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Introduction. For a positive integer n, let the divisor functions
d(4,5,6,7;n), d(1,1,2,2;n) and d(1,1,2;n) be defined as in [3], [4]. In this
paper we will sharpen our former arguments by proving the following new
results regarding the errors of distribution of these divisor functions. We
have (¢ and x are as usual):

THEOREM 1.
Z d(4,5,6,7;n) = main terms + O(237/869+¢),
n<x
THEOREM 2.
Z d(1,1,2,2;n) = main terms + O(z7/19+¢).
n<z
THEOREM 3.
Z d(1,1,2;n) = main terms 4 O(x>%/80+¢),
n<x

Let Q4(z) be the number of 4-full numbers not exceeding z, let 7(G)
be the number of direct factors of a finite Abelian group G, and t(G) be
the number of unitary factors of G, and T'(z) = > 7(GQ), T*(x) = Y t(G),
where the summations are over all G of order not exceeding z. Then, as in
[3], [4], we have

COROLLARY 1. Q4() = main terms + O(287/869+2¢),
COROLLARY 2. T'(z) = main terms + O(z7/19+29),
COROLLARY 3. T*(z) = main terms + O(x:2%/80+2¢),

Note that 87/869 = 0.1001150..., which improves the corresponding
exponent 6/59 = 0.10169. .. established in Theorem 2 of [3], and 7/19 =
0.3684 ..., 29/80 = 0.3625 improve respectively the exponents 0.4 and
77/208 = 0.3701 ... given by Theorems 2 and 1 of [4].
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In demonstrating these theorems, Theorem 3 of [1] will again play an
important role. We will also need to combine other tools existing in papers
[2] to [5] of the author. Needless to say, many tedious and elementary cal-
culations will emerge in our treatment, which is inherent in such divisor
problems. We will do our best to avoid redundancy.

1. Proof of Theorem 1. We recall a useful lemma (Theorem 3 of [1]).

LEMMA 1.1. Let H > 1, X > 1,Y > 1000; let a, B and =y be real numbers
with ay(y —1)(6—1) # 0, and let A > C(a,B,7) > 0 and f(h,x,y) =
Ah*2Py" . Define

SH,X,Y)= Y Ci(hz)Ca(y)e(f(h,z,y)),
(h,xz,y)eD
where D is a region contained in the rectangle {(h,z,y) | h~ H, z ~ X,
y ~ Y} such that for any fized pair (ho, xo), the intersection DN{(hg, xo,y) |
y ~ Y} has at most O(1) segments. Also, suppose that |C1(h,x)| < 1, |Ca(y)|
<1and F = AH*XPYY > Y. Then, for L = In((A+1)HXY + 2) and
M = max(1, FY ~2),
L73S8(H,X,Y) < V(HX)OYBF 4+ HXY®/8(1 4+ YTF~4)1/16
+ V(HX)?Y8F2M° + V(HX)*Y* M.
We stress that the condition F' > Y is needed in the proof of this lemma.

We adopt the notations introduced in [3]. In particular, from (7) of [3],
we have the following estimate:

(11)  &H;N)<H ' (NJH'G )2 > ‘2591@1)92(”2)93(“)@(9)
h~H

+ N1 (HG)Y?Inz + 23/132,
From (23) to (31) of [3], and the estimates on p. 175 there (n = ¢/8),
(1.2)  z7"S(a,b,c,d; N) < Va3 NI2NZ + Va3 NPT N}62
+ 7,6/x6Ni%4N219 + 2%9/x24N1121N251 + 201,
We need two more estimates for S(a, b, ¢,d; N). First we employ Lemma 1.1

to the triple summation over nj, ns and u in (1.1), with the choice (h, x,y)
= (n1,n2,u). Note that U =2 HG/Nj; this yields

27 "P(H;N) < V(HG)’NPNPOND + VHG(N,N,)BN3
+ V(HG)?(N1No)'6N; 1+ V(HG)O(N,Ny)¥ N2
+ V(HG)?(N\N)» N} + V(HG)>N3 N3
+ VHG(Ny N3 )3NZ + 2%
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We put the above estimate in (1) of [3] and choose the parameter K opti-
mally via a well-known lemma (cf. Lemma 3 of [3]) to get

(1.3)  272"S(a,b,¢,d; N) < VG5(NyN3)22 NI + VG(N, Ny )P N2
+ VGO (N1 N2)?'N§ + VGO (N, No)* Nj*
+ VGP(NyNy)3 NI + VGNENENG
+ VGNININE +
(1.4) < "VaSNOINSON3' + VaNP NP NI
+ VINENEN + VNN
+ VaNPNiNg '+ VaN)NJONT + 201,
To pass from (1.3) to (1.4) we have invoked (18) of [3]. By (21) of [3],
(1.5) 27" (a,b,¢,d; N) < VN7 3Ny 2Ny 1+ 201,
From (1.4) and (1.5) we infer that

(1.6) 7 28(a,b,c,d; N) < Z P, 4+ 2%,
1<i<6

where

(L7) Py = min( V2SNSINSN3 VaN; 3N, 2N, 1) < Vad Ny BNy,
(1.8) Py = min( VaN2ONFONI VeN73N; 2N < Sm,
(1.9) P3 = min( VP NBNBN3, VeNT Ny 2N 1) < VaiNITNZ,
(1.10) Py = min( Va®PNOINJONSL VeNT3N;2N; L)

