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On a system of two diophantine inequalities
with prime numbers
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D. I. Tolev (Plovdiv)

1. Introduction and statement of the result. In 1952 Piatetski-
Shapiro [3] considered the diophantine inequality

(1) |pc
1 + . . . + pc

r −N | < ε,

where c > 1 is not an integer and ε > 0 is an arbitrarily small number. He
showed that if H(c) denotes the least r such that (1) has solutions in prime
numbers p1, . . . , pr for arbitrarily small ε and for N > N0(c, ε), then

lim sup
c→∞

H(c)
c log c

≤ 4.

Piatetski-Shapiro also proved that H(c) ≤ 5 for 1 < c < 3/2. In [4] the
author improved this result for c close to one. More precisely, it is shown
that if 1 < c < 15/14, then the inequality

|pc
1 + pc

2 + pc
3 −N | < N−(1/c)(15/14−c) log9 N

has solutions in prime numbers p1, p2, p3 for sufficiently large N . In the
present paper we shall consider the system of two inequalities with prime
unknowns

(2)
|pc

1 + . . . + pc
5 −N1| < ε1(N1),

|pd
1 + . . . + pd

5 −N2| < ε2(N2),

where c and d are different numbers greater than one but close to one and
ε1(N1), ε2(N2) tend to zero as N1 and N2 tend to infinity. Of course, we
have to impose a condition on the orders of N1 and N2 because of the
inequality

(xc
1 + . . . + xc

5)
d/c ≤ xd

1 + . . . + xd
5 ≤ 51−d/c(xc

1 + . . . + xc
5)

d/c

which holds for every positive x1, . . . , x5 provided 1 < d < c. We shall prove
the following theorem.

[387]
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Theorem. Suppose that c, d, α, β are real numbers satisfying the in-
equalities

(3) 1 < d < c < 35/34,

(4) 1 < α < β < 51−d/c.

Then there exist numbers N
(0)
1 , N

(0)
2 , depending on c, d, α, β, such that for

all real numbers N1, N2 satisfying N1 > N
(0)
1 , N2 > N

(0)
2 and

(5) α ≤ N2/N
d/c
1 ≤ β,

the system (2) with

ε1(N1) = N
−(1/c)(35/34−c)
1 log12 N1,

ε2(N2) = N
−(1/d)(35/34−d)
2 log12 N2

has solutions in prime numbers p1, . . . , p5.

2. Notation and an outline of the proof. Let c, d be numbers
satisfying (3), and α, β numbers satisfying (4). Throughout the paper the
constants in O-terms and �-symbols are absolute or depend on c, d, α, β.

A � B means A � B � A; N1, N2 are large numbers satisfying (5), X =
N

1/c
1 , ε1 = X−(35/34−c) log10 X, ε2 = X−(35/34−d) log10 X, K1 = ε−1

1 log X,
K2 = ε−1

2 log X, η is a positive number, sufficiently small in terms of c and d,
τ1 = X3/4−c−η, τ2 = X3/4−d−η, e(t) = e2πit, ϕ(t) = e−πt2 , ϕδ(t) = δϕ(δt),
χ(t) is the characteristic function of the interval [−1, 1], x, y, t, t1, t2, . . . are
real numbers, k, l, m, n, q are integers, and p, p1, p2, . . . prime numbers.

Let λ denote a sufficiently small positive number, depending on α, β, c,
d, whose value will be determined more precisely in Lemma 1. We define

(6) B =
∑

λX<p1,...,p5≤X

(log p1) . . . (log p5)

× χ

(
pc
1 + . . . + pc

5 −N1

ε1 log X

)
χ

(
pd
1 + . . . + pd

5 −N2

ε2 log X

)
,

(7) S(x, y) =
∑

λX<p≤X

(log p)e(xpc + ypd),

(8) D =
∞∫

−∞

∞∫
−∞

S5(x, y)e(−N1x−N2y)ϕε1(x)ϕε2(y) dx dy.

We divide the plane into three regions: Ω1—a neighbourhood of the origin,
Ω2—an intermediate region and Ω3—a trivial region, as follows:

Ω1 = {(x, y) : max(|x|/τ1, |y|/τ2) < 1},
Ω2 = {(x, y) : max(|x|/τ1, |y|/τ2) ≥ 1, max(|x|/K1, |y|/K2) ≤ 1},
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Ω3 = {(x, y) : max(|x|/K1, |y|/K2) > 1}.
Correspondingly, we represent the integral D as

(9) D = D1 + D2 + D3,

where Di denotes the contribution to the integral D in (9) arising from the
set Ωi.

