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Introduction. In [11], Shimura showed the existence of a correspon-
dence between modular forms of half integral weight and those of integral
weight which commutes with the action of Hecke operators, and he ex-
hibited some close relations between them. Using theta series attached to
quadratic forms, Shintani [12] gave an inverse mapping to the Shimura map-
ping. Following the ideas of Shintani, Niwa [7] reformulated the Shimura
correspondence by representing it as the inner product of modular forms
of half integral weight. This Shintani-Niwa’s theta lifting was generalized
to the case of holomorphic modular forms on the tube domain associated
with quadratic forms of signature (2,n — 2) by Oda [8] and by Rallis and
Schiffmann [9]. These liftings only concern the case of holomorphic modular
forms. On the other hand, Asai [1] and Friedberg [3] and [4] treated the
theta lifting for non-holomorphic modular forms. Thus, a question arises
whether we can generalize the Shimura correspondence to such forms.

The purpose of this note is to derive a correspondence ¥ between non-
holomorphic modular forms F' of half integral weight and those of integral
weight and to describe an explicit relation between the Fourier coefficients of
F and ¥(F). Our results yield some generalizations of Shimura’s result [11].

Section 1 is of preparatory character: we recall the definition of and basic
results on Maass wave forms of integral weight and half integral weight. In
Section 2, we summarize the definition and properties of the theta series
O(z, g) introduced in [7] and [12]. Using O(z, g), we construct a mapping ¥
of Maass wave forms of half integral weight to those of integral weight. In
Section 3, we introduce some theta series and we derive a transformation
formula for them. In that section we employ some methods of Niwa. We
verify that ©(z,g) splits into some simpler theta series. Niwa [7] showed
this decomposition only for diagonal elements g = (3 2) € SL(2,R), which
was sufficient for computation of the Fourier coefficients of the image of the
Shimura lifting of holomorphic modular forms of half integral weight. We
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368 H. Kojima

need the decomposition of O(z, g) for all g € SL(2,R). It plays an important
role in our later discussion.

In Section 4, using the results of Section 3 on O(z, g), we determine the
Fourier coefficients of ¥(F) in terms of those of F' for Maass wave forms F’
of half integral weight. Moreover, we show that ¥ commutes with the action
of Hecke operators. In Section 5, we study the cuspidal properties of the
image of V.

We mention that Gelbert and Piatetski-Shapiro [5] and Waldspurger [13]
generalized Shimura’s results to the case of an arbitrary global field in terms
of representation theory. Our results seem to be contained in their general
theory. However, we emphasize that our correspondence can be described
explicitly in terms of the Fourier coefficients of modular forms.

In [6], Hejhal obtained an analogous result to our Theorem 1 in a more
general form. His lifting by means of theta series is a mapping from Maass
wave forms with respect to Fuchsian groups with compact quotient space to
those with respect to Fuchsian groups with non-compact quotient. So there
is no overlap between Hejhal’s results and ours.

Finally, the author is indebted to the referee for suggesting some revisions
of this paper.

1. Notation and preliminaries. We denote by Z, Q, R and C the ring
of rational integers, the rational number field, the real number field and the
complex number field, respectively. For z € C, we put ¢[z] = exp(27miz) with
i = v/—1 and define \/z = 2'/? so that —7/2 < arg z'/? < /2. Moreover,
we put z%/2 = (21/2)" for every k € Z.

This section is devoted to summarizing notation and several facts on non-
holomorphic modular forms of integral weight and half integral weight (cf.
Friedberg [4] and Shimura [11]). Let GL* (2, R) (resp. SL(2,R)) be the group
of all real matrices of degree 2 with positive determinant (resp. determinant
one) and $ the complex upper half plane, ie., H = {z € C | Imz > 0}.
Define an action of GL™(2,RR) on ) by

2z 0(2) = (az +b)(cz +d)!
for every o = (¢ 3) € GL*(2,R). For a positive integer N, put

a,b,c,d € 7 and

az<(1) ?) (modN)},

a,b,c,d € Z and ¢ =0 (mod N)}

I(N) = {a: <CCL 2) € SL(2,R)

