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group with kernel a cyclic 2-group
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1. Introduction. The aim of this paper is to study Galois embedding
problems associated with some central extensions of the symmetric group
with kernel a cyclic group Car of order 2". We consider central extensions

1—-Cyr — 278, — S, —1

fitting in a commutative diagram

1 02 Q_Sn I Sn — 1
L]
1 Cor 2rS, — S, —1

where 27.5,, is the double cover of the symmetric group S, reducing to the
non-trivial double cover A,, of the alternating group A, in which transpo-
sitions lift to elements of order 4 and the morphism ;™ is injective.

We identify 275, with j7(275,,) and note that if {z;}scs, is a system of
representatives of S, in 275,,, we can take it as a system of representatives
of S, in 2"S,, and so 2"S5,, is determined modulo isomorphisms.

If ¢ denotes a generator of Cyr, the elements of 275, can be written as
cz,, for s € S,, 0 < i < 2" —1. We note that H := {Cil's s € Ayt =
0,2 1Y U {clzs : s € Sp \ An,i = 2772,3- 2772} is a subgroup of 2”5,
isomorphic to 275, the second double cover of the symmetric group S,
reducing to A,,. We then obtain a commutative diagram

2tS, —= 95,

j+l ‘

2"S,, ——= S,

Partially supported by grant PB93-0815 from DGICYT.

(183]



184 T. Crespo

Let now K be a field of characteristic different from 2, K a separable
closure of K, and Gk the absolute Galois group of K. Let f be an irreducible
polynomial in K[X], of degree n > 4, L a splitting field of f contained in K
and G = Gal(L|K). Let E = K(z), for  a root of f in L. We consider G as
a subgroup of S,, by means of its action on the set of K-embeddings of £
in K. We denote by e; the composition Gx — G — S,,, for Gx — G the
epimorphism associated with the extension L|K. We consider the embedding
problem

(1) 2"G — G ~ Gal(L|K)

where 2"G is the preimage of G in 2"5,,.

We note that if the embedding problem 2"G — G ~ Gal(L|K) is solv-
able, so is any embedding problem 2°G — G ~ Gal(L|K) with s > r. This
comes from the fact that, for » > 1, if ¢, d are generators of Cor and Cyri1,
respectively, then c'zy, — d?'z, defines a morphism 275, — 2"+1G, such
that the diagram

2rS, ——= S,

L

2r+15n N Sn

is commutative.

On the other hand, the symmetric group Sy is a subgroup of the projec-
tive linear group PGL(2,C) and the diagram

1 Cor 275, Sy 1
1 C* GL(2,C) ——=PGL(2,C) ——1

is commutative. The fact that the cohomology group H?(Gx,C*) is trivial,
for K a global or local field, gives that, for a given Galois realization L|K of
the group Sy, the embedding problem (1) is solvable, for r sufficiently large.

If s; (resp. s;; ) denotes the element in H?(S,,, Cy) corresponding to 27,
(resp. 275,,) and 27 G (resp. 2~ G) the preimage of G in 27 S, (resp. 275,,),
the obstruction to the solvability of the embedding problem 27G — G ~
Gal(L|K) (resp. 2~ G — G ~ Gal(L|K)) is given by the element efs; (resp.
ets,) in H?(Gg,Cs). This element can be computed effectively by means
of a formula of Serre [8, Théoreme 1]. We have e} (s}) = w(Qg) ® (2,dg),
ei(s,) = ei(s))@(dp, dp) = W(QE)®(-2,dE), where Qp(X) = Trp x (X?)
is the quadratic form trace of the extension E|K,w(Qg) its Hasse-Witt
invariant and dg its discriminant.
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Let us note that the formula of Serre has been generalized by Frohlich
to compute the obstruction to the solvability of an embedding problem
G — G ~ Gal(L|K) with kernel Cs, such that the element in H?(G,C3)
corresponding to G is the second Stiefel-Whitney class sw(p) of an orthog-
onal representation g of the group G in the orthogonal group of a quadratic
form defined over the field K [6, Theorem 3].

In previous papers [2], [4], we gave a criterion for the solvability of the
embedding problem 4G — G ~ Gal(L|K) and an explicit way of compu-
tation of the solutions to the embedding problems 27G — G ~ Gal(L|K),
27G — G ~ Gal(L|K) and 4G — G ~ Gal(L|K).

In the present paper, we will find a criterion for the solvability of the
embedding problem (1) in the general case and an explicit way of computing
the solutions. We will pay special attention to the case in which the field K
contains the 2"~ !-roots of unity and the case r = 3.

