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Norm residue symbol and cyclotomic units
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CHARLES HELOU (Media, Penn.)

Introduction. Let [ be a prime number > 5, ( a primitive [th root of
unity in C, K = Q(¢), Ox = Z[(] the ring of integers of K, A = 1 — (,
prime element of O dividing [, and K the \-adic completion of K. For a,
B in K* = K — {0}, denote by («, 3) the norm residue symbol (i.e. Hilbert
symbol) as defined in [5] where it is written (%), or in [2] where the symbol
is the inverse of the one in [5] used here. Let [o, 3] denote the element of
the finite field F; = Z/IZ defined by

(o, B)x = ¢l

The symbol [«, §] is a bilinear skew-symmetric function of a, 3, with respect
to the multiplicative and additive structures of K* and FF; respectively; and
if [, 8] = 0, then « and [ are said to be orthogonal.
The cyclotomic units, in O, are
e
Un = ﬁa
for n € Z not divisible by [ (or 1 <n <1 —1). They generate a subgroup C'
of the multiplicative group of all units of Og.
Let a € Z and oy = a — (. Terjanian conjectured ([9]) that every prime
number [ > 5 has the property (called LC) that the following two conditions
are equivalent:

(1) g is orthogonal to C,

(ii) a = 0,1, or —1 (mod[?).

He showed that (ii) implies (i), and if (i) holds then a is divisible by
12 or a!=! =1 (modi?). But the latter condition, in conjunction with the
congruence a = 0,1, or —1 (mod ), implies a = 0,1, or —1 (mod[?). Thus,
Terjanian’s conjecture amounts to the assertion that if a; is orthogonal to
C then a = 0,1, or —1 (mod1).

In this paper, we use the Artin—Hasse explicit reciprocity law to give an
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expression for [aq, u,], when a # 1 (mod!), involving the Fermat quotient

-1 _ 1
q(z) = % (for z € Z, Ufx)
and the polynomial sums in [F;
k
a
Sy (a) = Z - (for n,r € Z, l{n).
1<k<l—1
k=r (modn)

Some properties of these sums are established, in order to simplify the ex-
pression for [y, u,]. This yields necessary and sufficient conditions for oy
to be orthogonal to C, in the form of equations over F;.

Furthermore, we assume [ = 1 (mod4) and consider the quadratic sub-
field E = Q(v/1) of K. When n is not a quadratic residue modulo I, the
norm of u, in K|E is an element of C' which, by Dirichlet’s class number
formula, is equal to 2", where ¢ is the fundamental unit and h the class
number of E. Also, by a result on real quadratic fields, h < v/, so that [ {h.
Thus, if a; is orthogonal to C' then it is orthogonal to . Upon using again
the Artin-Hasse law, an expression is obtained for [, €] in terms of € and
the polynomial

F(X S~ (* Xx*
=3 (7) ¢
where (%)2 is the Legendre symbol. It follows that, assuming the validity
of a conjecture by Ankeny, Artin and Chowla ([1]) concerning ¢, if oy is
orthogonal to C, then a is a root of F' in ;. This polynomial F' has in [F;
the trivial roots 0,1, —1 (with 1 of multiplicity (I —1)/2) and takes in K as
values for X = (™ (1 < m <1 —1) the quadratic Gauss sums; it can also

be written in terms of the polynomial
Ax)= ]I x-¢),
1<k<(i—1)/2

whose coefficients lie in Og. The polynomials F and A were studied by
Jacobi ([6]) and Dirichlet ([4]) respectively.

1. Application of the Artin—Hasse law. Let a € Z, a # 1 (mod]l),
a1 = a—C and ¢ € Z such that (a—1)c =1 (mod ). For any n € Z with [ tn,
let o, be the element of the Galois group of K|Q defined by o,(¢) = (™.
Denote by log a the A-adic logarithm of any unit « in K ; in particular, for
a =142z with z =0 (mod \),

— (=D
log(l1+2) = —x".
g(1+ ) ];1 -
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Denote by Tr the trace from K to the field Q; of l-adic numbers (whose
restriction to K coincides with the trace from K to Q). Further notations
will be introduced as needed.

PROPOSITION 1. For a 1 (modl) and for any 1 <n <1[—1,

n(a' —a n n o c
loa, tm] = lEa—l)) - —21_1‘1@—1)4-0(1(0)—7% (W)

Proof. We have oy =a—1+ )X = (a—1)(1+¢)) (mod \!), so that ([9)],
(R10) or [5], p. 54)

[a1, up] = [a — 1 u,] + [1 4 e, uy).

For the first bracket, since
= n(n —1)
Up = kz_ogk = kz_o(l —kN)=n-— T)\ (mod \?),

we have ([9], (R22) or [5], p. 110)

n—1

[a —1,u,] = nT_lq(a —1).
For the second bracket, since u,, = 0,,(\)/\, we have
[1+ch\uy] =14+ c\o,(AN)] —[1+ch\ e+ [T+ .
Moreover ([9], (R19) or [5], p. 54),
[1+cX o,(N)] =n[l 4 co (), Al
and ([9], (R18) or [5], p. 55)
[1+chcA]=[1+cA 1]+ [1,eA] =0,
and (][9], (R23) or [5], p. 110)
[1+cA, c] = cq(c).
Therefore

(1) [alﬂun} =

By the Artin—Hasse reciprocity law ([2], Ch. 12, Th. 10, whose third part is
missing a factor 1/ of (loga; cf. [5], p. 94),

n—1

q(a — 1) +n[l +co, '(N), \] + cq(c).

1
(2) [1+co,t(N),\ = -7 Tr <§\log(1—|—co*;1()\))>.
Let o, be the Q-automorphism of K extending o,. For any a € K ,
Tr(o,(a)) = Tr(a), and if @« = 1 (mod ), then, by continuity of 7, in
the A-adic topology, o, (loga) = log(c,(a)). Therefore, in the right-hand
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side of (2), the argument of Tr may be replaced by — ( ) log(1 + ¢)), which
gives, since (" =1 — 0,(A),
log(1 + cA
3) Tr (i log(1 + ca;l(A))> - <°g((§;)> — Tr(log(1 + c\)).
Un

Similarly, letting N be the norm in K |Q;, and using the A-adic continuity
of the 7,,’s and the multiplicative-additive homomorphism property of log,
we have, for « =1 (mod \),

(4) Tr(log(a)) = log(N(a)) = N(a) — 1 (mod ?).

In particular, for & = 14 ¢\ = 1+ ¢ — ¢(, the norm is (1 + ¢)! — ¢, so that
(c+1)l—ct—1
l
Moreover, in F;, we have ¢ = 1/(a — 1) and (a — 1) = a — 1, so that

(c+1)l—cd—1 1 al—a_ B B )
(6) 7 =7 i (a—1)g(a—1) ), inF.
The result now follows from (1), (2), (3), (5) and (6).

COROLLARY. We have

(5) % Tr(log(1+cA)) = (mod1).

~

n(a' —a) n+1
lla—1) 2

\ 3

= ()

Proof. Let D be the different of the extension K|Ql ([8], Ch. 3). For z in
K, if 2 € (1)D! then Tr(x) lies in the ideal (12). Since the ring of integers
of K is Z;[¢] and the irreducible polynomial of ¢ over Q; is ®(X) = %,
we have

[, un] = q(a —1) + cq(c

= (P'(Q)) = (A1) = (A7),
Thus x = 0 (mod \') 1mphes Tr(z) =0 (mod [?). Since

log(1 4 c)) 1+c)\ Yt AR .
dA
i ; c oY (mod \'),

it follows that

(P = 3 e () e

k=1
Hence the result follows by substitution into Proposition 1.

Notations. For k € Z such that [tk, the element 1/k is well defined in
FF;; by abuse of notation, it will also be used in congruences modulo /. By
contrast, the appearance of [ in a denominator means that the factor of 1/1
is divisible by [ and that we are considering the quotient. For an integer
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1 <n <1-1, we denote by n’ the specific representative of (1/n) (mod]l)
contained in the same interval, i.e. 1 <n' <1 —1 and nn’ =1 (mod]l).

For a real number z, the greatest integer < x is written [z]. For a positive
integer n and any m € Z, we denote by res, (m) the least residue > 0 of m
modulo n, i.e.

res, (m) =m — n[m/n).
LEMMA 1. For any integers 1 <n<[l—1and 2 <k <1,

TI"(U:;A))‘Z S () 0

0<s<kn’/l

() =

Proof. Forl1<n<[l—1land 1<k </,

(o) :lz(ig)k

=1

while for k =1,

The general term in the latter sum can be written in the form

1— Cz’nn' _— -1 . 1n’—l o
W(l—cl) N :Z(l—gl) N ZCmJ-
=1 7=0

Moreover, for any m € Z,
= i [1—1 ifl|m
Q Z;C - {—1 if 1fm.
The case k = 1 now follows easily, and so we assume 2 < k < [. In view of

what precedes, and after replacing (1 —¢?)*~! by its binomial expansion, we
get

J=0

The inner sum in (8) is equal to [ — 1 or to —1 according as t = —jn or
t # —jn (mod!). Therefore the right-hand side of (8) splits into two sums
obtained by replacing the inner sum respectively by —1 for all terms, and
by [ for those terms such that ¢ = —jn (mod!). The first sum is

n'—1k

S (F e - B SRR

j=0 t=0 7=0
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and (8) is thus reduced to the second sum, i.e.