Ty(N) = {a: <Z Z) € SL(2,R)
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and SL(2,Z) = I'(1). For a function f on $ and a matrix ¢ = (¢ Z) €

GL*(2,R) and for a half integer k € (1/2)Z, we define a function f|[c] on
$ by
(1.1) Flloli(z) = (det )" (cz + d)* f(o(2))-
Now, consider a differential operator
0? 0? 0 0
1.2 D=0 = S+ -5 ) +hyi( 5= +iz ) +A
(1.2) y(8x2+8y2)+ yi ax—i-zay +

with z =z + iy € 9, where k € (1/2)Z and X € C. The following property
may be easily checked:

(1.3) (252 F)llole = 25 (fllo]r)

for every o € GLT(2,R) and all twice differentiable functions f on $.
Let k£ be a positive integer. We call a real analytic function f on $ a
Maass wave form of weight k with respect to I'(N) if:

(1.4) QP =0,
(1.5) fllolk = f for every o € I'(N),
(1.6) for all A € SL(2,Z), there is a 6 > 0 such that

FIlAle(2) = O@y°),

uniformly in z as y — oo.

We denote by G{N,k, A} the space of all such forms f. The subspace
S{N,k,\} C G{N,k, A} consists of functions f such that

(1.7)  for all A € SL(2,7), there is a fixed § > 0 with f|[A]x(z) = O(e™%)

uniformly in x as y — oo.

For a character x modulo N, we also set

Crr (N, x) = {f € G{N,k.\) ] Fllole = x(@)f

b
for every o = (CCL d) € FO(N)}

and
SeaA(N,x) = GeA(N,x) N S{N, k, \}.

Let Wy, ,, be a Whittaker function, a solution of a differential equation

82
<4y28y2 +(1- 4n2) +4my — y2> Wm,n(y) =0,

which goes to y™e ¥/? as y — 0o, where m € R and n € C. For ¢ = +1,
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y >0,k €Rand for A € C, set
w=((k=1)%+41)'/2/2,
(18) W(Eya k, >\) = y_k/2W€k/2,w(2y)a

((1-k)/2-w) if w#0
ko)=Y 1 ’
u(y, ; ) {y(lk)/2 logy otherwise.

The following lemma is given in [4].
LEMMA 1.1. Let F' € G{N,k,\} and F' € Gy x(N,x). Then:

(i) F has the following Fourier expansion at the cusp corresponding to
A e SL(2,Z):

FI[A™k(2) = aa(0)y' U =/24) 4 ay (0)u(y, k, A)
+ > aa(n)W(2mny/N, k, Ne[nz/N],
n#0
where Y, o is the sum taken over all n € Z — {0},
(ii) F’ has the following Fourier expansion at infinity:
F'(2) = a(0)y0=R/2F) 4 o/ (0)u(y, k, \)
+ Z a(n)W (2mny, k, N)e[nz].
n#£0
For k € Z and X\ € C, put
M{N,k,\} ={f: 9 — C| f is real analytic, 2%*f = 0 and
fllo)lk = f for every o € I'(N)}.
Then we can easily check the following lemma.
LEMMA 1.2. Suppose that f € M{N,k,\} satisfies:

(i) for some fized v > 0, |f(2)| = O(y™") uniformly in x as y — oo,
(i) for some fizred ' > 0, |f(2)| = O(y™"") uniformly in z as y — 0.

Then f € G{N,k,\}.
We may derive the following lemma.

LEMMA 1.3. Let f € G{N,k,\} and A € SL(2,Z). Suppose that, for
some v > 0, fI[A7e(2) = O(y™) uniformly in x (|z| < N/2) as y — 0.
Then there is a positive number o such that as(n) = O(|n|).

Proof. By Lemma 1.1, f|[A~!] has the Fourier expansion

FIIA™"w(2) = ao(y) + Y aa(m)W (2mny/N, k, A)e[na/N].
n#0
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For n # 0, we have
N/2

as(n)=(1/N) [ flA W (2mny/N, k, \) " te[-nz/N] dz
—N/2

Combining this with the assumption above, we have
laa(n)] < My |W (2mny/N, k,\)|~*
for some M. Put y = N/|n| with |n| sufficiently large. Then
laa(n)] < M(N/[n[)™ (27) ™| Wegn(m) (k/2) 0 (27)

Since

Wm,n(z) _ zmefz/2( (1/2_m+n))71 f tfmfl/2+n(1+t/z)mfl/2+n67t dt
0

for every z > 0, we get the assertion of the lemma.