The theorem will be proved if we show that B tends to infinity as X
tends to infinity. The result of Lemma 3 implies that it is sufficient to prove
that D tends to infinity as X tends to infinity. The last statement is a
consequence of (9) and of the inequalities

|D3| � 1,(10)

|D2| �
ε1ε2X

5−c−d

log X
,(11)

|D1| � ε1ε2X
5−c−d.(12)

Inequality (10) is an easy consequence of the fact that ϕ(t) tends to zero
very fast as |t| tends to infinity (see Lemma 4). The main difficulty is to
prove (11) and (12). We estimate |D1| from below in Section 4. In Section 5
we estimate D2. The proof of the theorem is given in Section 6.

3. Known results and some preliminary lemmas
Lemma 1. Let δ ∈ [α, β]. There exists λ > 0 depending on α, β, c, d

such that for the volume V of the domain in five-dimensional space defined
by

t1, . . . , t5 > λ, |tc1 + . . . + tc5 − 1| < µ1, |td1 + . . . + td5 − δ| < µ2,

we have
V � µ1µ2,

provided µ1, µ2 are sufficiently small.

P r o o f. The proof is not difficult and we omit it.

Lemma 2. The function ϕ(t) = e−πt2 has the properties

(i) ϕ(x) =
∞∫

−∞
ϕ(t)e(−xt) dt,

(ii) χ(t/%) ≥ ϕ(t)− e−π%2
for % > 0,

(iii) ϕ(t) ≥ e−π for |t| ≤ 1.

P r o o f. The proof of (i) can be found for instance in [1, p. 261]; (ii) and
(iii) are obvious.

Lemma 3. For the quantities B and D defined in (6) and (8) we have

B ≥ D + O(1).
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P r o o f. This follows from Lemma 2.

Lemma 4. For the integral D3 (defined in (9)) we have

|D3| � 1.

P r o o f. This follows from Lemma 2.

Lemma 5. If D is a region in the plane with area SD whose boundary is
rectifiable and has length LD, then for the number ND of integer points in
D we have the estimate

|ND − SD| � 1 + LD,

where the constant in the �- symbol is absolute.

P r o o f. See [2, p. 194].

Lemma 6. Let I = [u1, u2] and J = [v1, v2] be subintervals of the real
line and let 1 ≤ ∆ ≤ X. Denote by W the number of integers n1, . . . , n4

satisfying the following conditions:

λX ≤ n1, . . . , n4 ≤ X, ∆ ≤ n1 − n2 ≤ 2∆, ∆ ≤ n4 − n3 ≤ 2∆,

nc
2 + nc

4 − nc
1 − nc

3 ∈ I, nd
2 + nd

4 − nd
1 − nd

3 ∈ J.

Then

W � X4−c−d(u2 − u1)(v2 − v1) + X3−c(u2 − u1) + X3−d(v2 − v1) + ∆X.

P r o o f. It is clear that

(13) W �
∑

λX≤n1,n2≤X
∆≤n1−n2≤2∆

W (n1, n2),

where W (n1, n2) denotes the number of integral points in the region D in
the (x, y)-plane, defined by

λX ≤ x, y ≤ X, ∆ ≤ x− y ≤ 2∆,

xc − yc ∈ nc
1 − nc

2 + I, xd − yd ∈ nd
1 − nd

2 + J.

(As usual, if I = [u1, u2] then λ+I denotes the interval [λ+u1, λ+u2].) We
may assume that D is not empty, otherwise W (n1, n2) = 0. By Lemma 5
we have

(14) W (n1, n2) � SD + LD + 1,

where SD, LD denote the area and the length of the boundary ofD. Consider
the map

Φ : (x, y) 7→ (u = xc − yc, v = xd − yd).
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It is a bijection between the domain {0 < y < x} in the (x, y)-plane and the
domain {0 < v < ud/c} in the (u, v)-plane. We have∣∣∣∣D(u, v)

D(x, y)

∣∣∣∣ = −cd(xy)d−1(xc−d − yc−d).