® *(am) -5 (e

teT

where T is the set of integers t satisfying the two conditions: 0 <t < k —1,
and t = —jn (mod!) for some 0 < j < n’ — 1. The latter condition is
equivalent to : tn’ + j = sl for some s € Nand 0 < j7 < n’ — 1, ie.
Jj = res,/(sl) and t = [sl/n'] for some s € N. The former condition on ¢ is
then equivalent to 0 < sl/n’ < k. The result now follows by substitution for
t in terms of s in (9).

LEMMA 2. (a) For any integer 1 < k <1 —1, the binomial coefficient (,i)
18 divisible by | and we have

= ;(;)(—1)"3_1 (mod )

(b) For any algebraic integer o, we have the congruence (in any ring of
algebraic integers containing «)

-1k ! l
a"  (a—=1)—a" +1
];:1 - = l (mod1).

(¢) For any z,y € Z not divisible by l, we have

q(zy) = q(x) + q(y) (modl).
If x =y (modl), then

@) = gfy) - T (modd).
If zy = 1 (modl), then
a(y) = —a(@) - L2 (mod).

(d) For any x € Z not divisible by [, we have
-1

3 [’ﬂ % zq(x) (modl).

k=1

(e) For any integer 0 < r <[ —1, we have

(z - 1) _ (_1),«(1 . ljil j) (mod I2).

Proof. (a) The divisibility of the binomial coefficient by [ is clear, and
we have

;(é) _(-1-2 .k.!.(Z— (E=1) - 11— 1)1 (mod ).

x|
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Hence the result.

(b) It follows from (a) and the binomial formula that
-1 k -1
o 1 l 1 I I
= =77 (k:)( a) = l((l a) + o —1) (modl).
k=1 k=1
(c) First,
xh&._jl 3 l_l——l
g(zy) = ¢+ L = q(2) + q(y) (mod).

Next, if z = y (modl), let * = y + hl, with h in Z, then, by the binomial
formula,
+ Rl -1 e (l-1Dhlyt=2 -1
o) = ¥ ; _ Y+ l)y
The conclusion follows, since y'~2 = (1/y) (mod1).
Now if zy = 1 (mod 1), then, by what precedes,

q(y) — hy'™* (mod1).

— _ 1 azy—1
q(x) +q(y) = q(zy) = q(1) - o

(mod1),

and the result follows.
(d) For every 1 < k <[ —1, we have

kx = res;(kz) (modl) and kx — ves (k) = [k::v])

l l
so that, by (c) above,

q(k) + q(x) = q(kx) = q(res;(kx)) —

Hence, by summation,

-1 -1
Zq(k) +(—=1)g(z) = Zq res;(kz)) — - Z [kla:] I (mod1).

k=1 k=1 k=1

klx [klx] (mod ).

Since the map k +— res;(kx) mduces a permutation of the set {1,...,1— 1},

then 22;11 q(res;(kz)) = Zk 1 q(k), and the result follows.
(e) The property holds trivially for » = 0, so we assume 1 <r <[ — 1.
In Z[X], we have the congruence

(X -1D(X =2 ... (X —r)=(=1)"r+ (1) (Z ’“,!)X (mod X?).
Hence we get the congruence in Z .
(I-1)(1=2)...(1—7r)=(=1)"r! <1 - <Z ;>z> (mod [?).

The result follows upon division of both sides by r!.
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PROPOSITION 2. For a # 1 (modl) and for any 1 <n <[ -1,

o) = " Lgfa 1) - 1
-1
(—1)* k—1 L
+ n;) e TF 1<S§n//l <[Sl/n,]> (—1)let/n']

Proof. Substituting the expressions for Tr(A¥/o,()\)), obtained in
Lemma 1, into the sum that occurs in the expression for [ay,u,], established
in the Corollary to Proposition 1, and separating the terms corresponding
to k =1 and to k = from the others, we get, in Iy,

; S <a:<kx>>
— ey G (ISIE

k=2 0<s<kn’/l

oS o)

(10)

-3

By Lemma 2(e),

/

sl/n’

(11) El <[il;nl,]>(—1)[sl/n’] = nz_:l (1 —1 [;] j)

s=0 s=0

n'—1

=n' -1 Z Z 1 (modl2).

s=1 1<j<sl/n’

In the last double sum, every term 1/j (for 1 < j <1 — 1) occurs as many
times as there are integers jn'/l < s < n’ —1, i.e. n’ —1 — [jn'/l] times.
Hence

I D R ol GRS AT

s=1 1<j<sl/n’

S

Applying Lemma 2(b) and (d) to evaluate the last two sums in (12) modulo [,
then substituting the result into (11), we get
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n'—1
-1 /

-1 [sl/n] = /(1 / 2y
(13) (sl/n ) ) n'(1+1g(n")) (modl*)
Substituting (13) into (10), we obtain, in Fy,

l

n (—c)k AE
14 —
R )
= —cn —cq(c) — cq(n’)

-1
LS (o) BT\ )
" k=2 k Z <[5l/”’])( D '

0<s<kn’/l

Pﬂ

In the last double sum, we isolate the terms corresponding to s = 0 and we
use Lemma 2(b) to evaluate the resulting sum, which is (in F;)
-1

o)k et 1) — - a —a
I L | i

k a—1
k=2

Rewriting (14) accordingly and then substituting it into the expression of
[a1, uy] in the Corollary to Proposition 1 yields the desired result.

2. A formula for [aq,u,]

LEMMA 3. For any integers 1 < n,n’ <1 —1 such that nn’ =1 (mod]l)
and 2 <k <Il-1,ifd= (nn' —1)/l, then

d
k—1 / k—1 ‘
—1)lst/n] = _1)9.
> (L))o= % e
1<s<kn’/l r=1 1<j<k-1
j=[(rn—1)/d] (mod n)

Proof. If n = n’ = 1 then d = 0 and the equality holds trivially. We
may thus assume n,n’ > 1, so that d > 1. Let s = hd + r, with h,r € N
and 0 < r < d —1 (euclidean division of s by d). We first prove that, for
1<s<kn'/l,

sl rn —1
15 — | =hn .
If r = 0 then one can easily see that both sides in (15) are equal to hn — 1,

and (15) holds. Assume then 1 <7 < d — 1. Since

st (hd+r)in rn
2 T IRE p+
w a1t ST
and rn/d is not an integer (d being prime to n), we have

sl rm— 1
2]
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The inverse inequality is obtained as follows: since s < kn'/l, we have
(hd + r)n < ld; hence

] <o= (a3

m <(hd+r)ln_il
- dl+1 n’

so that

h
n—l—[d

which implies the desired inequality and ends the proof of (15).

Now set j = [sl/n], and note that 1 < s < kn//l if and only if 1 <
j < k — 1. Moreover, since n’ < [ and d < n, the maps s — [sl/n'] and
r — [(rn—1)/d] are strictly increasing and therefore injective. Furthermore,
any integer 1 < j < k — 1 satisfying 7 = [(rn — 1)/d] (modn), for some
0 <r <d-1,is of the type j = [sl/n'] for a convenient 1 < s < kn'/I
(namely, if 7 = hn + [(rn — 1)/d], then s = hd + r). Therefore, in view
of (15), the integers j = [sl/n/], for 1 < s < kn'/l, are partitioned into the
congruence classes j = [(rn—1)/d] (modn) (1 < j<k—1),for0 <r <d-—1
or, what is the same, for 1 < r < d. Hence the identity of the statement.

LEMMA 4. Let m, n be positive integers, r € Z and (, a primitive n-th
root of unity in C. Then

n—1
m 1 1 —kr m
> (M- Xara-dr
0<j<m J k=1
j=r (modn)

Proof. For any k € Z, writing the binomial expansion of (1 —¢*)™, then
partitioning the resulting sum according to the congruence classes modulo
n of the exponent, we get

n—1
m m j
== (X (M)
t=0 0<j<m J
j=t (modn)
Multiplying this identity by (%", for k = 0,1,...,n — 1 respectively, then
adding the resulting equalities, we get
n—1 n—1 n—1

a6 Yara-dr=3( 3y (7)) et

k=0 t=0 J k=0
j=t (modn)
Since ZZ;OI CFE) s equal to n if t = 7 (modn) and equal to 0 if ¢ # r
(modn), the right-hand side of (16) is equal to n>  o<j<m (7)(—1)1
Hence the result. j=r (modn)
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PROPOSITION 3. For a #Z 1 (modl) and 1 < n < 1 —1, letting d =
(nn' — 1)/l (with 1 <n' <1—1 such that nn’ =1 (modl)), we have

n—1

2

o, n] = " Fafa— 1)+ 1L

where frn o(X) = gn(X)he(X) is the product of the following two polynomials
in Z[X]

d ol — (X — D (q— 1)
:Zan[(rnfl)/dL ha(X) = (X —a) l(())((—ll)) + (a—1) _

Also, ¢, is a primitive n-th root of unity in C, and Z?:_ll fna(Ch) is an
element of Z independent of the choice of (,.