By the same argument as in the case of holomorphic modular forms, we
can prove the following lemma (cf. [2]).

LEMMA 1.4. If f € S{N,k,\}, then there is a constant M such that
1f(2)| < My=*2  for every z € $.
Define a Hecke operator TéV/\ (n) on G A(N, x) by

f|Tk,\X n*- IZZX (n/d))d ((n/d)dz—i—b)

d b=0

where n is a positive integer and ), is the sum taken over all positive
divisors d of n. Then the following may be easily checked (cf. [2]).

LEMMA 1.5. Let f € G (N, x). Suppose that f(z) and f]T,ﬁY/\’X(m)(z)
have the Fourier expansions

1) = 3 alm)W 2mny, b Nelna)
n#0
and
f|Tk A Z b(n)W (2mny, k, \)e[nx],
n#0
where ), is the sum taken over all n € Z — {0}. Then

= 3 x(@)d*a(mn/d?),
d

where the summation is taken over all positive divisors d of m and n.

The remainder of this section is devoted to explaining the notion of non-
holomorphic modular forms of half integral weight (cf. [11]). Let G denote
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the set of all couples (a, ¢(z)) formed by an element a = (¢ Z) of GL*(2,R)

and a holomorphic function ¢(z) on $) such that
©(2)? = t(det ) "2(cz + d)
with ¢t € T, where T'={z € C | |z|] = 1}. We make G a group by defining
(@, 0(2)) - (8,9(2)) = (aB, ¢ (8(2)) - ¢ (2)).

For o = (¢ 3) € Ip(4) and z € $, we define an automorphic factor J(o, z)

(1.9) J(0,2) = e (:l)(cz +d)i2,

i otherwise,

{1 if d=1 (mod 4),
Ed =

and (%) is the symbol given in [11]. Let K = 2A + 1 be an odd integer and v
a complex number. Moreover, let ¥ be a character modulo 4N. We say that
a function F on $) is a Maass wave form of Neben-type 1 and of half integral
weight with respect to I'H(4N) if the following conditions are satisfied:

(1.10) F is real analytic,
(1.11) F(o(z)) =9(d)J(0,2)"F(z) for every o = (Ccl 2) € IH(4AN),
(1.12) QFIPVE =,

a b
(1.13) forA-(c d

F(A(2))(cz + d)*/?> = O(e™%)  uniformly in z as y — oo.

We denote by S, /2, (4N, ) the space of all such F. From the definition,
F €8, /2,(4N,v) has the Fourier expansion

F(z)= Z a(n)W(2mny, k/2,v)e[nz].
n#0

Let m be the square of a positive integer and let

o= <1 0>, ¢ = (a,m!/Y).

) € SL(2,Z) and for some § > 0,

0 m

Put I'h(4N) = {(0,J(0,2)) | 0 € IH(4N)}. Then Ag(4N)EAy(4AN) can be
expressed as a finite disjoint union:
Ag(AN)EA0(AN) = | Ao(AN)&, .

v=1
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We define a Hecke operator T:/]\g v (M) on Sy s, (AN, ) by

FIT:}S () (2) = m"/* 1Zw ay) F(ay(2)) (¢ (2)) 7"

for every F' € S/, (4N,v), where £, = (aw,1,(2)). A slight modification
of arguments in [11] yields the following (cf. [11, Theorem 1.7 and Corol-
lary 1.7]).

LEMMA 1.6. Let p be a prime number and F' € S, /5, (4N,1). Set
F(z) = Z a(n)W (2mny, k/2,v)e[nz]

n#0
and
FITEY , o (07)(2) = > b(n)W (2mny, /2, v)elnz].
n#0
Then

. (k—1)/2
(1.14) b(n) = a(p*n) +(p) (p) P2 a(m) 1 4p (0P 2a(n/p?),

where a(n/p*) means 0 if p*> does not divide n.

