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Numbers with a large prime fatorbyR. C. Baker (Provo, Ut.) and G. Harman (Cardi�)1. Introdution. Given a large positive number x, let P (x) denote thegreatest prime fator of Yx<n�x+x1=2 n:Lower bounds for P (x) have been given by Ramahandra [15,16℄, Graham[9℄, Baker [1℄, Jia [12℄ and Liu [13℄. The last paper ontains the boundP (x) > x0:723:In the present paper we give a sharper bound.Theorem 1. For suÆiently large x, we haveP (x) > x0:732:As in previous papers on the subjet, we ombine sieve methods withestimates for exponential sums(1:1) Xh�HXm am Xv<mn�ev bne� hxmn�:Here e(�) = e2�i�. The paper of Fouvry and Iwanie [7℄ was an importantstep forward in the study of sums (1.1), and one of the results of [7℄ is usedin [13℄ with a little adaptation; see Lemma 2, below. Some results in [1℄ arestill useful; see Lemmas 2, 3.For the speial sums (1.1) in whih(1:2) am = 1;the best results are due to Liu [13℄. He uses di�erent methods for(1:3) v < x0:6�"Researh of the �rst author supported in part by a grant from the National SieneFoundation. [119℄



120 R. C. Baker and G. Harmanand(1:4) v � x0:6�":Here and below, " is a positive number, supposed suÆiently small.In the present paper, we give a theorem on bilinear exponential sumsfrom whih the results of [13℄ follow in both ases (1.3), (1.4) (Theorem 2and its orollaries; see Setion 3). Theorem 2 has other appliations, whihwill be taken up elsewhere.Let y = x1=2; L = log x, andN(d) = Xx<n�x+ydjn 1:Let v be a positive number in (x1=2; x3=4℄. We write v = x�,A = fn : v < n � ev;N(n) = 1g; S(A; z) = jfn 2 A : p jn) p � zgjwhere p denotes a prime variable, andS(�) = jfp : p 2 Agj:Theorem 1 will follow if we establish that(1:5) Xx0:732<p�P (x)N(p) log p > 0:Just as in [1℄, x1, it suÆes to prove that(1:6) Xd<x3=5�" �(d)N(d) = �35 � "�yL+O(y)and(1:7) Xx3=5�"<p�x0:732N(p) log p < 2yL=5in order to establish (1.5). The formula (1.6) is given in [13℄, but for thesake of ompleteness we shall dedue it from Theorem 2 (see Corollary 2).As on p. 229 of [1℄, (1.7) will follow from the bound0:732R0:6�" �S(�) d� < �25 � "�yL�1:Thus we seek the sharpest attainable upper bounds for S(�). As in [1, 12,13℄, we use the Rosser{Iwanie sieve, at least for � > 0:661. For � � 0:661,we use the alternative sieve proedure developed by Harman [11℄ and Baker,Harman and Rivat [2℄ to give sharper bounds for S(�). It is here that wegain a sizeable advantage over Liu [13℄.Throughout the paper, we suppose that x > C(") and write � =exp(�3="), J = [vy�1x4�℄. Constants implied by �, � and O"( ) depend



Numbers with a large prime fator 121at most on ". Constants implied by O( ) are absolute. The notations A . Band Y � Z are abbreviations for A � B(1 +O(")) and Y � Z � Y:We write  (�) = �� [�℄� 1=2;V (�) = Yp<��1� 1p�;G(�) = exp�1�� 1�� log� 1��� (� > 0):We write m � M as an abbreviation for M < m � 2M . The smallestprime fator of n is written Q(n), with Q(1) =1.The �rst-named author would like to thank the Institute of AdvanedStudy at Prineton, where the penultimate draft of the paper was prepared.2. Exponential sums of form (1.1)Lemma 1. Let �; �1; �2 be given real numbers suh that � 6= 1 and��1�2 6= 0. Let 1 �M;M1;M2 � x. Let A > 0, andS = Xm�M ��� Xm1�M1 Xm2�M2 bm1;m2e(Am�m�11 m�22 )��� where jbm1;m2 j � 1:Writing F = AM�M�11 M�22 , L1 = log(MM1M2(1 +A)), we haveS � L21((M1M2)13=14M9=14F 1=14 +M1M2M2=3+M1M2M13=12F�1=4 + (M1M2)3=4M + (M1M2)3=4M1=2F 1=4):P r o o f. This is a variant of [7℄, Theorem 3; see [2℄ for a proof. In [2℄, theauthors inluded terms (M1M2)23=24MF�1=6 and (M1M2)23=24M7=12F 1=24.These are superuous, sine(M1M2)23=24MF�1=6= (M1M2M13=12F�1=4)4=6(M1M2M2=3)1=6(M3=41 M3=42 M)1=6;(M1M2)23=24M7=12F 1=24= (M3=41 M3=42 M1=2F 1=4)1=6(M1M2M2=3)5=6M�1=18:Lemma 2. Let am (m �M), bn (n � N) be omplex numbers of modulus� 1. We have(2:1) Xm�M Xn�Nv<mn�ev ambn� �x+ ymn ��  � xmn��� yx�5�for 1=2 < � < 2=3 � " and vx�1=2+" � N � max(x2�"v�3; v1=7x1=14�"):