Proof. It follows from Proposition 2 and Lemmas 3 and 4 that

(17) [ag, up] = n ; 1q(a —1) —cq(n')
n—1
t{(rn—1)/d] (1-
- ; ; Z k ¢

By Lemma 2(b), for 1 <t <n — 1, we have in Z[(,] the congruence

-1
as) -3 k G
k=2

e DD G UFL et~ 1) (modd).
Since (a — 1)e = 1 (mod!) and ¢(¢! — 1) -1 =
(@ — it =1 (modi?) and (c(¢t — 1) — 1)t =
fractional term in the right-hand side of (18) is
(G—a) = (G =D +(a=1)" _

=c l = o(CL — Dha(Ch) (mod D)

Also, the right-hand side of (18) is an integral multiple of 1 — (%, which is
relatively prime to [. Therefore, we can divide (18) through by 1— (! to get

- a) (modl) so that

c(Gn
(¢t — a)t (modi?), the

-1 Nk
(19) CO (0 ¢ = —eha(€l) + ¢ (mod).

k=2
Substituting (19) into (17), and taking into account that, by Lemma 2(c),
q(n’) = —q(n) — d (mod 1), we obtain
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_ 1q(a —1)+cq(n)+cd

n—1 d
—e X (e @)
t=1 r=1
d n—1

+ CZ Z C;t[(m—l)/d]‘

r=1t=1

(20) [, un] =

In the last double sum, Zn_l C;t[(m_l)/d] = —1, for 1 < r < d, since
[(rn—1)/d] is not divisible by n. Moreover, Z _t[(m D/ = gn(C!), for
any t. Hence the result by substitution into (20)

Note that the polynomial (X —a)!—(X —1)'+(a—1)" has all its coefficients
divisible by [ (by the binomial expansion), and admits 1 as a root, so that
ha € Z[X]. Moreover, any element of the Galois group of Q(¢,)|Q permutes
the nth roots of unity ¢!, in the sum § = > ;"] ' frna(Ch), and therefore it
leaves 6 invariant. Thus 0 lies in QQ, and since it is an integral element, it
lies in Z.

LEMMA 5. Let n be a positive integer.
(a) If ¢, is a primitive n-th root of unity in C, and m € Z, then
n—1 Cmt B n— 1
o =
pet ¢t —1 2

— resy(m — 1).

(b) If d is a positive integer relatively prime to n, then
§ [jn] _([@=1)(n-1

; d 2 '

j=1

Proof. Both statements are trivially true if n = 1, since the sums in-
volved, as well as the right-hand sides, are then equal to 0. We thus assume
n > 2.

(a) Let r =res,(m — 1), so that m =r+ 1 (modn) and 0 <r <n— 1.

Then
mt C(T+1)t

n—1 1
(21) Z Z i ;%_1.

For the first sum in the right-hand side of (21), we have

(r+1)t r n—1

ZC S N T g

§=0 t=1
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For the second sum, consider the polynomial

n—1 X" _1 n—1 .
JEO =TI =G) = F— =2 %
t=1 7=0
Then
X)) = 1
X X a
and thus

R T) B 2
Hence the result, by substitution into (21).
(b) Note that, for a real number x ¢ Z, we have [n — x| =n — [z] — 1.

Since d is prime to n, it follows that, for 1 < j < d—1, jn/d ¢ Z. Hence,
for 1 <j<d-—1, we have

[(d_dj)n] + [jﬂ —n—1.

”Zl LS XS n-1

Therefore
1555152 -

Hence the result.

LEMMA 6. In the notations and under the conditions of Proposition 3,
we have

(a) For any integer 1 <e <n—1,

il a —a
> (et = (e~ (7~ fa - Dot - 1)

t=1
n—1 CLk 1
+ Z r Z 2 (mod1).
r=1 1<k<i—1
k=l+e—r—1 (modn)

(b) Also,
= —1)(n— a —a
> () = (@ gt )
d—1n—1 ak _1
+ Z Z r Z - (mod1).
j=0 r=1 1<k<l—1

k=l4+[—jn/d]—r (mod n)
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Proof. (a) For any 1 < ¢t < n — 1, using the binomial expansions of
(¢! —a) and (¢!, — 1)! in the defining expression of h,, we have

-1

(¢t~ Dhatct) = 4= ‘““—Z () D = gen.

Using Lemma 2(a), we convert this into a congruence modulo [ in Z[(,];
then dividing by ¢! — 1, which is relatively prime to [, we get, in the ring
obtained by localization of Z[(,] at a prime ideal above [,

ha(Ch) (a—1) —al+1 1 _l_lak—l Ct(l k)
aren l ¢t —1 k ¢t —1

k=1

(mod1).

Hence, using Lemma 5(a), we deduce

E:G% ) E(—Jyfd+l<n;1_@_10

k_1/n-1
_Za : (n —resn(l—k+e—1)> (mod1).
k=1

2

In view of Lemma 2(b),

k [
k=1
so that
n—1
(22) ) Gtha(C)
t=1
al—(a—1)} -1 = ab —1
=(e—1) ] +Zresn(l+e—k—1) (mod1).
k=1

The sum in the right-hand side of (22) can be rewritten in terms of r =
res, (I + e — k — 1) which takes the values 0 < r < n — 1, each of which
corresponds to those 1 < k <1 —1such that k =1+e—r—1 (modn). The
result then follows immediately from (22).
(b) For every 1 < j <d, let e(j) =n—[(jn—1)/d]. From the definitions,
we have
d n—1

n—1
D FaalG) =D G Dha ().
t=1

j=1t=1



Norm residue symbol 161

Thus, in view of (a) above,

(23) anacjt (a_“ (a—1)qg a—l)(ie )
S :

a® —1
r mod ).
j=1 ; 1§kzgl—1 & | )
k=l+e(j)—r—1 (modn)
Moreover, for 1 < j < d—1, e(j) = n — [jn/d], while for j = d, e(d) = 1,
so that, in view of Lemma 5(b), Z;l:l e(j)=(d—-1)(n—1)/2+d. Also, for
1<j<d, —[(jn—1)/d] —1=[—jn/d], so that in the triple sum in (23),
the inner summation is for k = [ 4+ [—jn/d] — r (modn); furthermore, the
latter congruence class (modn) is the same for j = d as for j = 0, so that
the summation may take place for 0 < j < d — 1. Hence the result.

DEFINITION. For a,n,r € Z, with n > 0, we introduce the polynomial
sums in [F;

ak

Sr(a)= > -
1<k<l—1
k=r (modn)

PROPOSITION 4. Fora # 1 (modl) and1 <n <Il—1,letd= (nn'—1)/l
(with 1 <n’ <1—1 such that nn’ =1 (modl)). Then

n— — 1) (n - d—a n
o, ] = d(zl)q(“_ y- 2(2)(_ 1) 2 T 5(_)1
d—1n—1
—1 “(a) = SHEIMATT(L)).

Proof The result is derived from Proposition 3, by substituting for
Yoy fn o(Ch) its expression from Lemma 6(b), and writing the latter in
terms of the above defined sums S, (a) and S% (1) in F;.

3. The sums S) (a) and the expression for [ay,u,]

LEMMA 7. The sums S}, (a) have the following properties, for any a,n,r €
Z, with n > O:
(a) If a # 0 (modl), then

Sy " (a) = —aS; (a'),

where a’ is an inverse of a modulo | in Z.
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(b) For any a € Z,
(a—1)!—al +1

n—1
> Sila) = j
r=0

(the summation could be, instead, over any residue system modulo n in 7).

(¢c) For any integer e > 1,

e—1
Sila) =>_ S ().
h=0
(d) If l4n, then
nj
a"S; " (a) = Z L,

; nj
ri/n<j<(r+1)l/n

provided a Z 0 (mod!) if r < 0.
(e) If l4n and a™ =1 (modl), then

n—1
> ra’s; " (a) = q(n)
r=1
(f) If l{n and m € Z, then
n—1 -1 ak
Z rSy " (a) = res,, (m — k)?,
r=1 k=1
n—1 -1 a,k
Z rSy(a) = resn(k:)?.
r=1 k=1
(g) For any a € Z,
1 (a—1)'—(a+1)+2 1 (a—1)"—2d + (a+1)
Sg(a)—2-( ) g ) ) Szl(a)_2'( ) I ( )-

(h) If l4n and a # 1 (modl), then

n—1 -1 -1 n'k1 aF
—lr _ N(qd _ qresi(ng)y — _ b I
> S0 = S atal - ) = —n 30 [
r=1 j=1 k=1
-1 k
a
= resn(dk)?,
k=1

where 1 < n' <1 —1 satisfies nn’ =1 (modl) and d = (nn' —1)/I.
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Proof. (a) In the defining expression

Sfl_r(a) = Z 7

1<k<i—1
k=l—r (modn)

set k = [ — j. Then, since a' = a and 1/(l — j) = —1/j, in F;, the result
follows immediately.

(b) Since Z:f;& Sr(a) = 22;11 a® /k, the result follows from Lemma 2(b).

(¢) The result follows from the property that, in Z, the congruence class
k = r (modn) is partitioned into the e congruence classes k = r + hn
(moden) (0 <h<e-—1).