In D we have

(15) x � X, y � X, x− y � ∆,

therefore in this region |D(u, v)/D(x, y)| � ∆Xc+d−3. Hence

SD =
∫ ∫
Φ(D)

∣∣∣∣D(x, y)
D(u, v)

∣∣∣∣ du dv � ∆−1X3−c−d
∫ ∫
Φ(D)

du dv(16)

� ∆−1X3−c−d(u2 − u1)(v2 − v1),

because Φ(D) is a subset of the rectangle K in the (u, v)-plane, defined by

u ∈ nc
1 − nc

2 + I, v ∈ nd
1 − nd

2 + J.

Let us now estimate LD. Denote by lD the curve which is the boundary
of D. It is easy to see that it consists of finitely many parts l0 such that
Φ(l0) is either a segment lying on the boundary of K or the graph of an
increasing differentiable function v = v(u) defined for u′ ≤ u ≤ u′′, where

(17) u′, u′′ ∈ nc
1 − nc

2 + I, v(u′), v(u′′) ∈ nd
1 − nd

2 + J.

Consider the second case. It is clear that the curve l0 in the (x, y)-plane
can be parametrized in the following way:

x = x(u, v(u)), y = y(u, v(u)), u′ ≤ u ≤ u′′.

(Here x(u, v) and y(u, v) are the components of Φ−1.) Then for the length
L0 of l0 we have

L0 =
u′′∫

u′

√(
d

du
x(u, v(u))

)2

+
(

d

du
y(u, v(u))

)2

du(18)

�
u′′∫

u′

(|xu(u, v(u))|+ |yu(u, v(u))|

+ v′(u)|xv(u, v(u))|+ v′(u)|yv(u, v(u))|) du.

It is easy to verify that the partial derivatives of x(u, v) and y(u, v) satisfy

xu =
1

cxd−1(xc−d − yc−d)
, xv =

−yc−d

dxd−1(xc−d − yc−d)
,

yu =
1

cyd−1(xc−d − yc−d)
, yv =

−xc−d

dyd−1(xc−d − yc−d)
.
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Therefore by (15) we conclude that in Φ(D) we have

xu � ∆−1X2−c, −xv � ∆−1X2−d, yu � ∆−1X2−c, −yv � ∆−1X2−d.

Hence by (17) and (18) we obtain

L0 �
u′′∫

u′

(∆−1X2−c + ∆−1X2−dv′(u)) du

� ∆−1X2−c(u2 − u1) + ∆−1X2−d(v2 − v1).

If Φ(l0) is a segment lying on the boundary of K, we proceed in the same
way, and we obtain the same estimate for L0. Therefore

(19) LD � ∆−1X2−c(u2 − u1) + ∆−1X2−d(v2 − v1).

The assertion of the lemma follows from (13), (14), (16) and (19).

4. The integral over the neighbourhood of the origin. In this
section we estimate from below the quantity |D1|. Set

(20) I(x, y) =
X∫

λX

e(xtc + ytd) dt.

We shall show that in Ω1 the sum S(x, y) is “close” to the integral I(x, y),
which implies that D1 is “close” to

(21) H1 =
∫ ∫
Ω1

I5(x, y)e(−N1x−N2y)ϕε1(x)ϕε2(y) dx dy.

Outside Ω1 the integral I(x, y) is “small”, so H1 is “close” to

(22) H =
∞∫

−∞

∞∫
−∞

I5(x, y)e(−N1x−N2y)ϕε1(x)ϕε2(y) dx dy.

In turn this integral is greater than the volume of a domain in five-dimen-
sional space, which we are able to estimate from below.

Lemma 7. If S(x, y) and I(x, y) are defined by (7) and (20) then for
(x, y) ∈ Ω1 we have

S(x, y) = I(x, y) + O(Xe−(log X)1/5
).

P r o o f. We proceed as in the proof of Lemma 14 of [4] and the result
follows.

Lemma 8. We have

E =
∫ ∫
Ω1

|S(x, y)|4ϕε1(x)ϕε2(y) dx dy � ε1ε2X
4−c−d log8 X.
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P r o o f. It is clear that

E � ε1ε2

∫ ∫
Ω1

|S(x, y)S(x, y)|2 dx dy(23)

= ε1ε2

∫ ∫
Ω1

∣∣∣ ∑
λX<p≤X

log2 p

+ 2 Re
∑

λX<p2<p1≤X

(log p1)(log p2)

× e(x(pc
1 − pc

2) + y(pd
1 − pd

2))
∣∣∣2 dx dy

� ε1ε2τ1τ2X
2 log2 X + ε1ε2E1,

where

E1 =
∫ ∫
Ω1

∣∣∣ ∑
λX<p2<p1≤X

(log p1)(log p2)e(x(pc
1 − pc

2) + y(pd
1 − pd

2))
∣∣∣2 dx dy.