< ValINPN,,
(1.11) Py = min( VaN3N3, VaN?N; ) < 201,
(1.12) Py = min( VaNINIONI VaN;7>N;2N; 1) < Va2N;72Ny L

Next, we again apply Lemma 1.1 to the triple summation over ni, ny and
w in (1.1), but with the choice (h,x,y) = (n1,u,n2). This gives

27 "P(H; N) < V(HG)UNINBNS + (HG)'/>N,NJ/®
+ (HG)YA*N Ny + ¥/ (HG)I NP NBN3
+ V(HG)'SN2ONISN3 + VHGNENEN;
+ V(HG)2N3N2N; + 2.

We put the above estimate in (1) of [3] and choose K optimally to get
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(1.13) 27 2"8(a,b,¢,d; N) < VGUNIONZNM + VGENIZNI N2

+ VGINPNZNG + VGHUN{ONG NI
+ VGO NBNIAND + VGNININ2

+ VGENINING + 01

+ VaNPBNM 4+ "VaI NP NP Ny

+ VaINITNY + VaN)N}*N}

+ VzNENZN; + 2L,

From (1.5) and (1.13) we get

1.14 27218 (a,b,c,d; N) < 291 + Q: + VaNIN2
1-Y2

1<i<4

+ VaNPBN} + Vat NN,

where

(1.15) Q1 = min( V' NBNFON,, VN3N, 2N )

min( 'V NBNJON;, VaN73N; 2N L)

(117) Qs = min( VaN)NJ N3, VN3N 2Ny 1) < VaN2,
(1.18) Q4 = min( VaNPNZNs, VaN; 3Ny 2N; 1) < 2%t

IN

(116) @2

IN

From (31) of [3] we have
(1.19) 7"S(a,b, ¢, d; N) < ¥V (x(NyNp)~1)? + 201,
By (1.2) and (1.19) we have

(1.20) z~"S(a,b,c,d; N) < Z R; + %1,

1<i<4

where

(1.21) Ry = min( Va3N2N2, ¥(x(N1Ny)~1)3) < VaPNS,
(1.22) Ry = min( “VaBNFTTNIZ2 V/(2(N,Ny)1)3) < VAT N3
(1.23)  R3 = min( V2SN NP, V(z(N,Ny)~1)3) < "Va5N?
(1.24) ("VaNIENL, YV (@(NiN;)1)P) < VPN

R4 = min
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From (1.20) to (1.24), we find that the required estimate follows if N; <
x15/869 We assume hereafter that Ny > 2'5/86%, From (1.19) and (1.6) to
(1.12) we have

(1.25) 728 (a,b,c,d; N) < v w?N73N; L+ Z S; 4 291,

1<i<4
where
(1.26) Sy = min( Va?N; 8Ny, V(2(NyNy)~1)3)
< 29‘5/9530N1_27 < 87/869
(1.27) Sy = min( V23N INZ, V(z(NyNy)~1)3)
< 14*9/:1015Nf9 < 01
(1.28) Sy = min( Vz!NITNZ, V(x(N1Ny)~1)3)
< 25,0/9625]\[1—4 < 201
(1.29) Sy = min( Va4 N7 BN, V(z(NNy)1)3)
< 44‘5/x45Nf42 < 201
From (1.25) to (1.29) we have
(1.30) 2218 (a,b, ¢, d; N) < Va?N{oNy ' 4 287/869,
By (1.30) and (1.14) to (1.18) we have
(1.31) = 218(a,b,c,d; N) < Z Ty + a57/8%9
1<i<6
where

1.32 Ty = min( Va2N; 3N, 1, Va3 NIONT
1 2 1 2
((1}17N1_11)1/168 S xO.lOOO’?,

IN

(1.33) Ty = min( Va?N; Ny, VaP N2ONZ2)
($47Nf46)1/463 < $0.17
(1.34) T3 = min( Va2N;{3Ny L, VaNg) < (25N;76)V/49 < 201,
(1.35) Ty = min( Va?N;{ 3Ny L, VaeNPNZ) < (2 N;71)Y50 < 01
(1.36)  Ts = min( Va?N; >Ny 1, VNN
S (.CE29N1_29)1/286 S $0.17
(1.37) T = min( Va2N;3Ny L, Vot NITN)
(x22Nf10)1/219 S 330'1.

By (1.30) to (1.37), we have completed the proof.

IA

IN
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2. Proof of Theorem 2. Let (a, b, ¢, d) be any permutation of (1,1, 2, 2).
It suffices to obtain

(2.1) S(a,b,c,d; N) < x7/19F4n,

where n = ¢/8, N = (N1, Na, N3), N1, Ny and N3 are positive integers with
(2.2) Ny < Ny < N3, NINSN§T < @, NyNyN3 > zt/3

and the sum S(a, b, c,d; N) is defined on p. 199 of [4]. We will retain many
familiar notations used in both [3] and [4].