(d) Since, in F;, a” = a", and 1/k = 1/(rl + k), it follows that

arl+k

a"S; " (a) = Z s

0<k<l
k=—rl (modn)

Setting k = jn — rl, we get the desired equality.
(e) In view of (d) above,

n—1 n—1 .
Swstw=Yr Y
r=1

r=0 rl/n<j<(r+1)l/n K

For a given 0 < r < n — 1, the condition rl/n < j < (r 4+ 1)l/n is equivalent

to r = [nj/l], and as r ranges from 0 to n — 1, the integer j spans (the
intervals of summation whose union is) {1,...,/ — 1}. Hence
n—1 -1 . nj
rg—lIr _ njia
INCCAOEDS Mm
r=1 j=1

Moreover, in view of the hypothesis, all a™/ = 1. The conclusion now follows
from Lemma 2(d).

(f) If, in F;, a = 0, then the equalities hold trivially; so we assume
a # 0. To every integer 0 < r < n — 1, there corresponds a unique integer
0 < s <n—1 such that s = r — m (modn). Hence, by (d) above,

m—r —sl —s anj
Sn (a) = Sn ((L) =a Z E
sl/n<j<(s+1)l/n
The map r — s is a permutation of {0,1,...,n — 1}, whose inverse map is

defined by r = res,, (sl + m). Hence

|
—

n—1 n nj

(24) Z Sy (a) = resy, (sl +m)a™* Z @,

r=0 sl/n<j<(s+1)l/n "

o
Il
=)
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Set k = nj — sl. Then, since j and s are related by sl < nj < (s + 1)I,
we have 0 < k < [, so that nj = sl + k is just the euclidean division
of nj by I. Moreover, res, (sl + m) = res,(m — k); and, in F;, we have
a™=s = g™t = gk as well as 1/(nj) = 1/k. Substituting all this into the
right-hand side of (24), we get the first identity of the statement.

The second identity follows from the first one, by using (a) above. Indeed,

n—1

ZTST —az Sl "(a™h) aeresnl— —_

r=1
and one just sets k = [ — j to conclude.
(g) In view of (b) above, S9(a) + S3(a) = ((a — 1)! — a! +1)/1. In view
of Lemma 2(b),

Lk (g z
SS(a)—sg(a)zz< k> _a'—( jl) +1

The result follows.
(h) If @ = 0 in Ty, the equalities are trivial; so we assume a # 0. By (d),
we have

n—1 nj
rS, lr ra " ﬂ.
7"21 Z 'rl/n<j<z(7‘+1)l/n &

For 0 < r < n — 1, the condition ri/n < j < (r+1){/n is equivalent to
r = [nj/l], with 1 < j <[ — 1. Therefore the last double sum is equal to

-1 . nj
3 [”J} i/ &
= l nj

and since a! = a, we have a~"/Ugni = gresi(i)  Hence

n—1 -1 nj arest(ng)
(25) S 8,1 Z[ ]
r=1 j=1

By Lemma 2(c), we have in Fy,
: : , 1 Inj
o)+ 0(7) = a(0) = atesa(ng)) — |,
Therefore the right-hand side in (25) is equal to

-1

S (glresi(ng)) — q(n) — q(j))a™= 7,

j=1

which splits into three sums. Since the map j +— res;(nj) is a permutation
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of {1,...,1 — 1}, we have

-1 -1
q(vesy(ng))ar ") = " q(k)a".
j=1 k=1

Also, since a # 1, we have Z;;ll aresi(nd) = 22;11 a® = 0. Hence the first
equality.

On the other hand, setting in (25) k = res;(nj), we get j = kn/ (modl),
and since 1 < j <1 — 1, we have j = res;(kn’). Therefore

] | — k  — kn/ -1 kn'
(26) [nlj} = njl =n? 7 o —I—knnl :—n[rln} + kd.

The right-hand side of (25) is thus equal to
-1 -1
kn'] a* &
3 [ e
k=1 k=1
in which the last sum is 0. Hence the second equality of the statement.

Moreover, (26) implies kd = [nj/l] (modn), and since 1 < [nj/l] <n—1
(for 1 < j <1—1), we have [nj/l] = res, (kd). Therefore

-1 Tﬂk ak -1 ak
— — | — = n(dk) — dk) —,
nkzz:l[l]k kZ::l(res( ) )k:

and the right-hand side splits into two sums, of which the second one is 0.
Hence the last equality of the statement.

LEMMA 8. Let 1 < n,n’ < [ —1 be such that nn’ = 1 (modl) and
d= (nn' —1)/l. For every 0 < j <d—1, let mj = —[—jn/d] (i.e. mg =0
and, for 1 <j<d—1, m; = [jn/d +1).

(a) For any integer 0 < s <n—1,

d

|
—

res,(—ls —m;) = W + s.

<
Il
o

(b) If a € Z, a # 0 (modl), then

d—1n—1

Z Z rSiL_mj_r(a)

=0 r=1
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¢) For any a € Z,

d—1n—1
rSLTmiT (a)
j=0r=1
(=De-1) Na-Di-di1 &
= ( 5 —1 z —I—;rSn (a)
d+1)(n—1) (@-1)'—a+1 = .
@0 ool 2o
r=1
(d) Furthermore,
d—1n—1
DD rShmiTr(1) = —q(n).
7=0 r=1

Proof. If n =1, then n’ =1, d = 0 and all the properties are trivially
true. We assume n > 2, so that d > 1.

(a) For 0 < j <d-1and 0 <s <n—1, we have res,(—sl —m;) =
res,, (—sl) +res, (—m;) — on, where 0 = 0 if res,, (—sl) +res,(—m;) < n, and
d = 1 otherwise. If j > 1, then res,(—m;) = n —m; and m; = [jn/d] + 1.
Therefore res, (—sl) + res, (—m;) < n if and only if res, (—sl) < jn/d, i.e.
j > ns+1 where ng = [dres, (—sl)/n|. Moreover, since dres, (—sl) = —dsl =
s (modn), we have ng = (dres,(—sl) — s)/n, and n, is between 0 and d — 1.
Thus

resn(—sl —m;) = resy (—sl) —m; if0<j<ng,
AT TG T vesp(—sl) —my+n ifng+1<j<d—1

(the equality holds trivially for j = 0). Therefore

d—1 Ng d—1
res, (—sl —m;) = Z(resn(—sl) —m;j)+ Z (res, (—sl) —mj +n)
7=0 j=0 Jj=ns+1

d—1
= dres,(—sl) — ij +n(d—1—ny).
j=1

Moreover nns = dres,(—sl) — s, and by Lemma 5(b)

Hence the result.
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(b) By Lemma 7(a), for 0 < j <d—1,

n—1 n—1

Z rSLTMiT(a) = —a Z rSMIitT (g1,

r=1 r=0
The map r — s = res,(d(m; + r)) is a permutation of {0,1,...,n — 1},
whose inverse is s — r = res,,(—ls —m;), and which satisfies m; +r = —Is

(mod n). Hence

ZrSmJ” _1 Zresn ls—mj)S_( 1)

Let S = Z Zn LrSh Sn """ (a). Tt follows from what precedes and from
(a) above that

n—1 d—1
S = —az (Zresn( Is — mﬂ)S;lS(a*l)

s=0 ;=0

(=D =R gty 1y 0 ag-t5(a-1
=—a 5 ZSnl(a )—aZsSnl(a )

Moreover, by Lemma 7(b), since —ls ranges through a complete residue
system modulo n as s ranges through {0,1,...,n — 1}, we have

”215,3(611) IR Vit o S (al —(a—1)! - 1)
n - l - l '
s=0

Hence the result.
(c) If a = 0 (modl), then the equalities hold trivially. So we assume
a # 0 (modl) and we apply (b). In view of Lemma 7(a), S;"(a™!) =

—a_lel(TH)(a). Hence
n—1 n—1 n
ay rS, (@) == rS (@) = =) (t-1)S(a)
r=0 r=0 t=1

__n It (a—1) —al +1
== tSli(a) + z

(where the last term is obtained by applying Lemma 7(b)). Substituting this
into the formula of (b) above yields the first equality.
Moreover, setting t = n — s, we get

n n—1 _ 1l n—1
St a) = 3 (n — )8 (a) = n 27 Y — LS w55 (a).
t=1 s=0 s=0

Hence the second equality follows from the first one.
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(d) This results by making a = 0 in Proposition 4; or a = 1 in (b) and
Lemma 7(e).

THEOREM 1. For a € Z, a # 1 (modl) and 1 < n <1 — 1, we have the
following expressions of [ov1, uy]:

_n+1 al — lr
(a) [oq,up) = 5 q(a—l)—l(a_1 a—erS
b) | ]_n—l a —a n—l( _1)_1_75:1517«()
A tnl =TT g 1@ 1t
() o U]Zn_1¢I(a—1)— ! er“’““)(a)
b 2 a—14&"" ’

If | in addition, a # 0 (modl), then

() [on,un] = nglq(af D4 S s,

a —
r=1

Proof. Formulae (a), (b) and (d) result by substitution into the formula
for a1, uy], in Proposition 4, of the corresponding expressions for the double
sums established in Lemma 8. Indeed, using first only Lemma 8(d) and
Proposition 4, we get

_d(n—1) (d-1)(n—1) da —a
] = =5 —ale =) = T
d—1n—1
_a_lzozlrsl mjfr

Then substituting in this formula the two expressions of Lemma 8(c) and the
one of Lemma 8(b), respectively, we obtain (a), (b) and (d) of the present
statement.