122 R. C. Baker and G. HarmanP r o o f. If the sum (2.1) is nonempty, then MN � v. (This will fre-quently be used impliitly in the rest of the paper.)In view of [1℄, Lemma 7, and the proof of [1℄, inequality (50), it suÆesto establish(2:2) T := Xh�H Xm�M Xn�N ambne� h�mn�� vx�6�for H � J , MN � v, � � x. (We have dispensed with the summationondition v < mn � ev; this is permissible just as in [1℄, Lemma 15.)We now get the desired result by an appeal to Lemma 9 of [1℄ and Lemma2 of [13℄.Lemma 3. Let (�; �) be an exponent pair. Let 0:64 < � < 0:72. Then(2.1) holds for all N satisfying(2:3) vx�1=2+" � N � (x�=2���1=4v1+���)1=(1+���)x�":P r o o f. As in the previous lemma, it suÆes to establish (2.2). Aord-ing to Lemma 14 of [1℄, for N satisfying (2.3) we have(2:4) T 2 �M2(NH)1+� +H1=2+�N3=2+��2�M1=2��x1=2+�+2� :It is now easy to verify that (2.3) and (2.4) together imply (2.2). Thisompletes the proof of Lemma 3.We shall apply Lemma 3 with three exponent pairs:(i) Let � = 89=560 + �. Then (�; 1=2 + �) is an exponent pair (Watt[19℄). Let (�; �) = BA��; 12 + �� = �1 + 2�4 + 4�; 1 + 2�2 + 2��:(ii) (�; �) = BA3B(0; 1) = (11=30; 8=15).(iii) (�; �) = BA4B(0; 1) = (13=31; 16=31):The orresponding expressions in (2.3) are respetivelyv(3+2�)=(5+6�)x�(1+�)=(5+6�)�"; v5=7x�3=10�"; v14=17x�3=8�":Lemma 4. We have(2:5) Xh�H Xn�N XM�m<M1v<mn�ev bne� h�mn�� vx�6�for(2:6) � � x; 1=2 < � < 3=4� "; M1 � 2M; jbnj � 1; H � Jif either(2:7) N < x1=3�"



Numbers with a large prime fator 123or(2:8) x1=3�" � N � x3=8�" and H < vx"�3=8N�1=2:P r o o f. This is a variant of an argument of Wu [20℄. We apply Poisson'ssummation formula to the inner summation. As in the proof of [1℄, Lemma 4,the left-hand side of (2.5) isMv1=2H1=2x1=2 Xh�H Xn�NXr b0nre�2�hr�n �1=2�+O"�HN� Mv1=2H1=2x1=2 + L��;where b0n; r have modulus � 1 and the summation range for r ish�n�1max�M�21 ;�evn ��2� < r < h�n�1min�M�2;� vn��2�:We may readily verify that(2:9) HN� Mv1=2H1=2x1=2 + L�� vx�6� :As in the proof of Lemma 2, it now suÆes to show that(2:10) Xh�H Xn�N Xr�R b00n0re�2�hr�n �1=2��M�1v1=2H1=2x1=2�7� ;where(2:11) R � HxM�2N�1and jb00nj � 1; j0r j � 1. By a standard divisor argument, the sum (2.10) maybe rewritten as(2:12) Xn�N Xk�RH b00nake�2�k�n �1=2�;where ak � x�:We apply Lemma 1 with M1 � RH;M2 = 1 and M replaed by N . It iseasily veri�ed that (2.10) is a onsequene of (2.7) or (2.8). This ompletesthe proof of Lemma 4. The reader will note that (2.8) is unneessarilystrong. The reason for the form of the ondition (2.8) will beome learwhen we prove Corollary 1 of Theorem 2.3. Bilinear exponential sumsLemma 5. Let M � N < N1 � M1. Let an (M � n � M1) be omplexnumbers. Then��� XN<n�N1 an��� � 1R�1 K(�)��� XM<m�M1 ame(�m)���d�



124 R. C. Baker and G. Harmanwith K(�) = min(M1 �M + 1; (�j�j)�1; (��)�2) and1R�1 K(�) d� � 3 log(2 +M1 �M):P r o o f. This is Lemma 2.2 of Bombieri and Iwanie [3℄.Theorem 2. Let �; � be given nonzero real numbers, � 6= 1. Let X;Y� 1. Let ax (x � X) and by (y � Y ) be omplex numbers of modulus � 1.Let S = Xx�X Xy�Y axbye(Ax�y�);where the positive number F = AX�Y � satis�es(3:1) F < min(Y 2;XY 1�3�):Then for any natural number Q, 1 � Q � Y 1�� , we haveS � (XY )3�fXY Q�1=2 +XY 3=2F�1=2Q�1=2 + F�1=6Q�1=3XY 13=12+ F�3=8Q�5=16XY 11=8 + F 1=4Q1=8X1=2Y 3=4+ F 1=3Q1=6X1=2Y 7=12 + F 1=8Q3=16X1=2Y 7=8g:P r o o f. We may suppose that Y > 0(�). We begin in the same way asLiu [13℄, proof of Lemma 4. By Cauhy's inequality and a \Weyl shift" (seee.g. Graham and Kolesnik [10℄, Lemma 2.5),jSj2 � X Xx�X ��� Xy�Y bye(Ax�y�)���2� (XY )2Q + XYQ X0<jqj�Q Xy;y+q�Y byby+q Xx�X e(Ax�t(y; q)):Here t(y; q) = (y + q)� � y� . After splitting the range of q into dyadiintervals, we obtainY ��jSj2 � (XY )2Q + XYQ ��� Xq�Q1 Xy;y+q�Y byby+q Xx�X e(Ax�t(y; q))���for some Q1, 1 � Q1 � Q.There are now two ases to onsider.C a s e 1: Q1 � Y 2�. Nowddx (Ax�t(y; q))� FQ1Y �1X�1 � Y ��by (3.1). Lemmata 4.2 and 4.8 of [17℄ yieldXx�X e(Ax�t(y; q))� (FQ1)�1XY



