Changing
the order of integration (with ¢ replaced by tlogy) we have

1 T’ eit log z4+w(u,—it log y)
(5:22) G = wQu)E(w) 5 .
™ n — it
Iy Al
u—2
x{ [ eretammesn ap, )} a.
By Lemma 4.4 of [4] we have
" v(&(u)—itlo v - gu_ltlogym R m v
[ estenng, ) = 50 ECOZROEDT [ a1
— o0 m=0 : —00
1\ (=0 +it)¢(B +it)
= J] (1-=5 : :
pP-it B+t
plg, p<y

which implies that the main term of Gy is xQ(u)&(u)l4(z,y).
We denote the error term of G; by G}. By using integration by parts
and (4.9) we obtain

T/

’ i gitlog z+w(u,—itlogy) —(u—2)&(u) u—2
(5.23) G — 2Q(WEW) o _&[ p— e Rq(y ) dt
1 o0
— 2Q(u)é(u)(log y)ﬂ f "SR, (y)
u—2

T/
1 it(u—v) log y+w(u,—it logy)
x{% f e dt ¢ dv

Iy Al
= Glll + G/127 say.
By Lemma 3 we easily get

1/logy
L f eit(ufv) log y+w(u,—it log y) dt <

g —1/logy lOgy
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Now suppose that 77 > 1/logy. By using integration by parts twice and
using Lemma 2 we get

i f eit(u—v) log y4w(u,—it log y) dt < e—cnu/ log? (u+1) 1 )
T logy
1/log y<|t|<T’
Thus, the above estimates and Lemmas 14 and 9 yield

(5.24) 12 < 2Q(u)é(u)(Ip)
-1 _—ciiu/ logg(u—f—l) IOg(w(Qy) + 3)

W _—
L U(z,y)plqy,B) e logy

Similarly, we also have

1 1
(5.25) Gy < Uz, y)p(qy, B) e v/ los" (utD) Og(wh()qu; +1)

From (5.21)—(5.25) we obtain (5.8) and the proof of Lemma 16 is complete.

Proof of Lemma 17. To prove the lemma we need the following
result (see, for example [13, p. 16]):

1
(5.26) ((3)271+7+O(|8—1\), It <2, 0<0<2, s#1.
s [R—
Moreover, it is easy to prove that

(5.27) ()=~ 4 O(), <2 0<0<2 s#£L

(s—1)
We divide the range of integration into two parts: |t| < Ty and Ty <

[t| < 1/logy, where Ty = (u'/3logy)~"', the corresponding integrals being

denoted by H; and H,. By Lemmas 3 and 7 we have

(5.28) Hy < 2Q(w)€(uw)p(ay, 5)~'n~"

1/logy
% f e crru(tlogy)? LO(Vu(tlogy)?) g

To
—1_—cyzut/?
< W(way)@(%u@) 16 1 .

Now we estimate H;. Lemma 4 yields
(529) eit log z4+w(u,—itlogy)
1/2 t1 2 it t? 3
= ¢~ (1/2)w2(uw)(tlogy) {1 o +O<7]2 + O(u(tlogy)?) ¢.
Expanding ((5 + it)/¢(B) in the Taylor series, we get

(5.30) C(B+it) = g(,@){1 n Cc/((g)) (it) +O<f;> }




Integers with no large prime factors 321

where

By Lemma 5 we have

(5:31)  wlgy, B+it) " =gy, )" = @lay, )" (itA+ O(t* AP)).
Also

1 _ 1/, @ 2
(5.32) 6+z’t_5<1 5ot )).

Collecting the above estimates we deduce that the integrand is
(5.33) gy, B)~ e~ 1/2wa(w)(tioxy)’ <—Cﬁ(ﬁ)>
x{itA+ O(t*Aon ") + O(FAR) + O Agn™")
+O(u(tlogy)*(tAo)) + O(u(tlog y)(t40)*)}.

We now integrate the last expression over the range |t| < Tj to get

H{D(z,y) < 2Q(u) (‘%jﬁfgf ))

<\ aw (Ifg?y e oe) )

It is well known that (for example, see (2.7) of [8])

o u(u)+I(E() L
2mu

U(x,y) ~ xo(u) ~ as u — oo.

Also, by (5.26),
—£(w)((B) _

— Y ~

Blogy
Thus, the desired estimate (5.10) is derived.