As to (c), it results from (a) by substituting in it the following expression
deduced from Lemma 7(b):

l_
ala (a—1)g(a—1) ZS’"

COROLLARY 1. Ifa # 1 (modl) and 1 <n <[ —1, then

n-1 CLl—CL n—1 1 \- : j res;(nj
(a) [O[l,'l,Ln] - a_l' l — 2 q(a_l)_i_leq(j)(a]_a l( ]))7
j=1
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() fonu] = " all_a -y li[]

—1
k=1
_1 1 _1 -1 k
(c) [oq,un]:z_l-a l a_n2 qgla—1)+ 2 lresn (dk)—

where 1 <n' <1 —1 satisfies nn’ =1 (modl), and d = (nn’ — 1)/1.

Proof. These are immediate consequences of Theorem 1 and Lem-
ma 7(h).

Remark 1. An alternative expression for [aq,u,] is derived from The-
orem 1 by writing

n—1 n—1 n—1
ZrS,le(a) = Z (7‘— n;:l)San(a)—i— n;l ZSng(a)

r=0 r=0

and using Lemma 7(b) to evaluate the last sum. This gives

n—1 a—a 1 = n—1Y\,_;
(27) [al,un]—2(a_1)- ] +a_1;(r— 5 )Sn (a).

If | = £1 (mod n), another expression for [a1, uy,] is deduced from Corol-
lary 1(c). Indeed, if I = 1 (modn), then n’ =1 — (1 —1)/n,d = n — 1,
and P

n

res, (dk) = res, (—k) = <[
If ] = -1 (modn), then n’ = (I +1)/n, d=1, and

resn (dk) = s, (k) = k — ] n.

Hence, for a # 1 (mod1),

~

1 —1

n a' —a n —17d*
R R e B D I e

2 l(a—1) a—1:&~
if | =1 (modn),
n—1 a—-a n-1 n o2 [k]ak
2 = : _ 1) - A
@) fonl = iy a0 - S

if l=—1 (modn).

COROLLARY 2. If e is an integer such that 1 < en <l —1, anda # 1
(modl), then

(e—1)n n

[alauen] = [alaun] +
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Proof. By Theorem 1(b),

en—1
en—1 d—a en—1

— _ _ 1 =t
(29) [an, ten] = —— + s ala—1)+ — ; tS(a).

In the last sum, set t =hn+7r, with 0 <r<n—-—1, 0<h <e—1. Then

en—1 e—1 m—1 bl o1
Sotsla) = n Y hY S a) + 33 851 )
t=0 h=0 r=0 = =

and, by Lemma 7(c), > j_ BS_I(MM)( ) = S (a). Substituting back into
(29), and using Theorem 1(b) for [a1,u,], we get
(e—1n a —a (e—1)n

(30) (a1, Uen | = [a1, un| + 1 5 q(a—1)

e—1 n-—1
n —Il(hn+r)
+a1;h;Sen (a)

In the last double sum, write the factor h as h = (e — 1) — (e — 1 — h), and
split accordingly into two double sums, the first of which is evaluated using
Lemma 7(b), and in the second one, set h = e—1—j and r = n — s to
get

e—1 n-1
Z h Z Se—nl(hn—i-r) (a)
h=0 r=0

= (e 1)((a-Ngta-1) - 7 - e

1

1S st

7j=0 s=1
Substituting this into (30) gives the result.
COROLLARY 3. For a #1 (modl), we have

a —a
(a) [Oq,ul,l] = _l(a— 1).

1 a' —a 1 — aF
b el = cqla—1) - - G
®) lev eyl = qae-N-o—H 50—y 2 3

k=(1+1)/2

(a+ 1) —(a+1)
2l(a—1)
a —a 1

la—1) Ta—1 (Sk(a) — S3(a)).

(¢)  [on,ug] =

(d) (o, u3] =
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2(al —a)  (a+1)'—(a+1) 2 .

(e) [a17u4] = l(a _ 1) - 2l(a — 1) + a— 1(54(&) Sé(l)(a))
3 3 : Ir
(£)  lon,ue] = a1, us] + Sgla—1) = — > S (a)
, 4 ‘
= Jor, uz] + 2¢(a — 1) — a—l( sg(a)+225g(a)).
r=3 r=>5

(g) If 1>17, then

(o1, ug] = [a1, ug] + 2q(a — 1) — 1 > 5§ (a).

r=>5
(h) If I > 11, then
[a1, u12] = [oq, ug] + 3g(a — 1) — —— ZS
4 8 12
= [ar,ua] +4g(a— 1) - j(ZSllg(a) +2) slh(@).
r=>5 r=9

Proof. (a) and (b) are obtained by applying (28a).
(c) is obtained by applying Theorem 1(b) or Corollary 1(c), and Lem-
ma 7(g).
(d) is obtained by applying (27).
(e) is obtained by first applying (27) to get
3(al —a) 1

[()[1,U4] QZ(CL — 1) + 2((1 — 1) (3351(&) + Szl(a) - Szl(a’) - 3Sg(a))

Then note that the linear combination of the S}'(a) occurring here can also
be written 4(Si(a) — SY(a)) + (S9(a) + S2'(a)) — (Si(a) + S3'(a)). Then,

using Lemma 7(c) and (g), we have

$9(a) + 524a) = 89(a) = L ((a - 1)gla — 1)~ @FD =@+ DY
2 l
and
at —a a ' (a
Si(a)JrSZ’l(a):S%(a):;<(a_1)q(a_1)_2 l Jr( +1) : ( +1)>.

Substituting this back gives the result.
(f), (g) and (h) are obtained by applying Corollary 2.



172 C. Helou

4. Further properties and applications

PROPOSITION 5. For any a € Z, we have

q(a) if a#0,1 (modl),

a—1
a .
(a) [, (] = 7 if a=0 (modl),
q(2a) if a=1 (modl).
1
ot gla—1) if a1 (modl),
T
(b) [a1, A] = q(a)
tﬁ if a=1 (modl).
Proof. (a) Note that the case when a # 0,1, —1 (mod!) follows from
Corollary 2 since 1;_; = —(~!. But we still consider the general case, where

we have ([9], (R28) or [5], p. 86)

N~ (@)q)) —1
[a17<] = ( l 1) 9

with vy the normalized M-adic valuation of K and N the norm in K |Qy. If
a %1 (modl), then vy(a;) =0 and N(ay) = (a' —1)/(a — 1), so that

_afa™t—1)
[, ¢] = Wa

which is equal to —%3¢(a) if a # 0,1 (mod!), and to a/l if a = 0 (mod1).
Suppose now a = 1 (mod ). Then vy(a1) = 1 and N(A~1ay) is equal to 1 if
a=1and to (a' —1)/(I(a— 1)) if @ # 1. Thus if @ = 1, then [ay,¢] = 0 and
the result holds trivially. If a # 1, then
at—1—1(a—1) a—1
[0417<]— l2(a—l) - 21
the last equality following from the binomial expansion a! =1 +1(a — 1) +
(é) (a —1)? (modi(a — 1)3). Moreover, by Lemma 2(c), we have
a—1

(31) q(a) = — l (modl) fora=1 (modl).

Hence the result.
(b) If a # 1 (mod!), then we have ([9], (R18), (R23), (R29) or [5], pp.
54, 55, 110)

[a1, A] = [ag,00 — A] + [an = M A\] = [aq,a— 1]+ [a — 1, A],

(a—1), [a—l,)\]zlq(a—l).

[, a—1]=[(a=1)+Na—-1] = 5

a—1 9
Hence follows the result in this case.
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Assume now a = 1 (modl). Since [\, \] = 0 ([9], (R16) or [5], p. 55),
we have [ag, A] = [a1 /A, A], where a; /A = 1 (mod A'~=2). The latter symbol
is evaluated using the Artin-Hasse law ([2], Ch. 12, Th. 10, or [5], p. 94),

which thus gives
i 1 C aq
(a1, A] = lTr<>\log<)\>).

ﬂ _ a—1 :a—l 2(1—2)
log<)\>—log<1+ y >_ 3 (mod A ),

and since the different of K|Q; is D = (A~2) (Corollary to Proposition 1),
it follows that

Tr <§\ log (T)) =(a—1)Tr <§2> (mod [?).
Therefore

(32) knﬁ}:—“llﬂﬁ<;J-Jn<i>)

Now, to compute the traces, we note that, for a positive integer k,

1 — 1 1« 1
) v () = E ey - v

n=1

Moreover,

The latter sum can be expressed in terms of the coefficients of the polynomial

A

n=1 n=1
I
= () niixts
— [ \j
j=1

Here, we only need the coefficients of X'~2 and X'~3, which are, to within
sign,
1 -1 1 I-H{l-2
. B (1-10-2),,
n=1 1<ni<n2<l-—1

)
Uy, Uny 6

and from which we deduce
-1
1 5 (=1 =5) 5
Zuﬁzsl—252:—T)\ .

n=1 "

Therefore, in view of (33),

w15 ()
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Substituting these values back into (32) and taking into account (31) yields
the desired result.