The case of (a, b, c,d) = (1,1,2,2) can be dealt with immediately. In fact,
from (2.2) we have N1 Ny < z'/3, thus (GN1N2N3)1/2 < (xN1N2)1/4 <
x'/3, and the required estimate follows from Lemma 6 of [4].

For (a,b,c,d) = (1,2,1,2), by (2.2) we have NiN3 < N;NZN3 < z,
thus again (GN;NoN3)'/? < x1/3, and the required estimate follows.

We now show

(2.3) 5(2,1,1,2; N) < a*/11+=,
To this end, we first proceed similarly to pp. 167170 of [3]. This yields,
similarly to (7) of [3],
(24) ®(H;N) < H{(NJH'G)'/2 \Zlﬂnl)R(nQ)S(u)e(g)
h~H
+ Ny (HG)Y? Ina + 213/36
(for an explanation of the error term z'3/%6 cf. p. 199 of [4]), where 3,
means summation over nq, ny and u with
1<ny <ng, N,<n,<2N, (v=12), U <u<Us,

and G, Uy, Uz and the function g are defined on p. 169 of [3]. In particular,
g = Cy(xzny*ny *h2u)/3. Moreover, F(-), R(-), S(-) are suitable monomials
with absolute values 2 1. We can apply Lemma 1 of [3] one more time, to
the variable nq of (2.4). We have

(2.5)  @(H;N) < NoN3(H*G)™*

<Y Y Y T@emem)

h~H ni~N; Up<u<Usz; Vi<v<Vs
+ N (HG)Y? Inz + 213/36,

where V; = Vi(h,ny,u) (i = 1,2), |T(u)] < 1, |Q)|] < 1, and g1 =
Cs(h?zuvny?)/*. We can relax the condition U; < u < U to u=U :=
HGN; ' and the condition V3 < v < Vi to v 2V := HGN, ' consecutively
by means of Lemma 5 of [3] (note that we can assume that x is quadratic
irrational, cf. p. 168 of [3]); we thus deduce from (2.5) that
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(2.6)  27"®(H; N) < NoN3(H?*G)™*
<33 S nwaie)
h~H ni~N; u=2U v=V
+N1(HG)1/2 4 g 18/36,
where |T7(u)|, |Q1(v)| < 1. From (2.6) it is evident that
(2.7) 27 ?"®(H; N) < NyN3(H?*G)™*
X Z Z ‘ Z K (w)e(Cs(h?zwn;?)Y*)
h~H ni~N; w==W
+ Ny (HG)Y? 4 213/36,

where W = UV = (HG)2N; 'N; ' and |K (w)| < 1.
If HG <« N3Nz, we apply Lemma 1.1 to the triple exponential sum
in (2.7), with (h,z,y) = (h,n1,w), to get

(2.8) 2 ¥P(H; N) < VHAGTNI(N,N3)? + (HG)Y* Ny (NyN3)3/8
+ (HG)"/ Ny (NyNg) /16
+ 3\2/H19G22N129(N2N3)4
+ VHIGINP (N2 N3)' + VH3GIN}
+ VOGN (NaN3)2 + 213/36
< VGPNIO(NyN3)'3 + Ny(NyN3)>/®
+ VGNP (NyN3)B + VGN3(N,Ns)?
+ Nl(HG)13/16 + 3\2/H19G22N129(N2N3)4
+ VH3GAN? + £13/36,
If Ny > 2'/22) we have (GN;NyN3)'/? = (xNaN3)V/* < (23 Ny 2)Y8 <«
241 and (2.3) follows from Lemma 6 of [4]. We now assume that N; <

z'/22_ Then we easily see that the total contribution of the first four terms
in (2.8) is < 234, In fact, since Ny Ny N3 < /2,

VGNP (NyN3) B < Va3 NB2(NyN3)B « Ve NI « 2034
Ny (NaN3)/® < VP NS « 2033,
VGNP (N2N3)'® < Vad NP2 (NaN3)P < "Vt NP < 2932,
VGN3(NoN3)2 < VaNE(NoN;)3 < VaSN2 < 2032,
Thus from (2.8) we get
(2.9) = 3B(H;N) < Ni(HG)'®/® + ¥V HYG?2 N2 (N,N3)*
+ W + 213/36
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If HG > NoN3, we go back to the original definition for &(H; N), and
we produce a new integral variable g from ny and ng such that ¢ = nong.
Since HG > N3N3, Lemma 1.1 is applicable with (h,z,y) = (h,n1,q), and
we get,

2 B(H; N) < VG3NIO(NyN3)13 + Ny (NyN3)5/8 + Ny (HG)'3/16
+ VHYG2NP (NoN3)t + VGNP (N2 Ny
+ VH3GA*N3? + VGN3}(NyN3)? + 13/36
< Nl(HG) 13/16 + 3\2/H19G22N129(N2N3)4
+ VHPGIN} + 213/%.

Thus we see that (2.9) always holds. We put the estimate (2.9) in (1) of [3]
and choose the parameter K optimally via Lemma 3 of [3] to get

£718(2,1,1,2; N) < VGBNE(NyN3)® + VG22NB(N,N3)2
+ ‘7/G4N16(N2N3)3 + l’13/36
< 5\8/:513N32(N N )13+ 5\1/$11N26(N N )12
1 24V3 i 21V3
+ V22 NZNy Ny + 2:13/36
< "VaBNF 1+ VNP
+ 1’4/3U5N12—|—3313/36 < ac4/11,

which proves (2.3).