2. Theta series constructed from the Weil representation. To
define the Shimura correspondence of Maass wave forms, we consider theta
series introduced by Shintani [12]. Let N be a positive integer and y a

character modulo 4V, and let X\ be a positive integer. Put y; = X(_Tl))\ and
k = 2\ + 1. Define a representation ¢ of SL(2,R) on R3 by

a? 2ac c?
o(9) - x = (x1,22,23) | ab ad+bc cd
b2 2bd d?

for every g = (Z 3) € SL(2,R) and x = (21, 72, 73) € R3. For x € R3, we put
(2.1) f(x) = (z1 —ize — x3)" exp((—27/N) (223 + 23 4 222)).
Set

L={z=(x1,79,73) €R? | 2, € Z, 29 € NZ, z3 € (N/4)Z}.
Define a theta series O(z, g) on  x SL(2,R) by

(22)  O(z9) = 3 % (a)v® )/ exp(2mi(u/N)(a3 — da12s))
z€L

x f(Volelg™) - z)),

with g € SL(2,R) and z = u +iv € §, where = (21, z2,23) € L.
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Put
w=§¢(+imeH and o, = (\O[ 5\\[_ >ESL(2,R).
Define a function ¥(F') on $ by

(2.3) W(F)(w) = (4n) f v*/20 (2, 040 ) F(2)v™ 2 du dv
Iy (AN)\$

for every F' € Sﬁ/z7y(4N,X(%)), where z = u + v € §.
The following proposition is shown in [10, pp. 303-304] (cf. [7]).

PROPOSITION 2.1. Suppose k > 7. Then ¥(F) € Gax 4, (2N, X?).

The mapping

N
S,{/gﬁ, (4N,X(*)> S F — W(F) € G2)\,4u(2N,Y2)

is called the Shimura correspondence of Maass wave forms of half integral
weight.

3. The decomposition of the theta series O(z, g). In this section, we
try to express ©(z, g) in another way. In [7], Niwa verified that ©(z, g) splits
into simpler theta series for a diagonal element g = (3 2) For our arguments
we need to express ©(z, g) in a convenient form for all g € SL(2,R). By [7,
p. 153], it is sufficient to consider only the elements of the form

o= (7 ),

In the remainder of this section, we assume that g has the above form.

Now we recall the Hermite polynomial H.(z) which plays a useful role
in our arguments. For 0 < ¢ € Z, we define

€

HL(r) = (~1)° exp(a?/2) - exp(~27/2).
Observing that

(a— it i( )it i)

e=0

we have

(3.1)  exp(2mi(u/N)(a5 — daizh)) f(Volelg™) - 2))
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A

— (VN/@2V2mP Y @) (—)° H(V2mo(ah — 202)

e=0

x exp((mi/2) (& — 22y) ) Ha_o(VERO((&} — 22y + 222}y — ya})

x exp(—2mizh (v — xah + 2%2h)u)

<explmol((] — o+ 24 + ()
where f(x) is the function in (2.1), 2’ = (2, 25, 2%) € ]R3 z=u+iv €H
and g = (\/g\a};;l) € SL(2,R). For ¢ € Z (¢ > 0), 25 € (vV/N/2)Z and
m € Z, we define a function 6 (2, g, (—mx)/(8N), acac3/\ﬁ) by
(32)  O1c(z 9, (—ma)/(8N), zzy/VN)

=p~¢/? Z H.(V2mv(z)y — 2zak))
z4,€2VNZ
x exp((miz/2)(zh — 2xah)? + 2mim(—xaxh, + 2225) /(8VN)).

To derive the transformation formula for @, ., we introduce the following
differential operator. For A € R, we put

0 170 .0 1 A 0
5 = 2<8u_zﬁv> and 0y = 2m<2w+8z>
with z = u + 7v € C and we also put
65 = 0x420-1)0...00r4206y for0<I€Z
The differential operator ¢} satisfies
(3.3) 5 (fllo]x) = (O3 )[o]a+2

for every o € GLT(2,R) and for every function f on §, where A € (1/2)Z.
Now we can prove the following lemma.