Numbers with a large prime fator 125and Y ��jSj2 � (XY )2Q + XY 2Q Q1(FQ1)�1XY� (XY )2(Q�1 + Y F�1Q�1);so that the theorem is true in this ase.C a s e 2: Q1 > Y 2� . We apply a sharp form of the Poisson summationformula to the innermost sum (Min [14℄, Theorem 2.2):Xx�X e(Ax�t) = Xu2I C1j(At)u�1=2� je(C2(At)2u1�2)(3:2) +O�min��X2YQ1F �1=2; 1kg1(y; q)k + 1kg2(y; q)k��+ XYQ1F + (XY )� :Here I = [C3AX��1jtj, C4AX��1jtj℄,  = 1=(2(1 � �)), 2(2 � 1) 6= 0,g1 = �AX��1t and g2 = �A(2X)��1t. (The onstants C1; C2; : : : dependonly on �.)For �xed q � Q1, we have(3:3) 2Xj=1 Xy�Y min�(X2Y Q�11 F�1)1=2; 1kgj(y; q)k�� (1 + FQ1X�1Y �1)((X2Y Q�11 F�1)1=2 + F�1Q�11 XY 2+�)by a variant of Lemma 9 of Vinogradov [18℄, Chapter I. Thus if we sum(3.2) over y, interhange summations, and apply a partial summation, we�nd that(3:4) (XY )�2� jSj2� (XY )2Q�1 +X2Y 3=2Q�1=2F�1=2 + F�1Q�1X2Y 3+ F 1=2Q1=2XY 1=2 +XY 2+XY Q�1(1 + FQ1X�1Y �1)(AQ1Y ��1)(XY F�1Q�11 )+1=2jS1j:Here, for some �xed u � FQ1X�1Y �1,S1 =Xy Xq�Q1 byby+qe(C2(At)2u1�2);where the outer summation is taken over a subinterval of (Y; 2Y ℄.By Lemma 5, we have(XY )�� jS1j � Xy�Y ��� Xq�Q1 by+qe(�q)e(C2(At)2u1�2)���



126 R. C. Baker and G. Harmanfor some real number � independent of y and q. Applying Cauhy's inequal-ity and a Weyl shift, we have(3:5) (XY )�2�jS1j2 � (Y Q1)Q2 2 + Y Q1Q2 X1�q1�Q2 jS2(q1)jwith S2(q1) = Xy�Y Xq;q+q1�Q1 by+qby+q+q1e(t1):Here t1 = t1(y; q; q1) = C2u1�2A2(t(y; q + q1)2 � t(y; q)2):The hoie of Q2 (1 � Q2 � Q1) is at our disposal. For reasons whih shouldshortly beome lear, we takeQ2 = min(Q(1��)=21 ; (Q1Y 2��F�1)1=3):We now estimate S2 for a given value of q1. (We suppress dependeneon q1.) Writing y + q = z, we getS2 = Xq;q+q1�Q1 Xz�q�Y bzbz+q1e(T )with T = T (z; q) = C2u1�2A2(t(z � q; q + q1)2 � t(z � q; q)2):Applying Lemma 5 one more gives(XY )�� jS2j � XY=2<z<2Y ��� Xq�Q1 e(T (z; q))���:A �nal appliation of Cauhy's inequality and a Weyl shift yields(3:6) (XY )�2� jS2j2 � (Y Q1)Q3 2 + Y Q1Q3 X1�q2�Q3 Xq�Q1 jS3(q; q2)jwith Q3 = Q22 � Q1��1 andS3(q; q2) = XY=2<z<2Y e(T (z; q) � T (z; q + q2)):Now it is easy to verify that, in the last sum,ddz (T (z; q) � T (z; q + q2)) � Fq1q2Q�11 Y �2 � FQ32Q�11 Y �2 � Y �� :By Lemmata 4.2 and 4.8 of [17℄, we haveS3(q; q2)� (Fq1q2Q�11 Y �2)�1:



Numbers with a large prime fator 127With (3.6), (3.5), this yields(XY )�3� jS2j2 � Y 2Q21Q22 + Y 3Q31Q22q1F ;(XY )�4� jS1j2 � Y 2Q21Q2 + Y 5=2Q5=21Q3=22 F 1=2 :Using the de�nition of Q2, we get(XY )�5� jS1j2 � Y 2Q3=21 + Y 4=3Q5=31 F 1=3+ Y 5=2Q7=41 F�1=2 + Y 3=2Q21:Sine Q1 < Y , the last term may be omitted. Realling (3.4), and notingthat (AQ1Y ��1)(XY F�1Q�11 ) = X1=2;we obtain(XY )�5� jSj2 � (XY )2Q�1 +X2Y 3=2Q�1=2F�1=2+ F�1Q�1X2Y 3 + F 1=2Q1=2XY 1=2 +XY 2+X2Y 3=2Q�1F�1=2Q�1=21 (1 + FQ1X�1Y �1)� (Y Q3=41 + Y 2=3Q5=61 F 1=6 + Y 5=4Q7=81 F�1=4)� X2Y 2Q�1 +X2Y 3=2Q�1=2F�1=2 + F�1Q�1X2Y 3+ F 1=2Q1=2XY 1=2 +XY 2 +X2Y 5=2Q�3=4F�1=2+ F�1=3Q�2=3X2Y 13=6 + F�3=4Q�5=8X2Y 11=4+XY 3=2Q1=4F 1=2 +XY 7=6F 2=3Q1=3 +XY 7=4F 1=4Q3=8= T1 + : : :+ T11; say:Clearly T4 � T9 and T2 � T6 = T 1=31 T 2=38 � max(T1; T8). We may supposethat T3 < X2Y 2; onsequently, Y < FQ and T5 < T11. The result followsin Case 2. This ompletes the proof of Theorem 2.Corollary 1. We have, for 1=2 < � � 3=4� ",(3:7) XM�m<M1 Xn�Nv<mn�ev bn� �x+ ymn ��  � xmn��� yx�5�whenever jbnj � 1, M1 � 2M and(3:8) N � x3=8�":P r o o f. As in the proof of Lemma 2, it suÆes to show that (2.5) holdswhen � � x, H � J . In view of Lemma 4, we may suppose that(3:9) x1=3�" � N � x3=8�"