Proof of Lemma 18. We divide the range of integration into three
parts: [t] < Ty, Ty < |t|] < 1/logy, and 1/logy < |t| < 1/log K4, the
corresponding integrals being denoted by Hi, H5 and Hj;. Write
ew(u,—itlogy)(_g(ﬁ + lt))

2() = B+ it

and

O(t) = p(ay, B +it) " — ol 0)".
Thus, H} can be rewritten as

HY = 2Q(u)€(u) — 1l Z(t)D(t)e 18" dt.
1/ logy<|t|<1/log K4
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We have
iZ(t) — ew(u,—it log y) eg(U)(_i 10g y) . _C(ﬁ + Zt) e—z‘t logy
dt &(u) +itlogy B+t
+ ew(u,—itlogy){ 74-/(/6 + Zt)Z + 7((& + Zt)(l)}
B+ it (B + it)?
= Zi(1)e %Y 1 25(0), say.

By Lemma 2 and (5.26), (5.27) we have for 1/logy < |t| <1,

Z(t) < tflefcuu/ Iog2(u+1)’
Zi(t) < t~2ecnv/log” () 9

and
d 2
Z7(t t_2 —c1i1u/ log (u—i—l)‘
g2 <t e
Similarly
d
- Zi(t) < t8emenu/log* (utl) ;1 o
By using integration by parts twice and by Lemmas 2 and 8 we obtain
(5.34) Hy < W (3, y)¢(qy, 8) " e/ 105 04D (log K, / log ).

Now we turn to H) and H{. We proceed as in the proof of Lemma 17
for H, and H; but using Lemma 6 instead of Lemmas 7 and 5. We obtain

_ —c u1/3
Hy < W (z,y)¢(qy, 8) " (log K4/ logy)e '

and
H) < ¥ (x,9)¢(gy, 8)*(log K,/ log ).

This provides the desired estimate.

6. Proof of Theorem 1: the case u > (log,y)?. We shall use the
following notations:

@(y7 5) = log H(ya 8)7
ak
dsk(y) S) = @Qs(y? 8)7 k > 07

Ok = ék(y)ﬂ)) k > 0.

We notice that Lemmas 4, 8, 9, 10 and 13 of [8] remain true if « is
replaced by (3, where a = a(x,y) is defined by (1.11).
Using a variant of Perron’s formula and Lemma 9 of [8] and our Lemma 8
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we get
B+iT

1 I (y, s)

(6.1)  Yy(x,y) = 5= f ds
2
i 5P s)
+ Ofare ™S ED (log y)p(q,, §) 7 (T) /2 4 e/ 108" (1))

where

T= (¥, e/ 0) =2 and Y. = exp{(logy)*> ).

Now we suppose that w(g,) < y'/? (the proof for the case w(q,) <
exp{cslogy/log(u + 1)} is similar). By Lemma 8(ii) of [8], our Lemma 8
and the condition u > (log, y)? we further have

B—i/logy B+iT
1 I (y, s
6o LT e,
27 _ A 50(qy, 8)
B—iT B+i/logy

< ze " I (y, B)p(gy, ) (log® y) (log T)e~crrv/loe”(ut)

< U(x,y)p(qy, B) e/ oe (D),

Thus we obtain

B+i/logy

1 sTT
(6.3) Vy(z,y) = i x((y’s)) ds

7TZ B—i/logy sp\dy, S

+ O (z,y)p(gy, B) ' (log™ " x)).
When ¢ =1, (6.3) gives

B+i/logy
/ xs

1
64)  Wley) =5 92 g 4 O (,0)/ 108" ).
B—i/logy
Write
B+i/logy
T 1 z*11(y, s) -1 -1
(6.5) Hy(w,y) = i 4/& . (play,s)” —play, B) ") ds.
—1i/logy

We first estimate the contribution of the range [t| < T, (recall that
Ty = (u'/3logy)~!). Expanding the function ®(y,s) in a Taylor series
around ¢t = 0, we get

t2
D(y, s) = og + itoy — 502 + O(t303).

We further get
2 I (y, s) = z1(y, B)e =1/ 01 4 O(t(logz + o1)) + O(t3a3)}.
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By Lemma 13 of [8] we easily get
logz + o1 = O(uL(e)™!) + O(1).