PROPOSITION 6. Let a be any integer in Z. If a; = a — ( is orthogonal
to C, then the following properties hold:

(a) Either a =0 (mod(?) or a'~! =1 (mod(?).
(b) aq is also orthogonal to X, to its own Q-conjugates and to those of
A, i.e.

[om(a1),0n(N)] = [om(a1),0n(a1)] =0  for 1 <m,n<I[l—1.
(c) If a = £1 (modl), then a = +1 (mod [?).

Proof. (a) Since ¢ = —u; ", and a is orthogonal to C, we have [ay, %]
= 0. Thus, by Proposition 5(a), if a = 0 (mod ) then a = 0 (mod ?), and if
a %0 (modl) then g(a) =0 in Fy, i.e. a'~! =1 (mod[2).

(b) Since u, = 0, (A\)/A and «; is orthogonal to C, it follows that

[a1,0m(AN)] = [aq,A] = [a1,0,(N)] (1< m,n<Il-1).

Hence, using Galois action on the norm residue symbol ([9], (R19) or [5],
p.54), forall 1 <k,m,n<Il-1,

[ok(1), Okm (A)] = Elen, om(M)] = klar, 0n(A)] = [0k (1), okn (A)]-

Thus, letting r and s be the least positive residues of km and kn modulo I,
we obtain

(34) [ok(a1),0.(N)] = [ok(a1),0s(N)] (1 <k,r,s<l-—1).

On the other hand, for any 2 < m < [ — 1, we have a1 — op(a1) =
—(om—1(A), and therefore ([9], (R18) or [5], p. 55)

[, om ()] = [ar, =Com—1(M)] + [=Com-1(A), om(a1)].

We expand the right-hand side of this last equality, using the bilinearity of
the symbol, and noting that ([9], (R28) or [5], p. 86)

—ualan) ) —
(), ] = fan, ) = YA =

(since vy (o (1)) = va(aq) and N(om,(a1)) = N(aq)). This gives
(35) [on,om ()] = [a1,0m—1(N)] = [om(on), om—1(A)]  (2<m<1-1).

Moreover, using (34) and Galois action, we get

[om (1), Om—1(N)] = [om(@1); Om(m—1) (V)] = mlar, om—1(A)] = m[aa, A].
Substituting this into (35) yields
(36) a1, 0m(a1)] = (1 —m)[ag,A] (1<m<I1-1).
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Now adding up the equalities (36) for 1 <m <1 —1, we get

-1 -1
[, N(a)] = ) [ar,om(a)] = Y (1 —m)lar, Al = ~[ar, A,
where, in K|Q, the norm N(a;) = (a' —1)/(a — 1) if a # 1. Thus
(37) [, A\ = [a1,a — 1] = [g,al — 1] for a # 1.

On the other hand, by (a) above, we have a' —1=a — 1 (mod1?). If a # 1
(modl), then this last congruence implies ([9], (R10) or [5], p. 54) that
[a1,a! — 1] = [a1,a — 1], and therefore, by (37),
(38) [aq, A] = 0.
If a =1 (modl), then, by (a) above, ¢(a) = 0 (mod!), so that, by Proposi-
tion 5(b), (38) holds in this case too, hence in general.

It now follows from (34), (36) and (38) that

[a1,0m(N)] = [a1,0m(a1)] =0 (1<m<I1-1),

and this implies the desired result, by Galois action.

(c) We have

1—2

(39) ' —1=(aF 1)(2(11)’6—1@’6).

k=0

If @ = £1 (mod1), then the factor of (aF1) in (39) is = F1 (mod!) (taking all
the upper signs together, or all the lower signs together), hence not divisible
by I. Hence

(40) (@™t —1)=v(aF1) ifa==1 (modl).

But, in this case, in view of (a) above, v;(a'~! — 1) > 2. The result then
follows immediately from (40).

Remark 2. Propositions 5 and 6 are essentially contained in [9], though
the proofs here differ somewhat from those in [9].

THEOREM 2. Let a € Z, a # 1 (modl). The element oy = a — ( 1is
orthogonal to C if and only if the following two conditions are satisfied:
(a) ¢(a —1) =0 (mod!), a' = a (modi?) and (a +1)! = a+ 1 (mod?),
(b) Zé;ll q(5)a (™) =0 (modl) for all 1 <n <1—1.
The condition (b) can also be replaced by either one of the following:
(b)) VA [nk/la* /k = 0 (mod 1) for all 1 <n <1-1,
(b”) S0 res, (dk)ak /k = 0 (modl) for all1 <n <1-1,

where, for every 1 <n <l—1,d= (nn'—1)/l with1 <n' <I1—1 such that
nn’ =1 (modl).
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Proof. Assume first that a; is orthogonal to C. In view of Proposition 6,
aq is orthogonal to A, so that, by Proposition 5(b), ¢(a —1) = 0 (mod!).
Also, a; is orthogonal to u;_; and to us, so that, by Corollary 3, a' = a
(modI?) and (a + 1)! = a + 1 (mod[?). Hence the condition (a). Moreover,
by Corollary 1(a) and condition (a), since [aq,u,] = 0, we have

(b0) Zé;ll q(j)(a? — a** (")) =0 (mod!) for all 1 <n <1 —1.

Also, adding up all the latter congruences, we get

—11-1 ‘ 1—1 -1 -1 |
3 g @ — @) = (1= 1) Y q()ad = 3 q() 3 @)
n=1j=1 j=1 =1 n=1

0 (mod).

But Efl_:ll ares (i) = Zl 11 a* = 0 (modl), so that Z 1 L q(j)a? = 0
(mod1). This last congruence together with (b0) implies the condition (b).
Furthermore, the condition (b’) (resp. (b)) follows from Corollary 1(b)
(resp. Corollary 1(c)), in view of the condition (a).
Conversely, if (a) and either one of (b), (b’) or (b”) is satisfied, then
Corollary 1 implies that a; is orthogonal to C.

PROPOSITION 7. If a # 0,1, —1 (mod () and ov; = a — ( 1is orthogonal to
C, then the following relations are satisfied in Fy:

(a) gla—1) = g(a) = gla+1) =0,
(/2 -1,

(b) $a)=S3a)= Y, —= > —=0

k
k=1 k=(1+1)/2

(c S3(a) = S(a),
(d) Si(a) = 8i(a) = =57 (a) = =53 (a),
() Sga) =85 "(a) (0<r<5).

Proof. (a) This follows from Theorem 2.

(b) It follows from Lemma 7(g) and (a) above that S9(a) = 1 ((a—1)g(a—
1) — ag(a)) = 0, and similarly Si(a) = 0. Also since o is orthogonal to

u@—1)/2, we have, by Corollary 3(b), Zk (4+1)/2 4 k/k = 0. Moreover, by
Lemma 2(b), Zk La*/k = (a—1)g(a — 1) — ag(a) = 0, and since the sum
of the terms corresponding to (I +1)/2 < k < [ —1 is 0, the sum of the
remaining terms is also 0.

(c) Since «; is orthogonal to ug, this condition follows from Corol-
lary 3(d).

(d) Since a; is orthogonal to uy, we have, by Corollary 3(e), Si(a) =
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S9(a). Moreover, by Lemma 7(c) and by (b) here,
Si(a) + S3'(a) = S3(a) = 0,  Si(a) + 57'(a) = S3(a) = 0

The result follows.
(e) Since « is orthogonal to ug, ug and ug, we have, by Corollary 3(f),

(41)  Sgt(a) + S5 (a) 4+ S2(a) = Sp'(a) + Sgl(a) + 255" (a) + 258(a) = 0.
It follows, by subtraction, that

(42) S34(a) + Sg'(a) + S2(a) = 0.

On the other hand, by Lemma 7(c) and by (b) here,

Se(a) + S¢'(a) + Sg'(a) = S3(a) =
Se(a) + S¢'(a) + Sg'(a) = S3(a) =
Similarly, by Lemma 7(c) and by (c) here

(43)

(44) Se(a) + 5¢'(a) = S3(a) = S3(a) = Sg(a) + S5’ (a).

From (41) and (43), then from ( 2) and (43), respectively, it follows that
(45) S¢'(a) = S5'(a),  Sg(a) = Sg(a).

From (44) and (45), it follows that

(46) Sg'(a) = Sg'(a).

Thus, putting (45) and (46) together,
Sia)=8""@) (0<t<H),
which, upon setting r = resg(tl), gives the result.

Remark 3. One further proves, under the hypotheses of Proposition 7,
and by arguments similar to those in the proof of (e) above, that

(f) If 1 > 7, then

Sg(a) — Sy(a) = S§'(a) — S§'(a) = S§'(a) = S§'(a) = S§'(a) — S5'(a),
i.e. Stl(a) — Sél_T)l(a) takes the same value for r = 0,2, 3, 5.

(g) If I > 11, then

Sis(a) = S13'(a),  Siz(a) = SP5(a),
Sta(a) = Siy(a) = Sf(a) — Siy'(a) = SP3(a) — Siz(a) = Sih(a) — Sii(a),

i.e. STl(a) — Sg_r)l(a) takes the value O for » = 3,4 and takes the same
value for r =0,2,5,7.