We proceed to estimate S(2,2,1,1; N); the remaining two cases with
(a,b,e,d) = (2,1,2,1) and (1,2,2,1) can be treated similarly. As in (7)
of [3], we get

(2.10) &(H;N) < H-YNZH G112
whu \ '/
x Z Z 91(n1)g2(n2)gs(u)e <C<22> )’
Py ning
+ NiNyInz 4 (Hz(N; NyNg)~1)2 4 g13/36)
where ), means summation over lattice points (n;,ng,u) such that
I<ni<ng, ni~Ni, ng~N,
hx(ninaMs) ™2 < u < ha(nynaM;) ™2,
and where M; = max(N3,ng), My = min((zn]*ny>)"/2,2N3), g:(-) are
monomials with |g;(-)| & 1. By an appeal to Lemma 5 of [3], we can relax

the summation range to u =2 U = HGN;5 !, Then we can produce a double
sum in (2.10) by setting hu = r and nins = s. This yields
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(211) @ "P(H;N) < H Y (NZH'GH)Y2 S ‘ > B(s)e(Clars™)'?)
r~R  s~S

+ N1Ny + (Hx(N1N2N3)_1)1/2 + x13/36,
where R = 13{2G]\73—17 S = Ny N, and |B(s)| < 1.

If HG > N;1N,, then Lemma 1.1 is applicable to the exponential sum
in (2.11) with (h,z,y) = (1,7, s), and we get

(212) 2 2"®(H;N) < VHSG (N, Ny)BN3 + (HG)/?(NyN,)*/®
+ V(HG)*(N1No)'" + YV HB3GY (N, N,)2 N3
+ VHBG (N, N,)'8N3 + VG(N, Ny)iNs
+ VHG?(N{N3)2N3 + N1 N,
+ (Hz(NyNyN3) 112 4 o0

(0 = 13/36). Secondly, we apply Lemma 1.1 to the exponential sum in (2.10)
with (h,x,y) = (hu,n1,n2) to get

(2.13) 2 2"®(H; N) < VHSGUNINENZ + (HG)/2N,N/®
+ (HG)VAN,NYT/' + ¥/ HSGIIN2O NSNS
+ VHBGONPNIENS + VGNI N4 N;
+ VHG?NF N3 N3 + N1 Ny
+ (Hz(N{NyNg)~1H)/2 4 20,

If HG > N;N; is not true, that is, HG < N1 Na, from (2.13) we get

(2.14) 2 2®(H;N) < VGNTNIANS + NY2ANJ/® 4 ND/ANZHIS

+ VG3NYTNSONG + VGPN{NSIN3

+ VGN}NENs + VGN{EN3Ng

+ Ny Ny + (Ha(Ny NaN3)~1)/2 4 20

< Va3NAND + VNEN) + VNONZ

+ V3NN + V3NN + VeN N2

+ V&N2ZNy + Ny Ny + (Hz(NyNyN3) )2 4 29
By Lemma 6 of [4], S(2,2,1,1; N) < ((z(N;No)~1)Y/2 4 292", thus the re-

quired estimate follows if N1 Ny > 2%/19 We assume hereafter that Ny Ny <
25/ Then from (2.14) we have, using the fact that N; < N,

(2.15) & ¥P(H;N) < Va(NiN,)? + (Ho(Ny NoNs)~)2 4 20
Note that (2.15) is derived when Ny Ny > HG, thus we find from (2.12)
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that the following estimate always holds:
(2.16) 2~ 2"¢(H;N) < ¥V HSG'(N{N2)BN3 + (HG)Y/?(N1N,)>/®
+ V(HG)*(N{No)'7 + ¥ HBG™ (N, N, )2 N3
+ VHBGS(N{N,y)BN3 + V(N Ny)?
+ (Hz(NyNyN3)~ /2 4 40
+ VHG?(N,N,)2Ns
=: Ey\(H) + VHG?*(N,1N,)*Ns.

We want to diminish the term vV HG?(N;N5)>N3 in (2.16). To this end,
we first note that if H < N3, then Lemma 1.1 is applicable to the exponential
sum in (2.11) with (h,z,y) = (1,s,r), and this gives
(2.17) 2 P(H; N) < VH*G?(N{N2)'' NS + VH2G(N, N, )3N3

+ VHSG5(N;N,)6N; !
+ VHSGO(N,No) ¥ N
+ YVH2G5(NyNy)® N + VH2G?(N,N,)?

Hl' 1/2
VH 'G(N{N;)3N2 + | ——~ 6
+ ( 1 2) 3+ N1N2N3 +$

=: Ey(H).
If H > N3, then from (2.16) we get

(2.18) 2 2P(H; N) < Ey(H) + (HGN,Ny)'/2,
By (2.17) and (2.18), we always have
(2.19) t™MP(H; N) < E1(H) + Ey(H) + (HGN,N»)'/2.
From (2.16) and (2.19) we get
(2.20) 27 2P(H; N) < Ey(H) + (HGN; Ny)'/?