We divide the sum over p1, p2 above into O(log X) sums in each of which
the summation is over p1, p2 such that ∆ ≤ p1−p2 < 2∆, where 1 ≤ ∆ ≤ X.
We then have

(24) E1 � E2 log2 X,

where

E2 =
∫ ∫
Ω1

∣∣∣ ∑
λX<p1,p2≤X
∆≤p1−p2<2∆

(log p1)(log p2)e(x(pc
1 − pc

2) + y(pd
1 − pd

2))
∣∣∣2 dx dy

and ∆ is chosen in such a way that E2 is maximal. Clearly,

E2 =
∫ ∫
Ω1

∑
λX<p1,...,p4≤X
∆≤p1−p2<2∆
∆≤p4−p3<2∆

(log p1) . . . (log p4)

× e(x(pc
1 − pc

2 + pc
3 − pc

4) + y(pd
1 − pd

2 + pd
3 − pd

4)) dx dy

=
∑

λX<p1,...,p4≤X
∆≤p1−p2<2∆
∆≤p4−p3<2∆

(log p1) . . . (log p4)
τ1∫

−τ1

e(x(pc
1 − pc

2 + pc
3 − pc

4)) dx

×
τ2∫

−τ2

e(y(pd
1 − pd

2 + pd
3 − pd

4)) dy.

Hence

(25) E2 � E3 log4 X,
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where
E3 =

∑
λX<n1,...,n4≤X
∆≤n1−n2<2∆
∆≤n4−n3<2∆

Γ (n1, . . . , n4),

and

Γ (n1, . . . , n4) = min(τ1, |nc
1−nc

2 +nc
3−nc

4|−1) min(τ2, |nd
1−nd

2 +nd
3−nd

4|−1).

For any integers k, l we define the intervals Ik, Jl as follows:

Ik =

 [−1/τ1, 1/τ1] for k = 0,
[2k−1/τ1, 2k/τ1] for k ≥ 1,
[−2|k|/τ1,−2|k|−1/τ1] for k ≤ −1;

Jl =

 [−1/τ2, 1/τ2] for l = 0,
[2l−1/τ2, 2l/τ2] for l ≥ 1,
[−2|l|/τ2,−2|l|−1/τ2] for l ≤ −1.

It is clear that there exist k0, l0 > 0 such that

(26) k0, l0 � log X

and

(27) E3 �
∑
|k|≤k0
|l|≤l0

E(k, l),

where
E(k, l) =

∑
n1,...,n4; (28)

Γ (n1, . . . , n4).

Here n1, . . . , n4 satisfy the conditions imposed in (28):

(28)

λX ≤ n1, . . . , n4 ≤ X,

∆ ≤ n1 − n2 ≤ 2∆,

∆ ≤ n4 − n3 ≤ 2∆,

nc
2 + nc

4 − nc
1 − nc

3 ∈ Ik,

nd
2 + nd

4 − nd
1 − nd

3 ∈ Jl.

By the definition of Γ (n1, . . . , n4) we get

E(k, l) � τ1τ2

2|k|+|l|
∑

n1,...,n4; (28)

1.

We estimate the last sum by Lemma 6 to obtain

E(k, l) � X4−c−d.

The assertion of the lemma follows from the last inequality and from
(23)–(27).
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Lemma 9. For the integral I(x, y) defined by (20) we have

F =
∞∫

−∞

∞∫
−∞

|I(x, y)|4ϕε1(x)ϕε2(y) dx dy � ε1ε2X
4−c−d log4 X.

P r o o f. Define

h(t1, t2) = e(x(tc1 − tc2) + y(td1 − td2)).

We have

I(x, y)I(x, y) =
∫ ∫

λX<t1,t2<X

h(t1, t2) dt1 dt2

= 2 Re
∫ ∫

λX<t1,t2<X

X−1<t1−t2

h(t1, t2) dt1 dt2 + O(1).