5. Orthogonality to the fundamental unit of the quadratic sub-
field. In this section, we assume that I = 1 (mod 4) and we choose ¢ = e2™/!,
We denote by (Z)2 the Legendre symbol, and by R (resp. R’) the set of
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quadratic residues (resp. quadratic non-residues) modulo ! contained be-
tween 1 and [ — 1. The quadratic subfield of K is then E = Q(v/1), and its
ring of integers is Op = Z[(1 + v/1)/2]. Let € = (u + vv/1)/2 be the funda-
mental unit of £, with u,v € Z such that u? — [v? = +4. We also denote by
h the class number of F.

PROPOSITION 8. If the integer n (1 < n < [ — 1) is not a quadratic
residue modulo [, then the norm in K|E of u, is Ng|gp(un) = g2l and it
lies in the group C of cyclotomic units.

Proof. The Galois group of K|E is H = {0} : k € R} ([10]). Since
U = op(A)/A and since, n being in R’, the congruence classes kn (modl),
for k € R, represent exactly the congruence classes of the elements of R/,
we have

1

. ,O']‘ )\ = _(k
A7) Nep(ua) = [ onlun) = Wer o) _ [T -c¢) (5.,

kER Irer k() k=1

(k
First, it follows from (47) that Ngg(un) = [[,—; u, (), lies in C. On the
other hand, with ¢ = cos(27/l) 4 isin(27/l), we have, for any k € Z,

(48) 1-¢F=— (Zi sin kzﬂ) ¢k,
Moreover,

=1y
o > (1),

k=1

and, since [ = 1 (mod 4), we also have (#)2 = (%)2, so that

oo $1(3),= % #(4) ¢ % e-n(t), =0 wmoan,

k=1 k=1
Substituting (48) into (47), and taking into account (49) and (50), we get

(51) Nicip(ttn) = ﬁ (sin k}”) _(%)2.

k=1
Now, by Dirichlet’s class number formula ([3], p. 344 or [10], p. 46),

(1-1)/2 -1
1 k km 1 k km
9) h=-— ) sin 2T = - %) sin 28
(52) e 2 <z>2 HEmT 21nsz<l>2 R

k=1 k=1

where In denotes the natural logarithm. Combining (51) and (52) yields the
desired result.
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LEMMA 9. If oy is orthogonal to C, then ay is orthogonal to the funda-
mental unit € of E.

Proof. By Proposition 8, ¢?* lies in C. Therefore, by the hypothesis on
a1, [a1,e%"] = 2h[ay, €] = 0. By a result on the size of the class number of
real quadratic fields ([7], p. 385), h < v/, so that I does not divide h. Hence
[Oél, 8] =0.

PROPOSITION 9. For a # 1 (modl), we have

[ar,e] = — 2 1Tr( Vi >7

(a—1Du 1 1 +cA

where ¢ is an inverse of a — 1 modulo | in Z, and Tr is the trace in K|Q. In
particular, if a = 0 (modl), then [aq,e] = 0.

Proof. Since u? — lv? = +4, | does not divide u; let w be a solution in
Z of the congruence uw = v (mod!). Then

26 = u+ vV =u(l 4+ wVl) (modi*?) hence (modA!).
Therefore (][9], (R10) or [5], p. 54)
(53) a1, €] = [, 4] — [a1,2] + [og, 1 + wV1].
Since a; = (a — 1) + A, it follows that ([9], (R23) or [5], p. 110)

(q(u) —q(2)).

Similarly, since a; = (@ — 1)(1 + ¢A) (mod A!), we have

(54) [, u] — [0q,2] = p—

(55) a1, 1+wVi] =[a—1,1+wV]+[1+e\1+wV],
and since 1 + w1 = 1 (mod A\?), we have
(56) la—1,1+wVI] = 0.

Moreover, since u? = 44 + [v?, we have, by Lemma 2(c),
02
2(u) = g(4) ~ Uy (mod),
which translates in [F; into
(57) q(u) = q(2) = —zw.

Thus, in view of (53)—(57),

(58) [al,e]:—m+[1+0)\,1+w\[l].
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The latter symbol in (58) can now be computed using the Artin-Hasse
reciprocity law ([2], Ch. 12, Th. 10), which yields

(59)  [1+c\1+wVi] = % Tr (1 ch log(1 + wﬂ))

= c—; ! Tr <log(1li—cu;\\ﬁ)> - 1Tr(log(l +wV1)).

l
Moreover, as seen in (4), in the proof of Proposition 1,
Tr(log(1 + wV1)) = N(1 4+ wV1) — 1 (mod %),
where the norm N, in K|Q, is here given by

N(1+ w\ﬁ) = Ngjo(Ngp(1+ w\/l)) =(1- lw2)(l*1)/2
I(1-1)

=1- w? (mod 1?).
Therefore (in IF;)

1 1
(60) 7 Tr(log(1 + wVl)) = §w2.

Furthermore, since the different of K|Q (which is the same as that of K|Q;)
is D = (\~2) (Corollary to Proposition 1), and since

log(1+w\ﬁ) _ 1 <w\/i— ;wzl) (mod)\3(l_1)/2),

14 T 1l4cA
we have
log(l—i—w\ﬂ) Vi 1, 9
Tl ) =wTr| —— | — = T .
r( T3 on wir| 75 le S s (mod %)

Similarly, since 1/(1 + ¢\) = 1 (mod \), we also have

Tr (1 ECQ = Tr(1) = —1 (mod ).

Therefore (in F)
log(L+wvD)\ _w (VI \_ 1.,
1+ cA B 1+ch) 2 °

1
1 - T
(61) 1 :
Substituting (61) and (60) into (59), and the resulting expression into (58)

gives the desired result.

LEMMA 10. (a) For any m € Z, the trace in K|E of ("™ is given by

Trp(¢™) = ;(<T>2ﬂ_1> if Lym,

) 1-1
5 if 1]m.
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b) For 0 < k <1—1, the trace in K|Q of VIN* is given by
(

S (Y (1)
Tricip(VIN") = ZJZI <j>(_1)J <z>2 if1<k<l-1,
! if k=0.

Proof. (a) The case where [|m is trivial, so we assume [{m. As in the
proof of Proposition 8, we have

Trgip(C™) =) ok(¢™) = > ¢,

kER kER

which is equal to either one of the sums

bp=> ¢ or =Y ¢,

r€ER sER’

according as (%)2 =1 or —1. These sums 0, (i =0, 1) are called Gaussian

periods and their difference is the quadratic Gauss sum

=1, t
90—91=Z<l> ¢ Z\[l,
2

t=1

for I =1 (mod4) and ¢ = %7/t ([3], p. 349). We also have

-1
(90+91 :th = —1.
t=1

Therefore
Tr((™) =6 = S(VI—1) or Tr(¢™) =6, = 3(—VI-1),

according as (%)2 =1 or —1. Hence the result.

(b) By the transitivity of the trace, we have
(62) Trgjo(VINY) = Trgio(VITrg g(AF)).
For k = 0, since TrE‘Q(\ﬁ) = 0, the result follows. Assume 1 < k <[ —1.

Then M\ = (1 — )k = Z?:o (’;)(—1)jcj, so that, by (a) above,

= 51+ L ()1

Upon taking into account that 211 (’;) (—1)7 = —1, this can be rewritten as

(63) Tegep(AF) = é + ‘f zk: <k> (~1)) <§>2
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Substituting (63) into (62), and noting that, for z,y € Q, Trgg(z +yV1) =
2z, gives the desired result.

LEMMA 11. We have the following polynomial identities in Z[X|:
(a) For any integers 0 < m < n,
Z”: B yr _ X7 dm (X -1
m m! dXm\ X-1 )’
k=m

with the convention that (8) =1.
(b) For any integers 0 < m <,

amo(XT-1\ . XT—1 Fn(X)
@m(x—1>_“n7mmznmﬂ+ﬂx—nw

where f,, € Z[X] is defined by
fo=0 fuea(X) = (—)™mIX™ £ (X — 1), (X) = mfon(X)
0<m<r—2).

Proof. (a) From the definition of the binomial coefficients,

n

<’“>sz”;]; k(k—1)...(k—m+1)X*k™

m

k=m

Hence the result.

(b) The proof is by induction on m. The property holds trivially for
m = 0. Assume it to hold for m, and take the derivative of the two sides of
the ensuing expression. Then the left-hand side is the (m + 1)th derivative
of (X" —1)/(X — 1), and the right-hand side is the derivative of a sum of
two quotients, which, by the usual rules, gives the appropriate expression
for m + 1.

THEOREM 3. Forl =1 (mod4) and a # 0, 1 (modl), we have

-1

=1
with € = (u+vV1)/2 the fundamental unit of Q(\/1), R = {reN:0<r<i,
(7), =1}

Proof. In view of Proposition 9, we need to determine Tr(v/1/(1 + c)))
modulo %, where Tr = Tri|p. The different of K|Q is D = (A'=2), and
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VI/(1+e)) = \/lzi;lo(—c)\)k modulo A®=1/2_ Therefore, as in the Corol-
lary to Proposition 1, and using Lemma 10(b),

(64) T<1+C)\> li FTr(VIAF)

k=0
- 12 < )22 <’;>(—C)’f (mod 12).