128 R. C. Baker and G. Harmanand that(3:10) H � vx"�3=8N�1=2:As in the proof of Lemma 4, we only have to prove that the left-handside of (2.12) is(3:11) �M�1v1=2H1=2x1=2�6� :We apply Theorem 2 withX = N; Y � H2xv�2N; F � Hxv�1; Q = [x1=4℄:It is easy to dedue from (3.10) that Q < Y 1�� and that (3.1) holds. Thebound (3.11) may readily be veri�ed, and Corollary 1 is proved.Corollary 2. The formula (1.6) holds.P r o o f. An examination of the proof of [1℄, Proposition 1, reveals thatit suÆes to prove that (3.7) holds whenever jbnj � 1, M1 � 2M and(3:12) M > x1=4�6� ; v < x3=5�":Now (3.12) implies N � vM�1 � x7=20+2": Hene Corollary 2 follows fromCorollary 1.4. The Rosser{Iwanie sieve. Let �(�) be de�ned to be 2 � 3� in(3=5�"; 27=44℄, (2�+1)=14 in (27=44; 0:642℄, (3+2�)�=(5+6�)�(1+�)=(5+6�) in (0:642; 0:671℄, 5�=7 � 3=10 in (0:671; 357=520℄ and 14�=17 � 3=8 in(357=520; 0:7℄. Leta = x��1=2+"; b = x�(�)�"; ba�1 = xg; I = [a; b℄:Then(4:1) The bound (2.1) holds for N 2 I:This is a onsequene of Lemma 2 for � � 0:642. We use the remarksfollowing Lemma 3 for the remaining intervals. When � � 0:661, we shallapply the Rosser{Iwanie sieve as in [1℄ to bound S(A; z) from above. Herez = D1=3, the \level of distribution"D being de�ned as follows. For 0:661 <� � 0:7, let D0 = x�5"min(b3a�1; x3=4a�2)and D = max(D0; x3=8+g�5") = x%(�); say:For 0:7 < � � 0:732, let D = x%(�), where %(�) = 3=8 � 4".The interval of � in whih D = D0 is rather short, 0:6825 < � <0:6854 : : : ; but the devie seems worth inluding, partly beause analogoussituations may our in other sieve problems.



Numbers with a large prime fator 129Lemma 6. Let A1; : : : ; At be positive numbers with A1 � : : :� At � 1,(4:2) A1 : : : A2jA32j+1 � D1+� (0 � j � (t� 1)=2):Then for 0:661 < � � 0:7, either(4:3) A1 : : : At < x3=8�2"or some set S � f1; : : : ; tg satis�es(4:4) Yi2SAi 2 I:For 0:7 < � � 0:73, the inequality (4.3) holds.P r o o f. The lemma is obvious for � > 0:7, sine (4.2) implies thatA1 : : : At � D1+� � x3=8�3". Now let � 2 (0:661; 0:7℄. Suppose thatneither (4.3) nor (4.4) holds; we shall obtain a ontradition.Suppose �rst that D = x3=8+g�5". By Lemma 5 of Fouvry [6℄, withYi = Ai, W = D1+2�, U = a, V = b, we haveA1 : : : At � D1+2�ab�1 < x3=8�2":This is absurd.Next, suppose that D = D0. As in [1℄, p. 215, we partition A1 : : : Atinto two produts P and Q, withP � D1=2+�0 ; Q � D1=2+�0 :Suppose if possible that P � b. Then P < a. NowA1 : : : At = PQ < aD1=2+�0 < x3=8�2":This is absurd, so P > b. Similarly, Q > b.Let P 0 be the subprodut of P formed from those Ai that exeed ba�1;de�ne Q0 similarly. Sine (4.4) never holds, it is lear that P 0 � b andQ0 � b. If P 0Q0 = Aj1 : : : Ajr with j1 > : : : > jr then, from (4.2),D1+� � P 0Q0Ajr � b2 � ba�1;whih is absurd. This ompletes the proof of Lemma 6.Lemma 7. Let z = D1=3. ThenS(�) � S(A; z) . 2%(�) � yL:P r o o f. In view of Lemma 6 and (4.1), this follows in exatly the sameway as [1℄, Lemma 16. (The ondition (63) of [1℄ is obviously satis�ed.)5. An alternative sieve. In this setion and the next we suppose that3=5� " < � � 0:661:



130 R. C. Baker and G. HarmanLet B = fn : v < n � evg; !(n) = y=n (n 2 B):For E = A or B, let Em = fn : mn 2 Eg: We writeS(Bm; u) = Xmn2BQ(n)�u !(nm)whenever Q(m) � u. The quantity S(B; u) will at as a model for S(A; u).We let w(u) be Buhstab's funtion, so thatw(u) = 1=u (1 � u � 2); (uw(u))0 = w(u � 1) (u > 2):As u!1, we have(5:1) w(u) = e� +O(G(1=u)):See Cheer and Goldston [4℄.Lemma 8. For m � v1=2 and x" � � � v=m, Q(m) � �, we haveS(Bm; �) = w� log(v=m)log � � ym log � (1 +O"(L�1)):P r o o f. Let � (u) = jfn � u : Q(n) � �gj. For u 2 [=m; ev=m℄, wehave � (u) = w� log(v=m)log � � ulog � (1 +O"(L�1))(see Friedlander [8℄). Consequently,S(Bm; �) = ym Xmn2BQ(n)�� 1n = ym ev=mRv=m d� (u)u= ym��� (u)u �ev=mv=m + ev=mRv=m � (u)u2 du�= w� log(v=m)log � � ym log � (1 +O"(L�1)):This ompletes the proof of Lemma 8.Lemma 9. For M � x3=8�", we have(5:2) Xm�M amjAmj = y Xm�M amm +O"(yx�4�)whenever jamj � 1.