+ min(Ey(H), VHG?(N1N3)2Ns ),

where
(2.21)  min(Ey(H), VHG?*(N1N5)2N3)
< E((H)+ > A+ VHSG (N NN,

1<i<4

+ VHOGYO (N1 N2)® N + VH?G?(N1N,)?,
(2.22) Ay = min( VH 1G?(N1N2)'PNY, VHG? (N, N5)2N3 )
< 3€/G13(N1N2)27N313’
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(2.23) Ay = min(VH 2G(N1N,) N3, VHG?(N1N,)%Ns )
VG5(NyN,)2N3,

(2.24)  As = min( VH IG?(N,No)> N} VHG?*N2NZNs )
VG? (N1 N,) TN,

min(VH *G(N{N;)>N2, VHG®N2N2N3 )
VGSNFNSNG.

Since G = z(NZNZN3)~! and N;N, < 2%/19 it is easy to verify that
Ay, Ay, As < 2995 < 2% If N1 Ny < 22/19, by Lemma 2 of [5] with (k,\) =
(1/2,1/2) we get

.Z'inS(Q, 2, 1, 1, N) < N1N2($(N1N2)72)1/3 < 1'7/19.

We assume hereafter that Ny Ny > 22/19. Thus A, < x?, ¢ = 7/19. From
these observations and (2.20) to (2.25), we achieve that

(2.26) 2 ?"®(H; N) < Ey(H) + Es(H),

IN

IN

(2.25) Ay

IN

where

Es(H) = VHSG5(NyNy) N3 1+ VHSGO(N,N,)? N4
+ VIPGENING + 2°.
We put the estimate of (2.26) in (1) of [3] and choose K optimally via
Lemma 3 of [3] to get
(2.27) 27315(2,2,1,1; N) < VG (N N,)2'NI + VGANININE
+ VGHN.N2)P N{ + VG (N, Np)?O N
+ VG (N{Ny) N6 4 VN2 N2
+ VG5(N1N2)®2NS + VGO (N;N5)?5 Ni°
+ W—i— x?
< Vel g1 4 Vaty + VatgB 4 Vel g
+ Va1 4 VaJg? 4+ Vb2
+ Valog1s 4 Va2 + a¥
< Va2J + VzJ? + VatJB + Vb2 + z¥;

where, for simplicity, J := N;Ns. Suppose
(2.28) H8G® > (N1 No)*N32?, 6 =¢%

Then we find that Lemma 2.4 of [2] is applicable to the exponential sum of
(2.11) with (z,y) = (s,r). This gives
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(2.29) =" P(H; N) < VG H?(N,Ny)? N3
VH3G?(N1N,)®N2 + VH™(N;Ny)33 N3G

VGSHS (NI N,)"N; 1+ VH3GANP N3N,

VHIGY(N,Ny)B N3 + VHG*NZNZ N3

+ o+ o+ o+

V(NLNo)MNB + ¥V/(NyNy)6NT

+ VHSGSNSNSN; 3 + (Hx(NyNyN3g)~H)Y2 4 20
= E4(H)
If (2.28) is not true, that is, if we have H® < G~°N{NiN3z°, then we
use the estimate of (2.13) to get
(2.30) 2 %"B(H;N) < VG NBNINS + VG3NDONAN3
+ VGPNPNPN; + VGONBNPNS
+ VGO NPINJPONG + VGN] NSN3
+ 3\2/G11N128N220N§1
+ (Hz(N1NaN3)~1)12 4 o
< VaSNINZ + Va3 NIMNS + Va3 NON3?
+ VaSNPINZO + *VzB NI NTO
+ Va'NSN; 2 + VaN, N2
+ (Hz(N1NoN3) =)' 4 2
< VabJ8 4 VaB g 4 Va3 g
+ V6205 4 /68 yii4
+ V' J? + VN, N2
+ (Ho(N1NaN3) ™12 4 of
<« VaNy N2 + (Hz(NyNyN3)~)Y2 4 2%
To diminish the term VzN; N3 in (2.30) we can treat the double sum
over (u,ng) in (2.10) similarly to those given by (3), (4), (10) of [4] by using

Lemma 1.5 of [2], and we thus obtain similarly to (11) of [4] the following
estimate:

(2.31)  x7"®(H;N) < Ny( V(HG)°NyN3 + V(HG)'NSN3
+ V(HG)3Ns + V(HG)NZN; >
+ V(HG)"N; 3N} + V(HG)™N,
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+ VHG)INING + (HG)T/®
+ V(HG)®N;N,;?)
+ (Hz(NyNoN3)~1)V2 4 29

< 4\8/G15N168N224N§9 + 6\4/G15N§4N§0N§7
+ YCINFNPNT + VT NIONFING
+ 25\6/G81N1364N2152N??9 + 6\4/G21N192N232N§1
+ 51\2/G171N1740N2248N§83 + 6€/G21N?2N228N§1
+ 25{5/G87N§72N2104N3?9
+ (Ha(N{NyN3) ™12 4 40