LEMMA 3.1. Let o0 = (¢ s) be an element of [H(4N). Then
01,:(0(2), g, (~ma/(8N))a + (zas/VN)b, (—=mz/(8N))e + (za5/VN)d)
= (]c\if) J(0,2)(cz +d)°O1 (2, g, (—mxz)/(8N), zzh |V N).

Proof. We need the notation of [3, pp. 3 and 4]. For @, R and L as in
[3, pp. 3 and 4], take @ = 2N, R =2N and L = Z. Then
91,5(2797 (_mx)/(SN)a .fE.ng/\/N)

Ot (/80,25 VR 19 { e 2
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where O(z, *, %, *, %) is the same symbol as O(z,u,v,w, f) of [3, p. 4]. By
using [3, Theorem 1.2], we prove our assertion for ¢ = 0 and 1. Using the
equality

5E+1/2(v_€/2H€(\/ 2z ) exp(miza®/2))
1
= — o EFD2H_ o (V2ruz) exp(miza?/2)

8

and combining this with (3.3), we get our assertion for all e.
By definition, we see easily
(34)  O1.(2,9, (mx)/(8N), (~xa})/VN)
= (=1)°61,.c(2, 9, (—mx)/(8N), x5 /VN).
For0<eeZ,meR and n € R, we put
te(z,m,m)
= v/2(8mv) "2 H.(vV2mv(m — n)) exp(mi(u(—2mn) + iv(m? + n?)))
with z = u + iv € C. The following formula is shown in [1, Lemma 9]:
5ét5 =ty foreverye € Z (¢ >0).
We put
L=2/VN)L and Ly ={(zh,x}) |2} €2V/NZand 2 € (VN/2)Z}.
For (2, a%) € L1, we define a theta series @gg(z,g,xg, x%) by
O3.(z g, 7h,25) = > X((VN/2)2))te(z, (@) —wah+a’l) [y, yas).
x4 €(2/VN)Z
Now we prove the following lemma.

LEMMA 3.2. Suppose that X, is a primitive character. Then

VBrv 05 (2, 9, 74, 75)
= G(x0)(1/ YNy 2™ Y xa(m) (22 + (m/(8VN))®
x exp(—my*v~ahz + (m/(8VN))|* + 2mi((—xxh + 22x5) /(8VN))),
where G(X;) is the Gauss sum of X;.

Proof. For € = 0, the lemma follows from the Poisson summation for-
mula. We have

O3 o(2, 0, @, 75) = D> X1 () falz, g, 7h, 75),
€Z/ANT
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where

fa(z, 9,25, 2%) = Z exp(—2miuxh((2/VN)ANmM + o) — zaxh + x2ah)

— 1u(((2/VN)ANm + a) — axh + 2225)%y 2 + (yz}5)?)).
Applying the Poisson summation formula for f,(z, g, x5, x%), we obtain

0% 02,9, 75) = Vo(L/BVN)yvo > x(@)

Q€Z/ANT

X Z exp(—my*v bz + (m/(8V'N))|?

+ 2mim((2/VN)a — xay + 2225 /(8VN)).
Since 1 is primitive, we have
Y. Xala)exp(2mima/(4N)) = G(X1)x1(m).
a€Z/ANZ

Consequently, we get our assertion in the case where ¢ = 0. Operating with
58/ % on the result above, we obtain the desired result for ¢ even. For ¢ = 1,
adapting (\/ﬁixgy)_lﬁ% to the case ¢ = 0 and adding 24y(27v)"/? times
the result for ¢ = 0, we obtain the assertion. For ¢ odd, it is sufficient to

(e—1)/2
1

operate with § on the results above. This completes the proof.

The formula (3.1) and Lemma 3.2 imply
ayo\
6(z.9) = VN /@vanp o2 3 () iy
e=0
X Z H.(V2mv(zh — 2za%))

(wh,x5)€Ly
x exp(rilay — 202522/ S m(VN/2)al)
2| €(2/V'N)Z
X Hy—e(V2mo(() — zay + a?al)y™" — yay))
x exp(—2mizh () — xwy + x22h)u)
x exp(—mo(((z — wa + 2224)/9)° + (y25)?))
= (VN/(2v2m)) v 2G(x,)(1/(8VN))

X i: <A) (—i)"i* (2, 9),

g
e=0
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where
ez, 9) = (2=t A=)/ 22
XD D Ouelng (-ma)/(8N),xxy/VN)

mEL gl (VN /2)Z
x x1(m)(z3z + (m/(8VN))*~
x exp(=my*v ™ |z5Z + (m/(8VN))[*).