We note that, in the case G = S4, and K = Q, a criterion for the
solvability of the embedding problem (1) has been obtained by Quer for all
values of r (cf. [7]).

2. Method of solution. The next proposition shows that the solution of
the embedding problem (1) can be reduced to the solution of an embedding
problem with kernel Cs.

PROPOSITION 1. The embedding problem 2"G — G ~ Gal(L|K) is
solvable if and only if there exists a Galois extension Ki|K with Galois
group Cor—1 such that K1 N L = K and ei(s;) = e(c,) in H*(Gg,Cy),
where ¢, € H?(Cyr—1,Cy) is the element corresponding to the exact sequence
1 — Cy — Cor — Cyr1 — 1, and e : H*(Cyr-1,Co) — H?*(Gg,C3) the
morphism induced by the epimorphism es : G — Cyr—1 corresponding to
the extension Kq|K.

In this case, for K1|K running over the set of Galois extensions with
the conditions above, the set of proper solutions to the embedding problem
2"G — G ~ Gal(L|K) is equal to the union of the sets of solutions to the

embedding problems 2"G L, Gx Cor—1 ~ Gal(L.K1|K), where the morphism
P~ :2"G — G x Cyr1 is defined by c'xs — (s,¢) for ¢ a generator of Cor,
¢ a generator of Cor-1.

Proof. Let L be a solution field to the considered embedding problem.
For Ly = L€ ), we have Gal(Li|K) ~ 2"G/(c¥ ') ~ G x (Cyr /(¥ ).
By taking K; = L§, we get Gal(K;|K) ~ Cy—1 and K; NL = K.

Now, L is a solution to the embedding problem 2"G P, G x Cor—1 ~

Gal(L1|K). For this embedding problem, the obstruction to the solvability is
the product of the obstructions to the solvability of the embedding problems
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27G — G ~ Gal(L|K) and Cyr — Cyr—1 ~ Gal(K1|K). For the first, it is
ej(s,,) and for the second e}(c,).

Let us now assume that there exists a Galois extension K;|K, with the
conditions in the proposition, and let L; = L.K;. We consider the embed-

ding problem 2"G L, G x Cyr—1 ~ Gal(L1|K). The obstruction to its solv-
ability is e (s;,) ® e5(c,) = 1 and, if L is a solution, we have a commutative
diagram

Gal(L|K) — Gal(L|K) x Gal(K,|K)

Nl 7 lN

2TG %p G X 027‘—1
and so, L is a solution to the embedding problem 2"G — G ~ Gal(L|K). m

We shall now obtain a second characterization of the set of solutions to
the embedding problem (1). For each extension K;|K as in Proposition 1, we

r—2

define Ko = Kfcz ). We have K, = Ks(y/a), for an element a € K. Let
B =adg, K{ = Ks(y/B). Then, if €, : Gg — Cor—1 is the epimorphism cor-
responding to the extension K{|K, we have (e5)*(¢,) = e3(¢,) ® (dg,dg) in
H?(Gk,C3). The considered embedding problem is then solvable if and only
if there exists a Galois extension Ki|K with Galois group Cy--1 such that
K{NL=K and ei(s}) = (e5)*(c;), for € : Gg — Cyr—1 the epimorphism
corresponding to K |K. Moreover, following the proof of Proposition 1, we
obtain

PROPOSITION 2. If the embedding problem 2"G — G ~ Gal(L|K) is solv-
able, for K1|K running over the set of Galois extensions with the conditions
in Proposition 1, its set of proper solutions is equal to the union of the sets

+
of solutions to the embedding problems 2"G % G x Cyr1 ~ Gal(L.K]|K),
where the morphism pt : 2"G — G x Cyr—1 is defined by

cxg i (s,T) if s€ Ay,
cwy (S,EZPQ‘H) if s€ S\ Ap.

We now assume that the element c,. is the second Stiefel-Whitney class of
some orthogonal representation of the group Cy-—1. Then, given an epimor-
phism ey : G — Cyr—1, the element e5(c,.) € H*(Gx,C3) can be computed
effectively by means of Frohlich’s formula (cf. [6,Theorem 3]). Let now ey be
such that e}(s,,) = e3(c,) in H*(Gk,Cs), K1|K the corresponding Galois
extension, L, = L.K;. We shall now see an explicit way of computation of
the solutions to the embedding problem 2"G — G x Cor—1 =~ Gal(L;|K).
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Let e3 : Gg — Sy ~ (5 be the morphism obtjined from the action of
G on the set of K-embeddings of K (1/dg) into K. The composition

@
Gk e Sp X Sg — Sn+2

takes G = Gal(L|K) into A,,5 and the preimage of G in A5 is 2~G. We
denote by )1 the standard quadratic form in n + 2 variables, and by p; the
orthogonal representation of the group G obtained by embedding A, 12 in
the special orthogonal group SO(Q1) of Q1.