< VaNPN;ON{ + VzlP NPINIONS?
+ VONPN, N + VT NINP N,
+ VBTN N, ONS12 4 Va2 NPON, O
NN NG SING 4 W/ PINPON; T
+ VSN N, 0N
+ (Hz(N;NaN3) ™12 4 o0

< 4\7x17Nf4N510 + 6\‘yx21Ni12N2—2
+ 33/$13N%8N;14 + 32\7$87N1262N38
+ VSINPPN, P 4 VeI NON,
+ 51\2/x177N1386N2—106 + 25\‘7x93N1186N2—82
+ (H2z(NyNoN3)~1H/2 4 40,

From (2.30) and (2.31) we deduce, provided that (2.28) is false, that

(2.32) 2TG(H;N) < Y Bi+ (Ho(N1NaN3)™)V2 + 2%,
1<i<8

where

(2.33) By = min(VazN,N2, Va "N N;10)

IA

($61J78)1/224 < 33'0'364,
(2.34) By = min(VaN, N2, V22 N2N;?)
(x65J86)1/240 < x0.365’
min(VaN, N2, VB3 NBN; )
(.5645J50)1/160 < 11,’0'364,

(2.36) By = min(VaN, N2, Va8l N202 N 22)

IN

(2.35) B

IN
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< (.%'305J426)1/1152 < 1;0.3637

(2.37) Bs = min(VaN, N2, *Vz3TN22N38 )
($311J486)1/1216 < 1,0.3617

IN

2.38 Bg = min(VaN{ N2, V22 NN, 10
2 1 2
(ZL‘81J110)1/304 < LEO'362,

IN

(2.39) Br = min(VaN, N2, "Vz1T7 N386 N 106)
S (x669J878)1/2480 < JZO'363,

(2.40) Bs = min(VaN,N2, VxR N8 N;52)
S (x361J454)1/1328 < 1’0'362.

From (2.29), (2.32) to (2.40), we always have

(2.41) 2 P(H; N) < Eq(H) + 2.

We put (2.41) in (1) of [3] and choose K optimally to get
(2.42) 2748(2,2,1,1; N) < VGB(N,N,y)* N5
+ VGONYNINZ + VG (N No) N5
+ VGO (N1 N2)®*NJ + VG2 NI NSN3
+ VGO (N N2)2 N30 + VG2NI NSN3
+ V(N1 N2) NS + V(N1 N,) 1O N]
+ VG5(NiNo) "N} + z¥
< VB + Vadg—t 4 Vals g
Y4 VT 4 Ve
+ Va2 L Vb5 4 Va5 g0
+ VabJt 4 2¥
< VaPJ L4 Va2J ! 4 2%,
Now the required estimate follows from (2.42) if J > 2*/19 and otherwise
it is a consequence of (2.27).

3. Proof of Theorem 3. The underlying idea is the same as used in
proving Theorem 2, but the details are now much simpler, because we are
dealing with exponential sums of a lower dimension. We use conventions
introduced in Section 2 of [4]. We consider the sum Sq p (M, N;z), where
(a,b,c) is a permutation of (1,1,2). If (a,b,c) = (1,1,2), then similarly to
(2.9) we have

(3.1) ™%"B(H, M, N) < (HG)*/16 4 VHYG2NINL + VG H? + 2113,
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In fact, we can produce a new variable w = uv from (4) of [4]. The following
arguments are exactly those stated from (2.7) to (2.9), the only difference is
that we now have “n; = 1” in those expressions. We put the estimate (3.1)
n (1) of [4] and choose K optimally to get

eS8 1 o(M,N;z) < VaB(MN)® + V' (MN)?2 + Va2 MN + /3

< 5/14,
For (a,b,c) = (2,1,1), by (3) of [4] we have
S(H,M,N) < H ' (M*(HG)™)'> 3" 3 )ZQ O(zhun=2)/?)

h~H u=U nel
+(HG)'? 42/,

where I denotes an interval contained in [N,2N], and U = HGM 1. We
use Lemma 1.6 of [2] to relax the range of n, and get

(3.2) 2 "®(H,M,N)
< H Y (M?*(HG)” 1/22 Z‘ZQ C(xhun=2)Y? 4+ nt)

h~H u>=U n~N
+ (HG)Y? 4 21/3,

where t is a real number, ¢ € [0,1), and it is independent of the other
variables. We produce a new variable r = hu from (3.2) and get

(3.3) a~*"¢(H,M,N)

< H Y M*(HG) ™)' )° ’ > Qn)e(Clarn™)"? + nt)
r~¥R n~N

+ (HG)1/2 +ZE1/3,

where R = H2GM~!. We apply Lemma 1.1 to the triple sum in (3.2) with
(h,z,y) = (h,u,n) to obtain

(3.4) 2~ "®(H,M,N) < VHSGIINBM3 + (HG)/>N>/®
+ V(HG)'N' + ¥ HSG' N M3
+ VHBGONBM? + VGN'M
+ VHG?N2M + (Hz(MN)~")'/2 4 z1/3
—: B5(H) + VHSG''NBM?
+ m, say.