Numbers with a large prime fator 131P r o o f. The left-hand side of (5.2) isXm�M am Xv<mn�ev Xkx<mnk�x+y 1= Xm�M am Xnv<mn�ev � ymn �  �x+ ymn �+  � xmn��= y Xm�M amm Xnv<mn�ev 1n +O"(yx�4�)by Corollary 1 of Theorem 2. We may now easily omplete the proof (om-pare [1℄, p. 210).Lemma 10. Let M � x3=8�2", 0 � am � 1, am = 0 unless Q(m) � x�(m = 1; : : : ;M). ThenXm�M amS(Am; x�) = Xm�M amS(Bm; x�)�1 +O�G� "����+O"(yx�3�):P r o o f. We apply Lemma 8 of Baker, Harman and Rivat [2℄, with z; yreplaed by x�, x", taking E = Am and Y = y=m. In the notation of [2℄, wehave � = ", hene �50 log(x�) > 1. We dedue that, whenever am 6= 0,S(Am; x�) = ymV (x�)�1 +O�G� "����+O� Xd<x"pjd)p<x� ����jAmdj � ymd �����:(Note that Ed = Amd beause (m; d) = 1 here.)By a divisor argument (ompare [2℄) there are numbers j � x� forwhihXm�M amS(Am; x�)= yV (x�) Xm�M amm �1 +O�G� "����+O� Xj<x3=8�" j�jAj j � yj��= yV (x�) Xm�M amm �1 +O�G� "����+O"(yx�3�)by Lemma 9.Combining Lemma 8 with (5.1), we haveS(Bm; x�) = ym�L�e� +O�G� "����:



132 R. C. Baker and G. HarmanIn view of the approximationV (x�) = e��L f1 +O"(L�1)g;we obtain the desired result.Let I be the interval de�ned at the beginning of Setion 4.Lemma 11. For N 2 I, jamj � 1, jbnj � 1, we haveXmn2Am�M;n�N ambn = y Xmn2Bm�M;n�N ambnmn +O"(yx�5�):P r o o f. As in Lemma 9, the left side isXmn2Bm�M;n�N ambn� ymn �  �x+ ymn �+  � xmn��= y Xmn2Bm�M;n�N ambnmn +O"(yx�5�)from (4.1). This establishes Lemma 11.Lemma 12. Let h � 1 be given and suppose that D � f1; : : : ; hg andM 2 I, M1 < 2M . Then(5:3) Xp1 : : :Xph �S(Ap1:::ph ; p1)=Xp1 : : :Xph �S(Bp1:::ph ; p1) +O"(yx�4�):Here � indiates that p1; : : : ; ph satisfyx� � p1 < : : : < ph;(5:4) M � Yj2D pj < M1(5:5)together with no more than "�1 further onditions of the form(5:6) R � Yj2F pj � S:P r o o f. The left-hand side of (5.3) isXp1 : : :Xph � tXj=1Xq1 : : :Xqj 1;



Numbers with a large prime fator 133where t < ��1, and the inner summation extends over primes q1; : : : ; qjsatisfying p1 � q1 � : : : � qj ; p1 : : : phq1 : : : qj 2 A:This would be the type of sum estimated in Lemma 11, if we ould dis-entangle the interations between the variables p1; : : : ; ph; q1; : : : ; qj . Theproedure for doing this via the trunated Perron formula in [1℄ (proof ofLemma 11) may be applied here. Aordingly the left-hand side of (5.3) is(5:7) Xp1 : : :Xph � tXj=1Xq1 : : :Xqj yp1 : : : phq1 : : : qj +O"(yx�4�):Naturally we may also obtain the formula (5.7) for the sumXp1 : : :Xph � S(Bp1:::ph ; p1)and Lemma 12 follows.Lemma 13. Let M � a=2 and N � x3=8�2"=(2a). Let M � M1 � 2Mand N � N1 � 2N . Let x� < z � ba�1. Suppose that f1; : : : ; hg partitionsinto two sets C and D. Then(5:8) Xp1 : : :Xph �S(Ap1:::ph ; z) =Xp1 : : :Xph � S(Bp1:::ph ; z)(1 +O(")):Here � indiates that p1; : : : ; ph satisfy(5:9) z � p1 < : : : < ph;(5:10) M �Yj2C pj < M1; N � Yj2D pj < N1together with no more than "�1 further onditions of the form (5.6).We remark that the ase h = 0, C and D empty is permitted.P r o o f. Let us write p = (p1; : : : ; ph) and m = Qj2C pj , n = Qj2D pj .Buhstab's identityS(E ; z1) = S(E ; z2)� Xz2�p<z1 S(Ep; p)applies to both Amn and Bmn (2 � z2 < z1). In partiular,Xp � S(Amn; z) =Xp � S(Amn; x�)�Xp � Xx��q1<z S(Amnq1 ; q1):The �rst term on the right has an asymptoti formula by Lemma 10.The subsum of the other term on the right for whih mq1 � a has anasymptoti formula by Lemma 12, sine mq1 � 2Mz � b.



134 R. C. Baker and G. HarmanTo the residual sum in whih mq1 < a, we apply Buhstab one more.If we ontinue in this fashion, the jth step is the identityXj := Xp � X(5:11) S(Amnq1:::qj ; qj)= Xp � X(5:11)S(Amnq1:::qj ; x�)�Xp � X(5:12)S(Amnq1:::qj+1 ; qj+1)with summation onditionsx� � qj < : : : < q1 < z; mq1 : : : qj < a;(5:11) x� � qj+1 < qj < : : : < q1 < z; mq1 : : : qj < a:(5:12)The �rst sum on the right has an asymptoti formula by Lemma 10, sinethe variables satisfymnq1 : : : qj < a(x3=8�2"=a) = x3=8�2":The subsum of the seond sum on the right, given by mq1 : : : qj+1 � a,has an asymptoti formula by Lemma 12, sinemq1 : : : qj+1 < aqj+1 < az � b:The residual sum is Pj+1. After O(��1) steps the residual sum is learlyempty, giving a deomposition of P�p S(Amn; z) into a main term and anerror term, say E.A orresponding deomposition with the error term applies toP�p S(Bmn; z), and to omplete the proof we must show that E is of a-eptable size. Just as in [2℄, proof of Lemma 12, we haveE = O���121=�G� "��Xp �S(Amn; z)� = O�"Xp �S(Amn; z)�sine ��121=�G� "�� < exp�1� � "� log� "��� < exp��1� �:This ompletes the proof of Lemma 13.Lemma 14. Let x3"P < max(b2=a; x7=8��). Then(5:13) Xp�P S(Ap; ba�1) = Xp�P S(Bp; ba�1)(1 +O(")):Rema r k. b2=a > x7=8�� for � < 29=48 = 0:60416 : : :P r o o f o f L emma 14. In view of Lemma 13 we need only onernourselves with the ase x7=8�� < x3"P < b2=a:



