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The value of the Estermann zeta functions at s =0
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1. Introduction. The Estermann zeta function E,(s,a/q) is defined by
the Dirichlet series

E. <s, Z) - gau(n)e<a:>n_s, Re(s) > Re(u) + 1,

where e(a) = €*™® q,q are integers with ¢ > 1,(a,q) = 1, and o,(n) =
> d"- It is known that Ey (s, a/q) can be continued analytically to the
whole complex plane up to a double pole at s = 1 ([1]). This function

naturally occurs in the study of the exponential sums of the type
a / an
Du(22) = X autme(2) (-6,
q n<w q

where Y means that if 2 is an integer, then the term with n = z in the
sum is to be halved. We can easily get the explicit formula for these sums
by applying Perron’s formula, i.e.

1
Du<x, a) = —(logx +2y—1—2qlogx)x
q q

1
+ E, (O,G) + — f E, <s,a>a:53_1 ds
q 27 q

(=)

where 7 is Euler’s constant, and the integral is taken along the vertical line
with Re(s) = —¢, € > 0.

In this paper we shall evaluate the constants F,(0,a/q) in terms of the
cotangent function in the case u is an integer and determine the Q-linear
relations between F,(0,a/q), where Q denotes the rational number field.
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2. Constants E;(0,a/q). Let Bj(z) be the jth Bernoulli polynomial.
The next lemma shows a relation between the values of Bj(z) and the jth
derivative of cot 7z at x = a/q.

LEMMA ([2]). Let ¢ > 2,1 <a <gq, (a, = 1. Then
N\ J+1 -1
i k
D e (g) e () = me(- ) ()
(1) U+ 3 > 1
forj=0,1,...

Now this lemma implies

THEOREM 1. We have

Bjy1 :
: , j odd,
5 2(0%) = 2(J+1)'
@  E0)= (_z’)””z”fcot(”<m>+l o even
2 s q q 4 7,0 9

for ¢ > 2, where d;0 =1 for j =0 and 0 otherwise. For q =1,
(=1)*'Bj

2(74+1)
Proof. For Re(s) > j + 1, substituting for o;(n), we obtain

() oo~ £ ()

E;(0,1) =

n—1 m,n=1
q
kl
X)) B e
k=1 m=k (q) n=l(q)
. g akl
— qJ—25 Z e(q)C(S —j7 k/Q)C(Svl/q)v
k,i=1

where in the final step we have used the Hurwitz zeta function ((s,z) =
S o(n42)7% (0 <z <1). Then it follows from the analytic continuation
of ((s,z) that

Bi(0.a/))=¢ Y e(ajl)q—j, k/0)C(0.1/q)



Value of the Estermann zeta functions 359

? S (”“)B (k/q)
= 1\t/q e\ — j+1 q
]+1l=1 k=1 q
1/4, j =0,
Ty B s
2(j+1)

after some computations using
1
-3, k/q) = ———=Bj11(k/q), ) > 0.
C(=ik/a) = =77 Binalk/a), 5=

Changing the variable of summation k to ¢ — k and using B;11(1 —x) =
(=1)7*'B;11(z), B1(l/q) =1/q — 1/2 and Lemma, we obtain our formula.

3. Q-linear relations. In [2], K. Girstmair gave a unified approach to
the determination of all the Q-linear relations between conjugate numbers
in a cyclotomic field. Summarizing, his method is as follows: Let Q, = Q(()
be the gth cyclotomic field with ¢ = e(1/q) and let G = Gal(Q,/Q) be its
Galois group viewed as (Z/qZ)*. We consider Q, as a QG-module, where
QG denotes the group ring. For b € Q,, the Q-linear relations of the numbers
o(b), o € G, are determined by the annihilator W, (b) of b in QG defined by

W,(b) ={a € QG : a0b =0},

where aob = ) _na,0(b) for a = Y _.a,0 € QG. It is known that
any non-zero ideal I in QG is generated by the unique idempotent element
EX = D ex Ex, written I = (ex), where

ex =G> x(e N, X ={xeG:x{)#0}
ceG

(é denotes the character group of G.) He proves

THEOREM A ([2]). The ideal W, (b) is generated by €x with

X ={xe€G:yxlp) =0},
where y(x|b) are Leopoldt’s character coordinates defined by

3) y(ID)T(x4 1) = Y x(a7a(b) = Y x(k)on(b),

ceG k=1
where f means the conductor of x, x ¢ s the primitive character modulo f
attached to x and T(x|k) is the k-th Gauss sum.

He also shows how to compute ex explicitly for a special choice of X
and obtains, among over things,
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THEOREM B ([2]). Let j > 0 and g > 2. Then
Wyl cot (n/q)] = (1 + (~1)io_y),
with X = {x € G : x(o_1) = (=1)7}, where o}, € G are such that o,(¢) = ¢*
for (k,n) =1, and i = /—1.

Similarly, in the case of the numbers £;(0,a/q), 1 < a < g, with (a,q) =
1 which are conjugate in Q;, we can prove

THEOREM 2. Let ¢ > 2 be a prime power and let j be an even integer.
Then

WolE;(0,1/¢)] = (1 4+ 0-1).

Proof. By virtue of Theorem A, we have only to compute the character
coordinates of the numbers £;(0,1/g). From the QG-linearity of y(x|—) and
the character coordinates for 7+ cot")(r/q) ([2], Theorem 2), we have

j+1q—1
01700 = (=3) X2 {xOw o /)
AN _X;) |
N j+1<f> E <1 P )BLXB]H’”’

where p runs through the prime factors of q.
Here B, , denotes the generalized nth Bernoulli number, satisfying the

relations
m

Bn,x = mn—l Z X(a)Bn(a/m)7

a=1
where m is the modulus of x. In the case of primitive character it is known
[3] that for the principal character xo, Bi,y, 7 0 and Bjy1,, = 0, for even
j > 2, and for non-principal Yy,

Bj+1,x 7& 0, J ;’é 5)( (mOd 2)’
Bjt1, =0, j=96, (mod 2),

where

5. — 0, x even,
X711, xodd.

Further, we see that B;, # 0 for odd x if the modulus of x is a prime
power. Hence, we get X = {x € G : x(0-1) = 1}, for W,[E;(0,1/q)], which
is just the same as Theorem B. This completes the proof.

Theorem 2 implies
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THEOREM 3. For the numbers E;(0,a/q), 1 <a < q (a,q) =1, q a prime
power and ¢, € Q we have

Z coEj(0,a/q) =0 if, and only if, cq = cq—q and an =0.
(a7Q):1

We see easily that

COROLLARY 1. The numbers E;(0,a/q), 1 < a < q/2, (a,q) =1, q a
prime power, j even, are linearly independent over Q.
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