Let g2 : Cor—1 — Ok (Q2) be a representation of Cyr—1 in the orthog-
onal group Ok (Q2) of a quadratic form Q2 over K such that the second
Stiefel-Whitney class sw(p2) of g3 is equal to ¢,. Taking into account [3,
Proposition 3], we can assume that g2 is special and sp o g2 = 1, where
sp : Ok (Q2) — K*/K*? denotes the spinor norm.

Let Q@ = Q1 L Q2, 0 = 01 L 02. The obstruction to the solvability
of the embedding problem 2"G — G x Cyr-1 ~ Gal(L1|K) is equal to
w(Q) ® W(Q,), where Q, is the twisted form of @ by .

Let C(Q),C(Q,) be the Clifford algebras of the quadratic forms @ and
Q,, respectively. For a Clifford algebra C of a quadratic form over K, we put
Cr, = C ®k Ly and denote by C'* the subalgebra of even elements and by
N the spinor norm. The fact that @, is the twisted form of @) by ¢ provides
an isomorphism f : Cp,(Q) — CL,(Q,) such that (f)~1(f)* = o(s) for all
s € G x Cyr—1. Let n/ be the dimension of the orthogonal space of the form
Q@ and ey, eq, ..., e, an orthogonal basis. We are under the conditions of [3,
Theorem 1] and so, we can state

THEOREM 1. If the embedding problem 2"G — G x Cyr—1 ~ Gal(L1|K) is
solvable, there exists a Z/2Z-graded algebra isomorphism g : C(Q) — C(Q,)
such that the element in CZFI(QQ):

z= Z vy oy 2L Ml L wsP s
Ei:(),l
where v; = f(e;), w; = g(e;), 1 <1i < n’, is invertible.
The general solution to the considered embedding problem is then L =

Ly(\/T7), where ~y is any non-zero coordinate of N(z) in the basis
{witws? .. w'}, & =0,1, of Cr,(Q,), and r runs over K*/K*2.

We note that Theorem 1 provides an explicit way of computation of the
solutions to the considered embedding problem whenever the isomorphism
g can be made explicit.

3. Special cases. A special orthogonal representation g of Cyr-—1 such
that sp o o2 = 1 and sw(p2) = ¢, can be found in the cases in which K
contains the 2"~ !-roots of unity and in the case r = 3. In these two cases,



188 T. Crespo

Theorem 1 gives then the solutions to the embedding problem whenever an
isomorphism ¢ is made explicit.

We now assume that the field K contains a root of unity ¢ of precise
order 2”71, Under this hypothesis, we obtain

PROPOSITION 3. The embedding problem 2"G — G ~ Gal(L|K) is solv-
able if and only if there exist an element a in K \ L? such that w(Qg) =
(_27 dE) ® (Cv CL).

Proof. Let K; = K (2 y/a). We have K; N L = K and the obstruction
to the solvability of the embedding problem Car — Cyr—1 ~ Gal(K;|K) is
equal to the element ((,a) € H*(Gg, {£1}) ([6, (7.10)]). So we obtain the
result by applying Proposition 1. =

We assume w(Qg) = (—2,dg) ® ((,a), for an element a in K, and let
K, = K(a), where a = 2" Va, L = L.K;. Let Qy = (2,-2,1,-(,1,—1)
and gy be the orthogonal representation Cyr—1 — SO(Q2) given by

B (+¢ ' ¢—¢t
0
02(c) = <0 14) where R = C—2C71 C+2C71
2 2

We know that oo satisfies sp o g3 = 1, sw(p2) = ¢, and the twisted form of
Q2 by 0218 (2,-2,a,—Ca, a,—a) (cf. [3, Proposition 6)).

In this case, an isomorphism ¢ can be made explicit if the two quadratic
forms @ and @, are K-equivalent and the solutions to the embedding prob-
lem are then obtained by computing the determinant of a basis change
matrix (cf. [3, Theorem 2]).

The next proposition gives the obstruction to the solvability of the con-
sidered embedding problem in the particular case r = 3.