Numbers with a large prime fator 135We an begin the proof as in Lemma 13, but we annot ontinue when wereah a point where(5:14) Pq1 : : : qn > x3=8�2"; q1 : : : qn < a:At suh a stage we note that(5:15) Xqj�Qjp�P S(Apq1:::qn ; qn) = Xqj�Qjr S(Arq1:::qn ; (2P )1=2);where r has no prime fators below qn, and v=(2P ) � rq1 : : : qn < ev=P . Inview of (5.14) we thus obtain(5:16) r � vx2"�3=8 = x�+2"�3=8 < x7=8���3" = x3=8�2"=a;sine 29=48 < 5=8. We therefore an apply Buhstab to the right-hand sideof (5.15) to obtain(5:17) Xqj ;r S(Arq1:::qn ; ba�1)� Xqj ;rba�1�s<(2P )1=2 S(Arq1:::qns; s);where the �rst sum an be estimated by Lemma 13. The seond sum ountsnumbers rq1 : : : qnst 2 A, where P=(se) � t < 2eP=s. We note that (2P )1=2< b, so we an apply Lemma 12 when s � a. If s < a thenP=(se) > P=(ae) > a and 2Pe=s � 2Pea=b < b;so t 2 [a; b℄ and thus Lemma 12 is appliable in this ase also. We thereforeobtain a suitable formula for both sums in (5.17), whih establishes (5.13)as required.Lemma 15. Let x3"P < max(b2=a; x7=8��); P > ev=b2 and ba�1 < Q� b. Then(5:18) Xp�Pq�Q S(Apq ; q) = Xp�Pq�Q S(Bpq ; q)(1 +O(")):P r o o f. If Q � a we an apply Lemma 12 so we heneforth supposeQ < a. We �rst onsider the asex7=8�� < x3"P < b2=a(so � < 29=48). Here we work in a similar manner to Lemma 14 to obtainXp�Pq�Q S(Apq; q) = Xq�Qr S(Aqr; (2P )1=2)(5:19) = Xq�Qr S(Aqr; ba�1)� Xq�Qr;ba�1�s<(2P )1=2 S(Aqrs; s):



136 R. C. Baker and G. HarmanNowr � vPQ < vx��7=8+3"ab = x6�+2"�27=8 < x7=8���3" = x3=8�2"asine 29=48 < 17=28 (= 0:607 : : :). As Q < a we may therefore applyLemma 13 to the �rst sum in (5.19). The seond sum in (5.19) ountsnumbers qrst 2 A. As in the proof of Lemma 14 we disover that one of s; tmust belong to the interval [a; b℄.We now assume that x3"P � x7=8��. We apply Buhstab diretly to theleft-hand side of (5.18) to obtain(5:20) Xp�Pq�Q S(Apq; ba�1)� Xp�Pq�Qba�1�r<q S(Apqr; r):Lemma 13 an be applied to the �rst sum in (5.20). Now for the hypothesisof Lemma 15 to hold we must have x7=8�� > v=b2 so � < 39=64. It thenfollows that (ba�1)2 > a. We an therefore apply Lemma 12 to those partsof the seond sum with qr � b. For the remaining portion of the sum wenote that it ounts numbers pqrs 2 A wheres < evPqr � ev(ev=b2)b = b;and s > v8PQ2 � v8x7=8���3"a2 = x1=8+5"8 > a:Hene Lemma 12 is again appliable and this ompletes the proof.6. Implementing the alternative sieve. We would like to give anupper bound for S(A; v1=2) of the form u(�)y=(� log x) where u(�) is as smallas possible. For � < 0:6 we have obtained the \orret" value 1. The methodwe now present gives a ontinuous funtion u(�) starting with u(0:6) = 1.Sadly, by the time � reahes 39=64 (= 0:609 : : :), the value of u(�) is nearly2. From this point onwards we are giving an upper bound for S(A; b).Although this upper bound is very lose to the expeted value of S(A; b),the substitution of b for v1=2 auses the marked deterioration in the qualityof our bound. Nevertheless, our method here still produes a superior resultto that obtained from the Rosser{Iwanie sieve (see Lemma 17 below) upto about � = 0:661. Theoretially the alternative sieve will be better up to� = 0:7, but the alulations neessary beome impratial. The values ofu(�) are plotted on Diagram 1 (see Setion 7).



Numbers with a large prime fator 137We begin by using the Buhstab identity to write(6:1) S(A; v1=2) = S(A; ba�1)� Xba�1�p�bS(Ap; p)� Xb<p<v1=2 S(Ap; p):The ontribution from the �rst two terms on the right-hand side of (6.1)equals S(A; b). We will only be able to give a non-trivial estimate for the�nal term when � < 39=64. We start by giving a lower bound for this term.We write y = x�3"max(b2=a; x7=8��):Then, for � < 39=64;(6:2) Xb<p<v1=2 S(Ap; p) � Xev=b2<p<y S(Ap; p)= Xev=b2<p<y S(Ap; ba�1)� Xev=b2<p<yba�1�q<min(p;(ev=p)1=2) S(Apq ; q):We obtain an asymptoti formula for the �rst term in (6.2) from Lemma 14,and for the seond term from Lemma 15, sine p > ev=b2 gives (ev=p)1=2 < b.Thus(6:3) Xb<p<v1=2 S(Ap; p) � Xev=b2<p<y S(Bp; p)(1 +O(")):Now we an apply Lemma 13 to S(A; ba�1) in (6.1), and Lemma 12 to� Xa�p�bS(Ap; p):This leaves a term� Xba�1�p<aS(Ap; p) = � Xba�1�p<aS(Ap; ba�1) + Xba�1�q<p<aS(Apq ; q)(6:4) = � Xba�1�p<aS(Ap; ba�1) + Xba�1�q<p<aS(Apq ; ba�1)� Xba�1�r<q<p<apqr2�ev S(Apqr; r)= �X1+X2�X3; say.We an apply Lemma 13 toP1 andP2 to obtain asymptoti formulae. Wethen want a lower bound for P3. Clearly, if any produt of 2 or 3 of p; q; rlies in the interval I we an apply Lemma 12. Otherwise it may be possibleto deompose the sums further. We require some notation to disuss these