By Lemma 11, we have, for 1 < j < [ — 1, with the notation ¢(X) =
(X' —1)/(X — 1), and ®U) for its jth derivative,

-1

k ; (—c -1 - fi(=c
Z(')“C)k -5 J') R R e )

=y \J

where f; € Z[X]. Therefore, since ¢+ 1 # 0 (modl) and ¢! +1 = c+1
(mod1),

(65) Z <k) (—o)f = (=o) - (mod1).

k=j

From (64) and (65), it follows that

(66) %Tr <1 fm) = jzj <§>2(c fl)i (mod?).

1

Noting that, in F;, ¢/(c+1) = 1/a, and substituting (66) into Proposition 9,
we obtain the first expression of the statement. The second expression then
follows, by noting that, for any = € F7},

lzf() T S g me—azx

j=1 reR sER’ reR reR

Remark 4. According to a conjecture of Ankeny—Artin-Chowla ([1]),
the fundamental unit ¢ = (u + vv1)/2 of Q(v/1) satisfies v # 0 (mod1).
Assuming its truth, it follows from Lemma 9 and Theorem 3 that if a # 0, 1
(mod ) and a; = a — ( is orthogonal to C, then a~! is a root in F; of the
polynomial

-1 .
j .
F = = 7,
=5 (1)
j=1
This is a member of a family of polynomials studied by Jacobi ([6]), who
showed that if G,,(Y) is the polynomial, in Y, obtained by truncating the
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formal power series for (In(1+Y))™ from all powers of Y above Y'~! then

1
@G(z—l)/z(Y) (mod1).

We next examine some further properties of F'(X), and we relate it to
another polynomial

Fl+Y)=-

AX) = [T(x =),
reER
studied by Dirichlet ([4]).

LEMMA 12. The polynomial F(X) = Zz_:ll (%)QXj has in F; the trivial
roots 0,1, —1; and the multiplicity of the root 1 is (I — 1)/2. Also, for any
x € F;, we have F(x™1) = 27 F(2); thus, if x is a root of F, then so is
1/z.

Proof. In F;[X], there is another expression for F(X), obtained by
applying Euler’s criterion for the Legendre symbol, namely

-1
(67) F(X)=> 42X inF[X].
j=1
It is clear that 0 is a root of F'; and for —1, since I = 1 (mod 4), we have
(-1)/2
F-)= S (0021 + 1= )02 -1)) =0,
j=1

On the other hand, since F; is a cyclic group of order [ — 1 then (using a
generator of this group) for any m € Z, the following holds in F;:

-1
{0 i —1)tm,
(68) Z}J _{—1 if (1—1)|m.
j:
In particular, F(1) = 22;11 j4=1/2 = 0. Moreover, for 1 <k <1 -1,
-1
(69) FR1) = "5(G—1)...(j = k+1);07D/2
j=1

But, considering the polynomial P(X) = X(X —1)...(X —k+ 1) =
Zle ak’iXi, where the a;, ; € F; and ay, , = 1, we have, forany 1 < 5 <[-1,
the identity j(j —1)... (j —k-+1) = 3.F_, axj’. Substituting this into (69),
we get

k -1
(70 FO(1) = 30, 300/
i=1 j=1
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In view of (68), the inner sum in (70) is equal to 0 for 1 < i < (I — 3)/2,
and to —1 for i = (I —1)/2. Therefore F**)(1) =0 for 1 <k < (I —3)/2 and
FU=1D/2(1) = —1. Tt follows that 1 is a root of F' of multiplicity (I —1)/2,
n Fl.

Finally, if € F}, then x!~1 = 1, and, taking into account that [ = 1
(mod 4), we have

-1 -1
_1) — Zj(l—l)/le—l—j _ l'_l Z(l . k)(l_l)/2xk — Q?_lF((E>.
j=1 k=1

This completes the proof.

PRroOPOSITION 10. Consider F(X) = Zé 11 (%)QXj as a polynomial over
Q, and let

(1-1)/2
AX) =[x -¢= T (x-¢*).
reR k=1

Then
(a) F € Z[X], A€ Op[X], 2(X —1)A' + A)/VI € Og[X], and we have

XX —1) (] 1
FOO =772 (l>2X—Cﬂ'

j=1
X(X'-1) 2(X-1DA +A Jix!
= . —VIiX*.
X-1)4 i
(b) Forx € Z, x # 0,1 (mod ), the following congruences are equivalent:

(i) F(z) =0 (modl) in Z.
(ii) 2(x — 1)A'(z) + A(z) =0 (mod!) in Op.
)

(iii Z 1(?“ _2(:61_ ) (mod1) in Og localized at (V1).

TER

Proof. (a) The polynomial A is invariant under the action of the Galois
group H = {0, : 7 € R} of K|E; hence A € E[X]. Moreover, A, having
integral roots, has integral coefficients, so that A € Og[X]. On the other
hand, since ¢/ = 1 (mod \), for j € Z, and since R has (I — 1)/2 elements,
we have A(X) = (X — 1)(=Y/2 (mod \). Both sides of this congruence are
in Op[X], and the prime ideal of O lying below () is (v/1). Therefore
A(X) = (X —1)=D/2 (mod /1), and consequently

A%X)EEL%ELX——DU_am(nmdvﬁ)

Therefore we have 2(X — 1)A'(X) = —A(X) (mod+/1), which means that
(2(X — 1A'+ A)/V1 € Og[X].
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Now, the values taken by F at the various ("™ (1 < m <1 — 1) are the
quadratic Gauss sums, namely

()= ()5 vsmern

Hence, substituting (% 9= 7/ V1 into the expression defining F, we get

-1 -1 -1
@R = Y= Y (1) Y
j=1 k=1 2 j=1

But

ey X1 x(xI-1
DX =T = ew X
Substituting this into (71), and taking into account that 22;11 (%)2 =0and
that (%)2 = (%)2 (because [ =1 (mod 4)), we obtain the first expression,
in the statement, for F'(X).
Now, let us set B(X) = [[,cp (X — ¢°) and &(X) = A(X)B(X) =
(X' ~1)/(X —1). Then

Ly 1 1 1
72) Z<l>2X—<j: X—¢ LxX—¢

=1 reER seR’/
B R B ) S
A B A @ A Xt-1 X-1
Substituting (72) into the first expression for F'(X) gives the second expres-
sion.
(b) Let z € Z, v # 0,1 (mod!). By (a) above, and taking into account

that z(2! — 1)/((z — 1)A(z)) = zB(x), we have
2(x — 1A' (z) + A(z)
Vi

where both zB(x) and its factor lie in Og. Moreover, as in the proof of
(a), B(z) = z(x — 1)(=Y/2 (mod /1), which is not divisible by the prime
ideal (V1) of Op. Also, since F(z) € Z and (V1) is the prime ideal of
Opg lying above (1), it follows that F'(z) = 0 (mod!) is equivalent to F(z)
= 0 (mod+/1). Thus, in view of (73), F(z) = 0 (mod!) if and only if
(2(x — 1)A'(z) + A(z))/vVI = 0 (mod+/1). Hence the equivalence of (i)

(73) F(z) = zB(z) (mod V1),
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with (ii). Furthermore, 2(z — 1)A(z) is relatively prime to (v/1), so that
the congruence in (ii) can be divided by 2(xz — 1)A(x), thus becoming
A 1
@ .
Alx)  2(x—1)
which is just the congruence in (iii) (since A'(z)/A(z) = >, .z 1/(X —(7)).
Therefore (ii) is equivalent to (iii). This completes the proof.

=0 (mod1),

Conclusion. In view of Theorem 2, Proposition 7, Remark 4 and
Lemma 12, we have

COROLLARY. If the following congruences have either no common solu-
tion or all their common solutions a € Z satisfy a =0 or £1 (modl), then
the prime number | satisfies Terjanian’s conjecture:

(C1) ad=a, (a—1)'=a—-1, (a+1)'=a+1 (modi?),
-1

(C2) Y q(j)ar* ™) =0 (modl) (1<n<Ii-1),
2 [nk] ak

(C3) 2 {l}k =0 (modl) (1<n<Il-1),

=0/2 4
(C4) S9(a) = Si(a) = Z - = 0 (modl),
k=1

(Ch) S9(a) = Si(a) (modl),

(Co) Si(a) = Si(a) = =57 (a) = 53’ (a) (modl),

(C7) St(a) = S§"(a) (modl)  (r=0,2,4),
-1, .

(C8) Z <=Z> @ =0 (modl) ifl=1 (mod4),

provided the fundamental unit ¢ = (u + vV1)/2 of Q(\/1) satisfies v # 0
(mod!) (Ankeny-Artin-Chowla conjecture).
As in the text, the sums S, (a) are defined modulo l by

ak:

S@= Y
1<k<i—1
k=r (modn)

identifying congruence classes modulo [ to their canonical images in Fy.

Remark 5. G. Terjanian had shown ([9]), using the Kummer and
Wieferich criteria, that his conjecture is satisfied for all primes I < 6 - 10°.
He had already obtained the congruences in (C1) and he communicated to
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me, among other things, various sufficient conditions under which these con-
gruences have solutions; in particular, this is so for the prime [ = 1093. 1
checked, using the Pari-gp calculator, that, for all prime numbers 5 <1 <
1000 as well as for [ = 1093, the only common roots to the three congruences
in (C7) are a = 0, —1 (mod!), thus confirming the conjecture on the sole
basis of (C7).
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