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1. Introduction. In [1] K. Alladi and P. Erdés showed that if 8,(n) =

> pln P* then
2 2

2 x
Zﬁl(n) 12 logx

n<x

Many papers have been written concerning the additive function f;(n),
see for example [4], [5], [6]. The best result is due to the author [2] and
A. Mercier [9]; they have given the asymptotic formula

(1) 3" Bin) :m2{Zdi/logim+0(l/logm+lm)}

n<x i=1

with arbitrary fixed m > 1 and

i—1 )
_ (=2)" () (i —1)! ,
(2) di_<z;v!§ (2))—— 1<i<m
J. M. De Koninck and A. Ivi¢ [5] also got (1), but they did not give the
expression of (2).

In 1989, P. Zarzycki [10] studied the distribution of values of an additive
function B, (a) on the Gaussian integers given by

Ba(a) =Y N(p)°

pla

with fixed o > 0; the asterisk means that the summation is over the non-
associate prime divisors p of a Gaussian integer a and N(a) = N(z +iy) =
22 + y? is the norm of a. This function is a generalization of the function
Ba(n). Zarzycki obtained the asymptotic formula for the summatory func-
tion ) .p Ba(a) by using the complex integration technique where D is a
certain set of Gaussian integers. The main result he obtained is the following

(97]
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THEOREM 1. For x — 00,

1 L(1 14+a
Z B (I+a)L(1+a,x4) = 14
1+« log

°(5:2))

where x4 denotes the non-principal Dirichlet character modulo 4.

N(a)<z

In [3], T announced that by using an elementary technique one could
prove the following

THEOREM 2. For z — o0,

D e )

N(a)<z n=1 “v=0
_ | plta 1+
y (n—1)lx i of &
(1+a)"log" x logV
with any fized positive integer N, where &(s) = C(s)L(s, x4) and £ (s) is
the v-th derivative of £(s).

In the present paper, we consider the function B,(a) defined on the
integral ideals of an arbitrary number field K by the formula

Ba(@) =Y N(p)°,
pla

where the asterisk means that p runs over prime ideals of K. We obtain the
following

THEOREM 3. For every number field K,
N n— 1

(3) S By = SO EUEO )

N(a)<z n=1v=0

(n — 1lz+e +0< gite )

>< e —
(I1+a)"log"z logV !
with any fixed positive integer N, where (i is the Dedekind zeta function of
K and C;j) its v-th derivative.

Clearly Theorem 3 contains Theorem 2 since every ideal of Q(1/—1) is

principal.

2. Auxiliary lemmas

LEMMA 1. Let K be a number field. Then
m(z, K) : Z 1 =Liz + O(ze~ Vo8 ®)

N(p)<z
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with some ¢ > 0. Moreover, for arbitrary fited N > 1,

N
n— 1)z T

For the proof, see [8], Theorem 191, and [7], §4, formula (5).

LEMMA 2. For arbitrary fited N > 1 and o > 0,

* (n—1) zite xplte
Z N(p)azz W oan, T O Nt1i_ )
N <z ot (1 —+ a) IOg € Iog T
Proof. We have
SNUNmr = [ tdn(t,K)
N(p)<e 2%
=2%n(z,K) — fatal(tK)d
2—¢
N T N
(n—1)lptte (n— 1 'ato‘ gt
= dt o var
Z:: log" x 2;{ z:: +O<logN+1:c>
1 i(n—l)!x“”"_ai Lo,
N l+as=  log'z —Z\(1+a)P? (1+a)P

N N 1 (n _ 1)!xl+a N 0 xl-i—a
T+ a)m log" x logV ! 2

N (n—1)! gite L0 plta
= E ——|. m
1 + a log” x 10gN+1 T

LEMMA 3. Let 2<Q < logLJrl x, for arbitrary fited L > 1. Then

i(”zj 1+a)!log Q>(1+(T;)_n2ig”x+o<%>'

log
Proof. By Newton’s binomial formula,

N —-n
(n —1)! (n—1)! log )
Z(1+oz) nlog" z/Q Z (14 a)™log" x(l_ logx)

n=1
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n—1)! = /-n o (logQ\" log" Q
s & (o) e (22 +O<logN“m>

I
M=

n=1 v=0
iv: 1 Z n+v—1 (n—l)!1 0+0 log" z
= —F—— 10 v + — T
Y 2 (0 e aro(i i)
n>1,v>0
Nok—-1) R (1+a)log’ Q log™ Q
- Z k Z ! +0 N+t )"
— (1+a)klog”z 7= v! log T

3. Proof of Theorem 3. Let P(a) denote a prime ideal factor of a
in K of the largest possible norm. We should obtain the corresponding
summation (3) for N(P(a))® instead of B, (a). In fact, let

(4) > o= Zl + 22 .
N(a)<z

Here and below ) ; means N(a) < z and P(a) is unique, ), means N (a)
< z and P(a) is not unique. By Theorem 202 of [8], one has

(5) > 1=0(),
N(a)<z
hence
(6) ZQ(Ba(a) — N(P(a))*) = O(z**logz) > 1=0(x'"*logz).
N(a)<z

On the other hand,
(7)Y (Ba(a) = N(P(a))*)

=>{ X N+ Y Nee)

p¥|la, p=P(a) pla, p#£P(a)
k>2
< D> NmTY 1+ >, NE* Y o1
N(pF)<=z pFlla N(p)<z!/2 pla, p#P(a)
k>2
D SR (CTED DI SERULND S
N(pF)<= N(a)<z/N(p*) N(p)<azl/2 N(a)<z/N(p)
k>2
* 1 * 4 :L.1+a/2
=ofz > N }+O{$ ST ONG) }:o( o s )
N(p")<=z N(p)<zl/2
k>2

where in the last equality we use (5) and Lemma 2.
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Now we make two steps:

(i) We first sum over all N(a) < z with N(P(a)) < z/log 'Hx M =
[(N +1)/a], including those with P(a)Q(a)|a, N(Q(a)) = N(P

(o3

x wl—i—a
> M@ Y=o N)

N(a)<lz N(a)<z 0g

(ii) Next we sum over all N(a) < & such that N(P(a)) > z/log™ ™ z
Assume a = pipp 7" .. pTt, N(pk) > N(pr—1) > ... > N(p1). Let q =

A —1

p.7" .. p7". Noting that N(py—1) < N(q) < N(pg), if z is large enough,
by Lemmas 2 and 3, one has

S O Newt= Y Y N(p)®

N(pra)<z N(q)<logM*tz z/log"*! z<N(p)<z/N(q)

- T (B el

N(q)<logh+1g - n=1 log™y log

_ 1 N (n—1)! plte plte
a 2 N(®L“¥§:(1+CU"'kgnxﬂvm)+%)< N+1x>

x/N(q)

z/logM+1 g

N(q)<logM+1g n=1 log
D SR o 3 e R
N 1+o¢ I — -
N(q)<logM+1z n=1 \v=0 v (1+a)r log"z
r1T(loglog x)V
+0< e )
- i(z Lol oy Ny o e
n=1 “v=0 v N(q)<logM+1 g N(q) (1 + Oé) lOg T
n O(:J:Ha(log log x)N)
lOgN+l x
- (—1)"A+a) (v) (n—1)! plte
B D S e R
n=1v=0 ’ g
n O(a:”“(log log .CI})N>
lOgN+l x .

In the last equality we use the formulas (cf. [8], Theorem 141)

N - =(k(s), Res>1,
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and

Zlojg\:(gi“) = (~1)°C(s), Res> 1.

Noting that N can be any positive integer, by (4), (6) and (7), we complete
the proof of Theorem 3. m
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