Let Wy be the set of all couples (4N x5, m) of integers such that either
m > 0, 25 € Z and (4Nz§,m) = 1, or m = x5 = 0. Then the map-
ping I (¢ 2) — (c,d) gives an isomorphic mapping between Iy, \ 1((4V)
and Wy, where I'o = { £ ({}) | n € Z}. The relation (3.4) then yields

pe(2,9) = (2m) 20 M2 (C1) (=1 + 1) 3 (mpd o
n=1

x Y Ore(z,g,n((—2)/(8N))m,n((—x)/(BN))(—4Nz}))x1(m)
x ((m +4Nz47)/(8VN))
x exp(—my?v In?|(m + 4N z4z) /(8VN)[?),

where the summation is taken over Wyy. By using Lemma 3.1, we get

O1.c(2, 9, n((—2) BN))m, n((—z)/(8N))(-4Nxy))

_ ( )J(a, 230, 2) 2O+ (0(2). 9, (—n) (N), 0),

_( a b R
”‘<4ng m>€Foo\F0<4N) and  j(0,2) = (4Nzjz +m).

=

where

Hence, combining those, we see that

9 (2,9) = ((2m) O~ 2™ N2 (8NP (o (1) (=1 + 1)
<X a9 ) Ul e )

x (Imo(2))" *O1.(0(2), g, (—nx)/(8N),0)
x exp(—my*n®(Imo(2)) "' (8VN)7?),

where 0 = (7 7)) and o runs over all elements of Iy \ I (4N). Consequently,
we have the following.
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LEMMA 3.3. Suppose that X1 is a primitive character. Then

O(z.9) = (VN/(2v2m)*G(x1)(1/BVN)) (1 + x1 (1) (=1)*)
% Z( > e )\ e+1

ISP S a3 ()l
x (Imo(2))**O1(0(2 ) , (—=nz)/(8N),0)
x exp(—my*n?(Imo(z)) "1 (8VN)72),

where o = (¢ 3), x1(0) = xi(d) and ) is the sum taken over all o €

4. Explicit computation of Fourier coefficients of ¥(F'). The pur-
pose of this section is to determine the Fourier coefficients of ¥ (F') in terms
of those of F' for non-holomorphic modular forms F' of half integral weight.

Define

Wem =3 | () )~ (V2r ) (VR

e=0 0
x (1/vV2rN)*3(2aN)~*
x H.(2Vt)W (t, /2, v) exp(—t) exp(—m2n?(2t) 1) dt.

First we investigate the integral

[ 2 (Bxeres e

D o€\ I (4N)
X O1(0(2), 04, (—4En)/(8N),0)
x exp(—m(4n)?n?(Im o (2)) "2 (8VN) "2)F(z)v 2 du dv,

where D is a fundamental domain for I'H(4N), z = u+iv € H, w = £+in € H
_ (VA agyan Tt Y S AT ) :
and o4, = ( 0 At ) € SL(2,R). Put 0(z) = 2’ = v/ + iv’. By changing

the order of integration and summation, the above integral is equal to

> [ oG, (0, (—4E0) /(8N), 0)

0€l\I(4N) o(D)
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x exp(—(4n)?n*v’ " (8VN) ") F (2 )/~ du’ dv’
1 oo
:f fUI(I/Q)K-&E—)\@LS(Z,U&H,(—4571)/(8]\[)’0)
0 0

x exp(—m(4n)?n?v"H(&VN) 2 F

(2)v™2 du dv.
Let F(z) =, a(DW (2lv, £/2,v)e[lu] € S, /2, (4N, x(%)). Then

f (2,040, (—4&n) /(8N),0)F(2) du

o
= p(=9)/2 Z H.(2V27r Nvm)a(Nm?)