PROPOSITION 4. The embedding problem 8G — G ~ Gal(L|K) is solv-
able if and only if there exist elements a and b in K such that b ¢ K*2,
b(a? —4b) € K*? and w(Qg) ® (—2,dg) = (-2,b) ® (—2a,—1).

Proof. We note that an extension K;|K with Galois group Cj is given
by a polynomial X*+aX?2+b € K[X], with a and b as in the proposition. By
embedding Cy in Sy and using [8, Theorem 1], we see that the obstruction
to the solvability of the embedding problem Cs — Cy ~ Gal(K;|K) is equal
to the element (—2,b) ® (—2a,—1) € H?(Gk,C5). =

Remark. If K1|K is a Galois extension with Galois group Cy given by
a polynomial X* 4 aX? + b, then the corresponding Galois extension K/|K
defined in Section 2 is the splitting field of the polynomial X4 +adg X?+bd%.

We now assume that there exist elements a¢ and b in K as in Proposition 3
and let K be the splitting field over K of the polynomial X*4+aX?+b, L, =



Galois realization of central extensions 189

K;.L. We define the orthogonal representation g2 as the composition Cy —
Sy — Ag — SO(Q2), for Q2 the standard quadratic form in 6 variables.

In this case, @) is the standard quadratic form in n + 8 variables and
we can find explicitly an isomorphism g whenever @, is K-equivalent to a
quadratic form Q, = —(X7 4+ ...+ X2)+ X2, + ...+ X2 5, with ¢ = 0
(mod 4). The solutions to the embedding problem are obtained by com-
putation of a sum of minors of a basis change matrix and, in particular,
of a single determinant in the case ¢ = 0. Moreover, it is easy to see
that the above condition on @, is always fulfilled for K = Q by taking
q=r2(E)+r2(K1)+sg(dr)+sg(b), where ro(E) (resp. r2(K7)) is the num-
ber of non-real places of E|Q (resp. K1|Q) and sg(z) is defined for x € Q
by sg(x) =0 (resp. 1) if z > 0 (resp. z < 0) (cf. [1, Theorems 4, 5].

We shall now use the characterization of the set of solutions to the con-
sidered embedding problem given in Proposition 2 to obtain an alternative
method of computation of the solutions. This second method is valid if the
group G contains at least one transposition which we shall assume to be
(1,2) and has the advantage that it gives in many cases a simpler formula
for the element v providing the solutions to the embedding problem (cf.
Example).

Let now a’ and b’ be elements in K such that w(Qg) = (2,dg)®(—2,b")®
(—2a’,—1) and let K/ be the splitting field over K of the polynomial X* +
aX?+V, L) = Kj.L.

Let M € GL(n + 6, L1) be the matrix

Mg 0 0
M = 0 M,y 0 ,
0 0 My
where
. _ 1 VY
M = xb?l i ns M = tﬁ' i N M/ = < )
sTWhigm MmWgm Tl v

for (z1,...,7,) a K-basis of E, {s1,...,5,} the set of K-embeddings of E

in K, (y1,Y2,y3,ya) a K-basis of K{, {t1,t2,3,%4} the set of K-embeddings
of K{ in K. We consider the quadratic form

QF = Qr L QL (2,2V)

for Qp(X) = Trg x(X?), Qi (X) = Trg; x (X?).

We now assume that K is the field Q of rational numbers and let ¢ =
ro(E) + ro(K]) + sg(b') — sg(dg), where ro and sg are defined as above.
The signature of QF is (n 4+ 6 — ¢,q) and, by comparing Qf with Qf :=
2X74+2dp X3+ X5+ ..+ X2 g — (X2 6 g1+ + X2 6), we see that
the solvability of the embedding problem 8G — G x Cy ~ Gal(L}|Q) implies
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¢ =0 (mod 4) and QZ{ Q-equivalent to Qf;. We now turn back to the general
hypothesis that K is any field of characteristic different from 2 and assume
that Q‘Q" is K-equivalent to a quadratic form Q;r with ¢ = 0 (mod 4). Let
Py € GL(n+6, K) such that P{(Q})Py = (QF). Let R € GL(n+6, K(Vdg))
be defined by

RZ(%O In0+4> where R°:<1/;</2@ —1/12/\2/@)

THEOREM 2. Let P = PyR.

+
(a) If ¢ = 0, the solutions to the embedding problem 8G P, G x Oy ~
Gal(L}|K) are the fields L, (/7 det(M P + 1)), with r running over K*/K*2.