138 R. C. Baker and G. Harmanpoints. We write (p; q; r) = (x�1 ; x�2 ; x�3);and similarly introdue �4; �5; : : : when performing further deompositionsof P3 as we bring in new prime variables s = x�4 ; t = x�5 ; : : : We putEn = f� = (�1; : : : ; �n) 2 Rn : g � �n < �n�1 < : : : < �1 < � � 1=2 + ";�1 + : : :+ �n�1 + 2�n � � + 1=Lg;where g = g(�), as de�ned at the start of Setion 4. The sum over p; q; rin P3 thus orresponds to � 2 E3. Given a set Z � Rn we let Z = f� 2Rn : � 62 Zg. A point � of En is said to be bad ifno sum Xj2S �j (S � f1; : : : ; ng) lies in [� � 1=2 + "; �(�)� "℄:The other points of En are alled good . These orrespond to parts of sumsfor whih Lemma 12 an be applied. We write An for the set of bad pointsof En,� W = f(�1; �2; �3) 2 A3 : either �2 + �3 > 7=8 � � � 4" or(�1; �2; �3; �4) 2 A4 for at least one �4 2 [g; �3) for whih�2 + �3 + �4 � 7=8 � � � 4"g;� U = A3 \W ; Z = E3 \A3;� X1 = f(�1; �2; �3; �4) 2 E4 \A4 : (�1; �2; �3) 2 Ug;� X2 = f(�1; �2; �3; �4) 2 A4 : (�1; �2; �3) 2 Ug(we note that �2+�3+�4 � 7=8���4" in X2 by the previous de�nitions),� V = f(�1; �2; �3; �4; �5) 2 A5 : (�1; �2; �3; �4) 2 X2g:We �rst observe that E3 partitions intoW , U and Z. Sine all the pointsof Z are good, we obtain the desired asymptoti formula for the part ofP3with � 2 Z using Lemma 12. In ontrast, the part with � 2 W must bedisarded, that is, the trivial estimateX�2W S(Apqr; r) � 0appears to be the only one aessible with the available tools.To see this, apply a further deomposition to any subset W 0 of W ,X�2W 0 S(Apqr ; r) = X�2W 0 S(Apqr; ba�1)�XS(Apqrs; s)=X1�X2; say:In P2, (p; q; r; s) = (x�1 ; : : : ; x�4);(�1; �2; �3) 2W 0; �4 2 [g; �3):



Numbers with a large prime fator 139If W 0 overlaps the region �2 + �3 > 7=8 � � � 4";we annot always split pqr into two subproduts respetively less than aand x3=8�2"=(2a), so Lemma 13 will not handle P1. Neither an we useLemma 12 to handle P1, by de�nition of A3. If, on the other hand, W 0does not overlap this half-spae, it overlaps the set of (�1; �2; �3) for whih(�1; �2; �3; �4) 2 A4 for at least one �4 2 [g; �3), suh that�2 + �3 + �4 > 7=8 � � � 4":We annot split p; q; r; s into two subproduts whih Lemma 13 will handle,so a further appliation of Buhstab to P2 o�ers no way out; nor willLemma 12 help, by de�nition of A4.We now turn our attention to the sum over � 2 U . Applying Buhstab'sidentity we obtain(6:5) � X�2U S(Apqr; r)= �X�2U S(Apqr; ba�1) + X�2X1 S(Apqrs; s) + X�2X2 S(Apqrs; s):The �rst term on the right side of (6.5) may be estimated by Lemma 13sine �2 + �3 � 7=8 � � � 4" for all � 2 U . The sum over � 2 X1 maybe estimated by Lemma 12 sine all � are good in X1. We apply Buhstabone more to the sum over � 2 X2:(6:6) X�2X2 S(Apqrs; s)= X�2X2 S(Apqrs; ba�1)� X�2E5(�1;�2;�3;�4)2X2 S(Apqrst; t):We an apply Lemma 13 to the �rst sum on the right side of (6.6) sine�2 + �3 + �4 � 7=8� �� 4" in X2, and we an apply Lemma 12 for all thegood � in the �nal sum. This leaves a �nal sum to onsider:(6:7) �X�2V S(Apqrst; t):We are unable to give a formula for any part of this sum without furtherappliations of Buhstab's identity. Disarding this sum would give rise toa loss of(6:8) yL RV w�� � �1 � �2 � �3 � �4 � �5�5 �d�1�1 : : : d�4�4 d�5�25 ;