Thus, Lemma 5 shows that

W(@(qm)_l —¢(qy, 8)"")

= ze "M [1(y, B)(qy, 5)7167(1/2)902
x {itA+ O(t2A%) + O(t(uL(e) ™' + 1)tAg) + O(t3o3tAg)},
where A is defined by Lemma 5 and A < 7~ (ué(u))*/?(log K,/ log y). From

this and Lemma 4 of [8] we find that the contribution of the range [t| < Tj
is

e . 1 log K, 1
(6.6) < e 1I(y, B)e(ay. B) Jilogy <log(u + 1)q10gy + L(a)>'

It remains to estimate the contribution of the range Ty < [t| < 1/logy.
By Lemma 8(i) of [8] and Lemma 6, this contribution is

1/logy
67  <awe Oy, Ap(q, B [ eTeuntEn (¢ Ay) dt

Ty

173 log K
< me—u&(ﬂ)ﬂ(%B)So(qy’ﬁ)—le—cmu /3 10g 14

(logy)?’

By Theorem 1 of [8] we have

1
v = ze (W T —_—
(z,y) = e (v, ) Jilogy
From this and (6.3)—(6.7), the desired estimate (1.8) is derived in the range
considered.

7. Proof of Corollary. The Corollary is an immediate consequence of
Theorem 1 and the following lemma.

LEMMA 19. For x, y satisfying (1.3) we have uniformly

e s S50 (140 (L)),

Proof. First, consider the case 1 < u < ug. We have

_%(ﬁ))g;ﬁ) _ <1+0(1°g1(:g;1))> _ 1+0<10;3>.

The estimate (7.1) clearly follows from this and (1.1).
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We may therefore suppose u > wg. From (5.1) and Lemma 16 with
T’ =1 and g = 1, we have
1 1 eitlogm+w(u,7itlogy)

(72) ¥(a,y) =2QMu)E(w) [ T

1 1
9] —ciqu/ log? (u+1)
+ <ZCQ(U) <e logz + 7L(5) ,

where Q(u) is defined by (5.7).
Write

(—=C(B +it)) dt

1 b et log z+w(u,—it logy)

J(u.b) = o~ _{ —r dt.

By Lemma 15(i) with T = > (log ), we have for u > uy,
(7.3)  olu) = Q(u)E(u)J (u. Tlogy) + O(Q(u)e™ /1 " (1 log ).
We divide the range of integration of J(u,Tlogy) in (7.3) into the parts:

[t|] <1 and 1 < |t| < T'logy. Using integration by parts we see that the
contribution of the range 1 < |t| < T'logy is

< e~c1au/108°(ut1) (1 / 1og ).

Thus, we further obtain

(74) g(u) = Q(u)f(u)J(u, 1) + 0 (Q(u)e_cmu/ log? (u+1) k)ég;) .

To finish the proof of the lemma, it therefore suffices to show that

1

. ) 1 1
75 W = it log x+w(u,—it logy)F £) dt - s
(7.5) _{ ¢ (#)dt < Vulogy logz’

where

CBA+itp=1)  n—it
We divide the range of integration in (7.5) into the three parts: [t| < T,
To < |t| < 1/logy and 1/logy < |t| < 1. The corresponding integrals are
denoted by Wy, Ws and Wi,
For [t| <1 we have

F(t) = = (14 O = it]) + O() + 0(1)) — -~ = O(n),

F(t) = ¢(B +it) U

(7.6) it
F'(t)=0(1) and F"(t)=0(1/n).
From this, Lemma 2 and using integration by parts twice we get

(7.7) Wy < e~c14v/ log2(“‘H)(l/ log? ).
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By Lemma 3 and (7.6) we have

(7.8)

W < e~ (1/ log? ).

To estimate Wy, we expand F'(t) in a Taylor series around ¢ = 0, to get

F(t) = F'(0)(it) + O(t*/n),

where
d@ 1 1
Fro)=>r+—----x1.
D= "5
From this and (5.29) we obtain
1P
_ —(1/2)wa (u)(tlog y)>
(7.9) W= o [ e 2 gy
—To
x {F'(0)(it) + O(t*/n) + O(ut*log® y)} dt
1 1

< Vulogy ulogy’

The desired estimate (7.5) now follows on collecting these estimates.
This completes the proof of Lemma 19.
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