Hence

F � 1 +
∞∫

−∞

∞∫
−∞

∣∣∣ ∫ ∫
λX<t1,t2<X

X−1<t1−t2

h(t1, t2) dt1 dt2

∣∣∣2ϕε1(x)ϕε2(y) dx dy.

We represent the integral over t1, t2 as a sum of no more than O(log X)
integrals

J∆ =
∫ ∫

λX<t1,t2<X
∆<t1−t2<2∆

h(t1, t2) dt1 dt2,

where X−1 ≤ ∆ ≤ X. We then have

(29) F � 1 + F1 log2 X,

where

F1 =
∞∫

−∞

∞∫
−∞

|J∆|2ϕε1(x)ϕε2(y) dx dy

and ∆ is chosen in such a way that the integral F1 is maximal. We have

F1 =
∞∫

−∞

∞∫
−∞

∫ ∫ ∫ ∫
λX<t1,...,t4<X
∆<t1−t2<2∆
∆<t4−t3<2∆

e(x(tc1− tc2 + tc3− tc4)+y(td1− td2 + td3− td4))

×ϕε1(x)ϕε2(y) dt1 . . . dt4 dx dy

and by Lemma 2(i),

F1 =
∫ ∫ ∫ ∫

λX<t1,...,t4<X
∆<t1−t2<2∆
∆<t4−t3<2∆

ϕ

(
tc1 − tc2 + tc3 − tc4

ε1

)
ϕ

(
td1 − td2 + td3 − td4

ε2

)
dt1 . . . dt4.
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We change the variables as follows:

u1 = tc1 − tc2, u2 = tc4 − tc3, u3 = td1 − td2, u4 = td4 − td3.

For the Jacobian determinant we have∣∣∣∣D(u1, . . . , u4)
D(t1, . . . , t4)

∣∣∣∣ � ∆2X2c+2d−6.

Hence

(30) F1 � ∆−2X6−2c−2dI1I2,

where

I1 =
∫ ∫

u1,u2�∆Xc−1

ϕ

(
u1 − u2

ε1

)
du1 du2,

I2 =
∫ ∫

u3,u4�∆Xd−1

ϕ

(
u3 − u4

ε2

)
du3 du4.

By Lemma 2(ii) we have

I1 � X−2 +
∫ ∫

u1,u2�∆Xc−1

χ

(
u1 − u2

ε1 log X

)
du1 du2 � ε1∆Xc−1 log X.

Analogously
I2 � ε2∆Xd−1 log X.

The estimates (29) and (30) imply

F � ε1ε2X
4−c−d log4 X.

The lemma is proved.

Lemma 10. For the integrals H1 and H defined by (21) and (22) we have

|H −H1| �
ε1ε2X

5−c−d

log X
.

P r o o f. Clearly

|H −H1| �
∫ ∫

R2\Ω1

|I(x, y)|5ϕε1(x)ϕε2(y) dx dy(31)

� max
R2\Ω1

|I(x, y)|
∫ ∫

R2

|I(x, y)|4ϕε1(x)ϕε2(y) dx dy.

It is not difficult to see that

max
R2\Ω1

|I(x, y)| � X5/6.

We estimate the integral (31) using Lemma 9 and the result follows.

Lemma 11. The integral H defined by (22) satisfies

H � ε1ε2X
5−c−d.
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P r o o f. This follows from (5) and Lemmas 1 and 2.

Lemma 12. The integral D1 defined by (9) satisfies

|D1| � ε1ε2X
5−c−d.

P r o o f. If H1 is defined by (21) then

|D1 −H1| �
∫ ∫
Ω1

|S5(x, y)− I5(x, y)|ϕε1(x)ϕε2(y) dx dy

� max
Ω1

|S(x, y)− I(x, y)|

×
∫ ∫
Ω1

(|S(x, y)|4 + |I(x, y)|4)ϕε1(x)ϕε2(y) dx dy.

Hence, by Lemmas 7–9,

|D1 −H1| �
ε1ε2X

5−c−d

log X
.

This estimate and Lemma 10 imply

D1 = H + O

(
ε1ε2X

5−c−d

log X

)
.

Now we use Lemma 11 and the result follows.

5. The integral over the intermediate region

Lemma 13. For the sum S(x, y) defined in (7) we have uniformly for
(x, y) ∈ Ω2,

|S(x, y)| � ε1ε2
X3−c−d

log10 X
.