m=—o0o
x W(2rNm?v, /2, v) exp(—2n Nm?v + wi(4&mn) /2).
Combining those, we have

co A 00 A
w)=c Z Z Zyl(n)nA_la(NmQ) f n— (=1 <6>
0

m#0n=1e=0
x (—1)(4n) = H(V2r/(8VN)) 032 H_(2V2mruNm)
x W(2rNm?v, r/2,v) exp(—2r Nm?v)
x exp(—(8VN)~2x(4n)?n?*v™1) dv exp(2mimné),
where
= (VN/(2v2m)) G () (1/BVN) (L + xa(=1)(=1)%).
To reduce the above integration, we replace v by t = 27 Nm?v and conclude

—CZZX1 a(Nm?)

m#(]n 1

Z J () )" ()~ (Var/(8VN))

% (V2N |m|~C=3VE > (sgnm)* Ho 2VOW (L, 5/2,v)
x exp(—t) exp(—m4%n?2r N (mn)*t =1 (8VN)~2)(2rNm?) "L dt
x exp(2mimné).

Then we have the following.
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THEOREM 1. Suppose that
_(N
F() = S alW 2aty, /2.0)elig] € 5,0, (8. T ) )
170
and that X, s a primitive character and k > 7. Then
U(F)(w) =c) Y X (n)n* " sgu(l/n)a(N(1/n)*)W (2rln) exp(2milé),
10 n
where ), is the sum taken over all positive divisors n of 1.
As a consequence of this theorem, we obtain the following corollary.

COROLLARY. Suppose that X, is a primitive character and a(N) # 0.
Then there is a constant ¢’ such that

U(F)(w)=¢ Y Y X sgu(l/n)a(N(1/n)?)
I#0 n
x W (2mln, 2\, 2v) exp(2mil§),
where ) is the sum taken over all positive divisors n of 1.
Proof. By Proposition 2.1 and Theorem 1, ¥(F) has the Fourier ex-
pansion at infinity
W(F)(w) =Y b()W (2rin, 2X, 2v) exp(2mil¢).
10
Comparing the Fourier coefficients of ¥(F') and those in Theorem 1, we have
b(L)W (27, 2X, 2v) = ca(N)W (27n).

For ¢ = 0, our assertion is obvious. Hence we may assume that ¢ # 0. Then
W (2mn) = W (27, 2\, 2v) for some constant 3, and we obtain the desired
result.

An important property of the Shimura correspondence ¥ is that it com-
mutes with the action of Hecke operators. Precisely, we can state this as
follows.

THEOREM 2. Under the same notation and assumptions as in Theorem 1,

let a(N) be not zero. If

,f/]\; V;(ﬂ)(pQ)F =wpF'  for a prime number p,
then
T22>]\\,[4y,§2 PV (F) = wp¥(F).
Proof. Put

U(F)(w) = Z b(n)W (2mnn, 2, 4v)e[né]
n#0
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and

T2 (D) (F)(w) = c(n)W(2mnm, 2), 4v)e[n).

n#0
By Lemma 1.5, we have
o(n) = b(pn) if p|n
b(pn) + X2 (p)p** ~1b(n/p) otherwise.

We assume p|n. We put n = p'n’ with (p,n’) = 1. A direct calculation
shows that

c(n) = b(pn) + X*(p)p**~'b(n/p)
= (3 X (mym* sgu(pn/m)a(N (pn/m)?) + P (p)p™

m|pn

x Y xa(m)(m)* " sga((n/p)/m)a(N((n/p)/m')?).

m/|(n/p)
By [11, Corollary 1.8],
> X1 (m)ym* sgn(pn/m)a(N (pn/m)?)
m|pn

+1

=) X m) @ m) sgn(p! T n! /pm)

a=0m/’ ‘n’

« a(NpZ(H—l—a) (n//m/)Q)

-1

=)D @ m) @ m) sgn(p ™ n! /ptm)

a=0m/’ ‘n/

x (wpa(N (p'n/ /p*m’)?) = X2 (p)p" 2a(N (p'~'n’ /p*m)?))