If H < M, then Lemma 1.1 is applicable to the exponential sum of (3.3)
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with (h,z,y) = (1,n,r), and we get

(3.5) = %"P(H,M,N) < VH G NYM + VH2GN®M>
+ VHSGINS A1 + ¥/ HOGION29 /4
+ YHOIGNEOMM ¢ VH2G2N?
+ VHIGN3M? + (Hz(MN)~")'/2 4 z1/3
=: Fg(H), say.
If H> M, then from (3.4) we get

(3.6) 2~1®(H,M,N) < Es(H) + VHYGNS + (HGN)/2.
By (3.5) and (3.6) we always have

(3.7) 273P(H, M, N) < Es(H) + E¢(H) + VH"GUN3,
From (3.4) and (3.7) we deduce that

(3.8) 2 3P(H,M,N) < E5(H) + VHIGIN® + R, + Ry,

where
(3.9) Ry = min(Eg(H), VHSGUNBM?) < E-(H)+ > D;,
1<i<4
(3.10) Eq(H)= VHSGNSM -1+ ¥ HOGION?M*
+VH2GEN3 + (Ho(MN)~Y)/2 4 z1/3,
(3.11) Dy = min( VH 4G’ NYM?, ¥V HSG'' N3 M?3)
< VGPMPNT < VBN,
(3.12) Dy = min(VH2GN3M3, VHSGIIN3M3)
< VGBNBM® « VaBN,
(3.13) Ds = min( VH G N2 MM, VHSGUNBM3)
< 7/ G139 349 7139 < 45\4/$139N71’
(3.14) Dy = min(VH 'GN3M?, ¥V HSG'' N3 M>3)
<K SW < x19/54;
moreover,
(3.15) Ry = min(Es(H), VHG?*N?M ) < E-(H)+ > D;,
5<i<8

where
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(3.16) D5 = min( VH *G°NYM? VHG*N2M )
< 3,8/G13N27M13 < 3*8/x13N,
(3.17) Dg = min(VH 2GNSM?, VHG2N?M) < VG N2 M5
< V1PN2,
(3.18) D7 = min( VH9G*N22M™ VHG>N2M )
< VGBNTMB <« VBN,
. s = min - R <
3.19) D in(VH-'GN*M?, VHG*N?>M ) < VG*N°M?
< VPN,
As N < z'/%, we see that D; < x°-3% for 1 <i < 7. By (3.8) to (3.19) we
get
(3.20) 2 3P(H,M,N) < E5(H) + E7(H) + Va?N~!
+ VHTGINS 4 2¥,
1 = 29/80. We put the estimate of (3.20) in (1) of [4] and choose an optimal
K to get
(3.21) 2748y 11 (M, N;z) < VGN'M* + VGANIM*
+ VG N36 11 + Y G16 N31p 16
+ VaN? + VGIN2 MO
+ YVGON35 10 4 VG2ZNO M2
+ Ve Mt N24 + V3 N1 + ¥
< ValINUY 4 VN2
+ Va2 N + Va3 N1
+ 212/1:5N12_|__ 3’8/I10N15+I¢.
We remove the smooth coefficient @Q(n) in (3.3) by a partial summation,

and we then relax the summation range for n by means of Lemma 1.6 of [2].
This yields

(3.22)  x73"®(H,M,N)

< H Y M?*(HG)™ I/QZ)Z (zrn~2)Y? 4 €n)
r~R n~N

+ (HG)Y? 4 21/3

= H'M(HG) Y25 + (HG)'? + 2'/3,  say,

where ¢ is some real number, 0 < ¢ < 1, independent of r and n. Let
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Q € (100, Nz~%) be a number to be chosen later (§ = £2). By Cauchy’s
inequality and Weyl’s inequality (Lemma 1.3 of [2]),

(3.23) 27"S? < (RN)*Q" +R3/2NQ71‘ > D elf(na,r),
(n,q)ED r~R

where, for some Q1 € [1,Q], D = {(n,q) | ¢ ~ Q1,n,n +q ~ N}, and
f(n,q,r) = Clar )Y2((n + )~ —n~1) + ¢¢. We can use Lemma 1.4
of [2] to transform the summation over r, and we get a summation over
w = MQi(NH)~!. We then exchange the order of summation and estimate
the sum over w trivially to obtain, with some w, the estimate

(3.24) R3/2NQ—1( > Zr‘l/ze(f(nyw))‘

(n,q)eDr=R

< VIPGNMZNQT| Y e(F(n,q)

(n,q)€D

+VQ TH'NSM—4G3 + H3GM2N3Q~' + GH* M 'N?In«,
where F(n,q) = C'(zw)*/3((n+q) ™' —n~1)?/3 £ £q. Tt is easy to verify that
F(n,q)ZC”(xw)l/Sn_4/3q2/3, A=Q N1
Thus Lemma 1.5 of [2] yields
(3.25) 2~ "\/H5G3Q-M—2N ‘ Y e(F(n, q))‘

(n,q)€D

< \6/H17G11Q2N4M_6 + {3/H15G9Q2M—6N8

+ 1\0/H27G17Q10M_10N4 + \8/H19G11Q3M_8N12

+ VHGP QM ~IN" + VHGOQ* M ~*N* + VH>G3 M —2N3
=: Ll(Q)
From (3.23) to (3.25) we get
(3.26) 27218% < (RN)?Q ' 4+ Q- LHTN M—4G3 + L1(Q) =: Lo(Q).