+
(b) If ¢ > 0, the solutions to the embedding problem 8G %> G x Cy ~
Gal(L}|K) are the fields L' (\/77), with r running over K*/K*? and where
the element v is built up as

y=Y (1)@ detC,
C

where C runs through a set of submatrices k x k of MP+ J withn+6—q <

kEk<n+6 and
_ In+6—q 0
J_< i O).

This set includes all matrices C which contain the n + 6 — q first rows
and columns of M P+ J and a number of the remaining rows and columns
according to the rules stated in [1], Theorem 5, but changing the indices 4i+j
to n+6 — g+ 4i + j (see correction in J. Algebra 157 (1993), 283).

In both cases, the matriz P can be chosen so that the element ~ is
NnON-2€ro.

Proof. The element 7 defined in the theorem provides a solution to the
embedding problem 8(GNA,) — (GNA,) x Cy ~ Gal(L}|K(v/dg)), where
8(G N A,) denotes the preimage of GN A4,, in the non-trivial extension 84,,
of A, by Cs (cf. [5]).

Now, the way in which we have chosen the matrices Py and R gives
that the element ~ is invariant under the transposition (1,2). Then, as in
[2, Theorem 5], we conclude that L7(,/7) is a solution to the embedding

+
problem 8G % G x Cy ~ Gal(L}|K). =

ExAMPLE (This example has been computed by J. Quer). We consider
the polynomial f(X) = X% — 8X + 3 with Galois group S; over Q. Let
E = Q(x), for x a root of f, and L the Galois closure of E in Q. We
have dp = —5, modulo squares; w(Qg) = 1; (2,dg) = —1 at 2 and 5
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and (2,dg) = 1 outside these two primes; (—2,dg) = —1 at oo and 5 and
(—=2,dg) = 1 outside these two primes.

The obstructions to the solvability of the embedding problems 2+, —
Sy ~ Gal(L|Q) and 275y — Sy ~ Gal(L|Q) are then non-trivial (cf. Sec-
tion 1) and the embedding problem 4S; — Sy ~ Gal(L|Q) is also non-
solvable (cf. [4]).

Now, for @ = =5, b = 5, we have (—2,b) ® (—2a,—1) = (2,dg). The
embedding problem 854 — S ~ Gal(L|Q) is then solvable. We consider the
biquadratic polynomial g(Y) = Y* — 5Y2 + 5 with Galois group Cj over
Q and let K; be the splitting field of g(Y) over Q. We have m (E) = 1,
r1(K1) = 0 and so an element v in L; = L.K; such that Li(,/7) is a
solution to the embedding problem 8S; — Sy ~ Gal(L|Q) can be obtained
by applying Theorem 2(a). We obtain

v = 2080 — 580z — 278022 — 580z — 3202175 + 80x22,

— 278023 + 80z 22 + 402322 + 24023 — 12802123 + 5602223
— 1280x2x3 + 480x1 2213 + 80x%m2x3
+ 56023523 + 80712523 — 24007573
+ (6386 — 150521 — 441422 — 150529 4 13522129 + 121232,
— 441423 + 121,23 + Tdatel — 186x3 — 424z w3 + 9820323
— 424x5x3 + 834x1x903 + 1483:%:@:1:3
+ 9822213 + 148z w225 — 44423 22w3)
+ 9% (—2184 — 3452 + 51627 — 34529 + 10922129 — 4892225
+ 51623 — 4892123 + 84223 + 3543 — 9242113 — 1382713
— 9242513 — 306x12923 + 168x%x2x3
— 1382223 4 168z 12523 — 50422 03x3)
+ 13(—2798 + 50921 + 195422 + 50925 — 1762120 — 1452229
+ 195473 — 1452125 — 142323 + 9023 + 160z 25 — 4302723
+ 1602923 — 402212073 — 283:%:1;2363
— 4302323 — 2812503 + 84x325w3)

where x1, xo, x3 are three distinct roots of the polynomial f and y denotes

a root of the polynomial g.

We note that in this case we could also apply the method given in Sec-
tion 2 by taking the biquadratic polynomial X* + 25X2 4 125. An element

providing the solutions to the considered embedding problem would then be
obtained as a sum of 14 minors of the corresponding matrix M P.

Remark. We note that analogous results are obtained if we replace the
symmetric group by any group G with a double cover 2G such that the ele-
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ment g € H?(G, Cs) corresponding to the exact sequence 1 — Cy — 2G —

G — 1 is the second Stiefel-Whitney class of an orthogonal representation
of the group G.
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