+ ) x'm) ' m) sgu(pn’ /m')a(Np? (n' /m')?)

m/|n’

+ > @) )N sgu(n’ fm/)a(N (0’ fm)?).

/ |n/
Now we have

> X' m)(p'm/ ) sen(pn’ /m)a(Np* (n! /m')?)

m/|n’
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=% () Y Xa(m!)(m') " sgn(n' /m)

m/|n’
n'/m')2N N\ ,_
« (s ) - <</p))x1<p>(p>p* N ) ).
Consequently, we conclude that

c(n) = wpb(n)  for every n.
Since we can also verify the remainders, we may omit the details. The proof

is complete.

Here we show an example of a non-holomorphic Maass wave cusp form
satisfying the conditions of the Corollary to Theorem 1 and of Theorem 2.
We denote by S(ax+1)/2(4N) the space of holomorphic modular cusp forms
of weight (2k + 1)/2 with respect to I'H(4N). Put

f(2) =0(2)3n(22)'2  with n(z) = e[z/24] ﬁ 1 —elnz])
=1

Then f(z) belongs to Sg/2(4) and f(z) generates Sg/g( ) (cf. Shimura [11,

p. 477]). Moreover, 0(z)? f(z) is an element of Si1/2(4) and 6(2)*f(z) gen-
erates S11/2(4), where 6(z) = Y7 e[n®z]. We may check that flz) =
611/2(0(2)?f(2)) belongs to Si5/2_11/2(4, X0) and f(2) is an eigenfunction
of Hecke operators of Si5/2 _11/2(4, x0) (cf. Friedberg [4, Proposition 1.3]).

Therefore f(z) gives us an example satisfying the conditions of the Corollary
to Theorem 1 and of Theorem 2, where yq is the trivial character modulo 4.

5. Remark on cuspidal properties of ¥. In this section we prove the
following theorem.

THEOREM 3. Suppose that a function
F = Z a(n)W(2mnn, k/2,v)e[ng]
n#0
in S0, (4,X) satisfies a(1) #0. Then ¥(F) € Saxau(2, X?).

Proof. We can take 0 and oo to be a complete set of inequivalent classes
of cusps of I'H(2). By the Corollary, for some § > 0,

U (F)(w) = O(e*™®)

uniformly in Rew as Imw — 0. To verify our assertion, it is enough to
check the behavior of ¥(F) at 0. Put &(w) = ¥(F)((-1)/(2w))2*(2w)~?*
Then, by the same method as in the case of holomorphic modular forms, we
can show that ®(w) € Gay 4,(2,x?). By Lemma 1.1, ¢(w) has the Fourier
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expansion at infinity
&(w) = ap(n) + Z a(n)W (2mnn, 2\, 2v)e[né]
n#0
for every w = £ + in € $. By the same method as in [7], we have
@ (F)(w)| < Mn~*n+n"1) for every w € $ and for some constant M.
Therefore
[P(w)] < M(272)2n~ A (n(2|w]?) ™ + 2kw[*n~1).
Observe that n(2|w]?)~! < 1/(2n) and 2|w|*n=! < 271 (1 + n?) for every
¢ (|¢] < 1/2). Combining these, we have
[P(w)| < M) A (2n) "+ 207" +2n)  for every £ (€] < 1/2).
Since @(w + 1) = @(w), we have, for some o > 0 and M’ > 0,
|P(w)| < M'np~®  uniformly in € as n — 0.
Therefore, by Lemma 1.3, there is a constant 3 with |a(n)| = O(|n|?). This
leads to
‘ Z a(n)W(2mnn, 2\, 4v)e[né]| = O(e™“") as n — oo for some 0 < ¢ € R.
n#0
On the other hand, by [7, p. 158 and p. 159], we obtain
D(in) = O(n™") for every n > 1 and every pu > 0.
From the results above, we have
ap(n) =0O(n~*") for every n > 1 and every p > 0.

We can put ag(n) = c1n(=2N/249) 4 cou(n, 2), 4v), where ¢; and ¢y are
constants and w = ((2\ — 1) 4 16v)'/2/2. By the above result, we have
¢1 = cg = 0. Consequently, ag(n) = 0. This completes the proof.
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