Obviously (3.26) also holds if @ < 1. By Lemma 3 of [3], there is a Q €
(0, Nx=%) such that

(3.27) 2 "Ly (Q) < VHPGPMION® + VH»BGPBN12) 10
+ Y HSTG3T N24 30 + VH3IGIT N8 )14
+ VHBGTNOM 6 + vV H22G12 N10 10
+ (H5G3M_2N3)1/2 + 1{J/H31G17N14M—14
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+ l{yH29G15N18M—14 + 3\[7H97G47M_50N54
+ 1\4/H40G20M_2ON27 + \?’/HSG4M—4N6
+ 1{7H31G15M—16N19 + HAG2M 2N
+ VHTNAM 4GS
From (3.22), (3.26) and (3.27) we have

(3.28) x®(H,M,N) < Ly(H)+ L_(H) + 23,
where
(3.29) Ly(H)= VHGTMSN® + VH'G' N2 M0

+ VHGNOMY + YV HGTNYMSC
+ 6\0/H7G17M10N54 + 2€/HG5M4N19
+ (HGN)Y? + VHN'G,
(3.30) L_(H)= VH'G’MSN'2 + ¥H1GS N8 M3
+ VH2G2NOM*
+ VHIGN3M? + ¥VH- 1G5 MSN18
+ VH2GSN?" M8 + VH-'GM?2NS.
If H> VG "MP°N®, we have
(3.31)  L_(H)< “VGSN269 4 /G0 N101 42
+ 26.0/G72M73N226 + 36,4/G92M98N335
+ 7\8/G20M21N70 + 5\2/G20M21N31 + 20-36
< 28\6/x85N56M14 + 13\(]/3340N21M2
+ 26\%:72MN82 + 36\4/1,92M6N151
+ 7\%020MN30 + 5\2/$20MN—9+x0.36
< 20 N9 _'_1‘0.361’
because G = 2(MN?)~!', M > N and MN < z'/2. If H < ¥G~"M°N8,
by (11) of [4] we know that
(3.32) 2 2"®(H,M,N) < VG2OM2IN3T 4 *V/ G089 145
+ 104,0/G348M225N841 + 83,2/G324M231 N575
+ 20\8/G84M70N125 + 83\2/G348M329N425
+ V(HG)*M + "V(HG)"MM3N5 + 2/
< 512/1,20MN79 + 20’8/$60M29N25
+ 104{3/96348M—123N145 + 83\2/95324M—93N—73
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+ 20\8/$84M—14N—43 + 83\2/$348M—19N—271
+ V(HG)*M + "V(HG)" M3N5 + 2/3
< V2P MN + WP N-166
+ 20 84 N 5T + 85/ 348 [y —290
+ ¥+ V(HG)M + "V(HG)" " M3 N5
= P+ V(HG)*M + "V(HG)™MM3N5,
From (3.28) to (3.32) we always have
(3.33) 2~ "®(H,M,N) < L (H)+P,+V(HG)>M+ "V(HG)"" M3 N>.
If H> (G"2MN?)'/4, then similarly to (3.31) we easily verify that

(3.34) L_(H) < VaSMN—3 4+ 2?,

thus from (3.28) and (3.34) we have

3.35 ™G(H, M,N) < L(H)+ VaSMN—3 4 z¥.
) ) +

If H < (G2MN?3)'* then from (3.33) we get
(3.36) = 9"B(H, M,N) < Ly(H)+P+ VaSMN—34+ "V (HG)" M3 N>.
From (3.35) and (3.36) we always have
(3.37) = "®(H, M,N) < L (H)+P+ VaSMN—3+ "V(HG)" " M3N>.
If H< (G=82MOSIN)1/146 1y (3.37) we see readily that
(3.38) 2~ %®(H,M,N) < L (H)+ P, + VaSMN—3
+ V228 3N 109

=Ly (H)+ P».
If H> (G=82M5T N91)1/146 then similarly to (3.31) we verify that
(3.39) L_(H) < "Va2B)BN-109 4 g9

From (3.28) and (3.39) we find that (3.38) is always true. We now put
the estimate of (3.38) in (1) of [4] and then choose K optimally via Lemma 3
of [3] to infer that

(340) SL'_777327171(M, N; 33) < Py + 1\7/21,‘7N75 + 4\7/1117N73 =: Ps.
If N > 27/%0 from (3.40) we have
SL'_7T]S27171(M, N; l’) < P3 < IL‘w

(for instance, Va®MN—3 < "Va"(MN)® < 2?), and it N < 27/, by
(3.21) it is easy to see that

a8y 1 1 (M, Nyz) < VP N1 +a?,
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and by (8) of [4] we also have
(3.41) 718911 (M, N;z) < (2 N2V,
thus

x74”52,1’1(M, N;z) < min(\S/xB’N_l, 7\3/3723N27) +z¥ < ¥,

insofar as the desired result for the case (a,b,c) = (2,1,1) also holds. (The
bound given in [5], worse than (3.41), suffices here yet.)
Similarly and more easily, we can show that

278 51 (M, N;z) < 2.
This finishes the proof of Theorem 3.
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