P r o o f. The proof is a standard application of Vaughan’s identity
(see [5]). See also Lemma 10 in [4].

Lemma 14. We have

L =
∞∫

−∞

∞∫
−∞

|S(x, y)|4ϕε1(x)ϕε2(y) dx dy � X2 log6 X.

P r o o f. It is clear that

S(x, y)S(x, y) =
∑

λX<p≤X

log2 p

+ 2 Re
∑

λX<p2<p1≤X

(log p1)(log p2)e(x(pc
1 − pc

2) + y(pd
1 − pd

2)).

This implies

(32) L � X2 log2 X + L1,
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where

L1 =
∞∫

−∞

∞∫
−∞

∣∣∣ ∑
λX<p2<p1≤X

(log p1)(log p2)e(x(pc
1 − pc

2) + y(pd
1 − pd

2))
∣∣∣2

× ϕε1(x)ϕε2(y) dx dy.

We divide the sum over p1, p2 into no more than O(log X) sums in each of
which the summation is over p1, p2 such that ∆ ≤ p1 − p2 < 2∆, where
1 ≤ ∆ ≤ X. Then we have

(33) L1 � L2 log2 X,

where

L2 =
∞∫

−∞

∞∫
−∞

∣∣∣ ∑
λX<p2<p1≤X
∆≤p1−p2<2∆

(log p1)(log p2)e(x(pc
1− pc

2) + y(pd
1 − pd

2))
∣∣∣2

× ϕε1(x)ϕε2(y) dx dy

and ∆ is chosen in such a way that L2 is maximal. By Lemma 2(i), (ii) we
have

L2 =
∞∫

−∞

∞∫
−∞

∑
λX<p1,...,p4≤X
∆≤p1−p2<2∆
∆≤p4−p3<2∆

(log p1)(log p2)(log p3)(log p4)(34)

× e(x(pc
1 − pc

2 + pc
3 − pc

4) + y(pd
1 − pd

2 + pd
3 − pd

4))

× ϕε1(x)ϕε2(y) dx dy

=
∑

λX<p1,...,p4≤X
∆≤p1−p2<2∆
∆≤p4−p3<2∆

(log p1)(log p2)(log p3)(log p4)

× ϕ

(
pc
1 − pc

2 + pc
3 − pc

4

ε1

)
ϕ

(
pd
1 − pd

2 + pd
3 − pd

4

ε2

)
� 1 + L3 log4 X,

where L3 denotes the number of integers n1, . . . , n4 satisfying

λX ≤ n1, . . . , n4 ≤ X, ∆ ≤ n1 − n2 ≤ 2∆, ∆ ≤ n4 − n3 ≤ 2∆,

nc
1 − nc

2 + nc
3 − nc

4 ∈ I, nd
1 − nd

2 + nd
3 − nd

4 ∈ J,

and where I = [−ε1 log X, ε1 log X] and J = [−ε2 log X, ε2 log X]. By
Lemma 6 we have

L3 � ε1ε2X
4−c−d log2 X + ε1X

3−c log X + ε2X
3−d log X + ∆X � X2

and the result follows from (32)–(34).
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Lemma 15. For the integral D2 defined by (9) the following estimate
holds:

|D2| �
ε1ε2X

5−c−d

log X
.

P r o o f. We have

|D2| � max
Ω2

|S(x, y)|
∞∫

−∞

∞∫
−∞

|S(x, y)|4ϕε1(x)ϕε2(y) dx dy

and the result follows from Lemmas 13 and 14.

6. Proof of the Theorem. Lemma 3 shows that for the sum

B =
∑

λX<p1,...,p5≤X

(log p1) . . . (log p5)

× χ

(
pc
1 + . . . + pc

5 −N1

ε1 log X

)
χ

(
pd
1 + . . . + pd

5 −N2

ε2 log X

)
we have

(35) B ≥ D + O(1),

where D is defined by (8). On the other hand,

(36) D = D1 + D2 + D3.

From Lemma 12 we have

(37) |D1| � ε1ε2X
5−c−d.

Lemma 15 states that

(38) |D2| �
ε1ε2X

5−c−d

log X
,

and Lemma 4 gives us

(39) |D3| � 1.

Consequently, by (35)–(39) we have

B � ε1ε2X
5−c−d.

The Theorem is proved.
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