140 R. C. Baker and G. Harmanafter using the standard proedure for replaing sums over primes by inte-grals (f. [1℄, p. 227).To explain what is meant by a \loss" of the quantity (6.8), we illustrateby a simpler example. From (6.1),S(A; v1=2) = S(A; ba�1)� Xa�p�bS(Ap; p)�Xp2P S(Ap; p);where P = [ba�1; a) [ (b; v1=2). Suppose we were to disard the last sum.Sine S(B; v1=2) = S(B; ba�1)� Xa�p�bS(Bp; p)�Xp2P S(Bp; p);and sine we have asymptoti formulae for what we do not disard, we would�nd that S(A; v1=2) . S(B; v1=2) +Xp2P S(Bp; p). S(B; v1=2) + yL RP 0 w�� � �1�1 �d�1�21 :Here P 0 = [5=2 � 4�; � � 1=2℄ [ [2 � 3�; �=2℄. Our \loss" by this rudeproedure would be the integral over P 0. Using instead the approah above,whih results in disardingP 00 = [2� 3�; 7� � 4℄ [ �max�9� 14�2 ; 7� 8�8 �; �2�in R1 ; W in R3 and V in R5 , we are led by a similar argument to a loss ofRP 00 w�� � �1�1 �d�1�21 +K(�) +R0(�);where K(�) = RW w�� � �1 � �2 � �3�3 �d�1d�2d�3�1�2�23 ;(6:9) R0(�) = RV w�� � �1 � �2 � �3 � �4 � �5�5 �d�1d�2d�3d�4d�5�1�2�3�4�25 :Sine uw(u) = 1 for 1 � u � 2, anduw(u) = 1 + log(u� 1) (2 � u � 3);a straightforward alulation now leads to(6:10) S(A; v1=2) . yL (M(�) +K(�) +R0(�)):



Numbers with a large prime fator 141Here(6:11) M(�) = 1��1 + log�7� � 42� 3� � 16� � 99� 14��+ �(�)R2 1 + log(v � 1)v dv�for 3=5 � " < � < 29=48;(6:12) M(�) = 1��1 + log�7� � 42� 3� � 16� � 77� 8� �+ �(�)R2 1 + log(v � 1)v dv�for 29=48 � � < 39=64;(6:13) M(�) = 1��1 + log 2 + �(�)R2 1 + log(v � 1)v dv�for � � 39=64.In (6.11){(6.13), �(�) = �=�(�)� 1. In (6.13),M(�) = 1�(�)w� ��(�)� sine ��(�) 2 [3; 4℄:We an improve on (6.10), although the improvement only beomes sig-ni�ant for � 2 [0:64; 0:661℄. Let V1 be the subset of V for whih the sum�1+�2+�3+�4+�5+�5 deomposes into two subsums less than ��1=2�2"and 7=8� � � 4"; for instane, � 2 V1 whenever � 2 V and�1 + �2 + �3 + �4 + 2�5 < 7=8� � � 4":For the subsum of (6.7) with � 2 V1, two more appliations of Buhstabmay be handled in essentially the same way as (6.6). We do not extratall the information this yields, owing to the large number of ways sevenvariables might ombine to give a value in [� � 1=2 + "; �(�)� "℄. However,�5Rg �6Rg w�� � �1 � : : :� �7�7 �d�6d�7�6�27 < 0:57 �5Rg �6Rg d�6�6 d�7�27= 0:57�1g log��5g �� 1g + 1�5�for � 2 V , sine one may verify that � � �1 � : : : � �7 > 3�7. (For thebound w(u) � 0:57 for u � 3, see [4℄.)Let V2 be that part of V1 where0:57�1g log��5g �� 1g + 1�5� < 1�5w�� � �1 � : : :� �5�5 �and V3 the omplement of V2 in V . Our disussion shows that in (6.10),



142 R. C. Baker and G. HarmanR0(�) may be replaed byR(�) = yL� RV3 w�� � �1 � : : :� �5�5 �d�1 : : : d�5�1 : : : �4�25(6:14) + 0:57 RV2 �1g log �5g � 1g + 1�5�d�1�1 : : : d�5�5 �:We reord this onlusion in a lemma.Lemma 16. For 3=5 � " < � � 0:661 we haveS(A; v1=2) . yL(M(�) +K(�) +R(�)):Here M(�), K(�), R(�) are de�ned by (6.11){(6.13), (6.9) and (6.14).We have taitly assumed so far that it will always be to our advantageto e�et the �rst �ve deompositions when these are possible. For � � 0:65this is not always the ase. To allow for this, we de�neI1(�1; �2; �3) = R(�1;:::;�5)2V� w�� � �1 � : : :� �5�5 �d�4�4 d�5�25where the � indiates that the integral is to be subdivided further as in(6.14). Now letI2(�1)= R(�1;�2;�3)2U min� 1�3w�� � �1 � �2 � �3�3 �; I1(�1; �2; �3)�d�2�2 d�3�3 ;I3(�1) = R(�1;�2;�3)2W w�� � �1 � �2 � �3�3 �d�2�2 d�3�23and I4(�) = ��1=2Rg min� 1�1w�� � �1�1 �; I2(�1) + I3(�1)�d�1�1 :A very slight improvement in Lemma 16 is attained by replaingK(�)+R(�)by I4(�).We �nish this setion by revisiting the bounds obtained from the Rosser{Iwanie sieve. We an ombine Lemma 7 with Lemma 12 to obtain thefollowing result.Lemma 17. For � 2 (0:661; 0:7℄, we haveLy�1S(�) . 2%(�) � �(�)R��1=2 w�� � �� �d��2 � RB w�� � �1 � �2�2 �d�1d�2�1�22 :



Numbers with a large prime fator 143Here B = f(�1; �2) : %(�)=3 < �1 < � � 1=2; � � 1=2 < �2 < �(�)g:P r o o f. We note that S(A; z) ounts many numbers not ounted byS(�). For some of these we an apply Lemma 12 and so obtain an improvedbound by removing the \dedutible" terms. To be preise, we have(6:15) S(�) � S(A; z)� Xpm2Ap2IQ(m)>p 1� Xp1p2m2Az<p1<a; p22IQ(m)>p2 1:We note that for the values of � in the lemma we have z < a and so thededutible sums are non-empty. Sine Lemma 12 an be applied to both ofthese sums we an replae sums by integrals in (6.15) and use Lemma 7 forS(A; z) to omplete the proof.7. Completion of the proof. The graph of our upper bound for�S(�)Ly�1 is shown in Diagram 1 (as u(�)).

Diagram 1From Lemma 17 we obtain(7:1) 0:7R0:661 �S(�) d� < 0:1386yL�1:Using Lemma 16 we note that(7:2) 0:661R0:6 �M(�) d� < 0:1256
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