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Continuous subadditive processes and formulae for
Lyapunov characteristic exponents

by WoJciEcH SLoMCzYNSKI (Krakéw)

Abstract. Asymptotic properties of various semidynamical systems can be examined
by means of continuous subadditive processes. To investigate such processes we consider
different types of exponents: characteristic, central, singular and global exponents and we
study their properties. We derive formulae for central and singular exponents and show
that they provide upper bounds for characteristic exponents. The concept of conjugate
processes introduced in this paper allows us to find lower bounds for characteristic expo-
nents. We also give applications to continuous cocycles.

0. Introduction. Let 8 : M — M be a diffeomorphism of a compact
d-dimensional manifold M. Then the Lyapunov characteristic exponent of
a vector v at a point x € M is defined as the upper limit of the sequence
n~tlog||D.0"(v)|| as n — oo. It is easy to show that varying v with x fixed
we obtain at most d different numbers which form the so-called Lyapunov
spectrum at x [34]. Its maximal element (the top Lyapunov exponent) is
equal to the upper limit of n=!log || D,0"|| as n — oo [24]. Since 1968, when
Oseledec proved his Multiplicative Ergodic Theorem [34], the characteristic
Lyapunov exponents have become one of the basic tools in the study of
smooth dynamical systems. The Oseledec theorem says, among other things,
that if p is an ergodic measure for 6 then for p-almost every x € M the
Lyapunov spectrum is the same and the Lyapunov exponents are strict, i.e.,
the upper limits in their definition can be replaced by limits. This allows us
to speak of the Lyapunov exponents of a fixed ergodic measure pu.

Only in case when p is absolutely continuous with respect to the Lebesgue
measure on M, the Oseledec theorem provides precise information on the
Lyapunov exponents at the points of a “large” subset of M. The situation
is quite different for dissipative systems where each invariant measure is
singular. This leads to questions which are the starting point of this paper:
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1. How in general do the Lyapunov exponents depend on the initial point
of the phase space with respect to which they are calculated?

2. How are they connected with the Lyapunov exponents of ergodic mea-
sures on M?

3. When do strict exponents exist?

Similar questions already appeared in the work of Oseledec [34].

These questions seem to have a practical meaning. In recent years many
papers were devoted to the computation of Lyapunov exponents by numer-
ical methods or in physical experiments ([3], [4], [13], [16], [19], [41], [47]).
The calculated exponents are a priori related to the choice of the initial
point of the trajectory. It would be interesting to find the relation of the
computed quantities to those coming from the Oseledec theorem (see also
remarks in [24, Section 10(A)]). In some cases the experiments seem to sup-
port the conjecture that the Lyapunov spectrum does not depend on the
choice of (almost every) initial point ([1], [3], [16], [21], [41]).

An answer to Questions 1-3 may also involve one of the assumptions of
the Kaplan—Yorke conjectures. The fact that strict characteristic exponents
exist and the Lyapunov spectrum is the same for almost all initial points
with respect to the Lebesgue measure on M is concerned with the conjecture
on the equality of the Lyapunov dimension and probabilistic dimension of
strong attractors, as stated in [17], [18] (the statement in [2] is slightly differ-
ent). Another conjecture says that if all initial points in some neighbourhood
of a strong attractor yield the same Lyapunov spectrum then the Lyapunov
dimension of this attractor is typically equal to its capacity [17], [18].

It seems that the answer to Questions 1-3 for the top Lyapunov ex-
ponent is the following. For many smooth dynamical systems the upper
limit of n=!log||D.0"| as n — oo is equal to the supremum of the top
Lyapunov exponents of measures which are accumulation points of the se-
quence {n~! Z?:_ol 0piz tnen, and the lower limit is equal to the correspond-
ing infimum (we call such x normal). In some special cases the sequence
n~llog || D,0"| converges to the supremum of the top Lyapunov exponents
of measures with supports in the closure of the trajectory of . In both sit-
uations we get precise information about the top Lyapunov exponents. Let
us mention that interesting results in this direction were obtained in the
generic case by Maiié [32] and Millonshchikov [33] by different methods. We
can also obtain information about smaller exponents by considering so-called
wedge product flows [24]. If the dissipative ergodic theorem [6] holds for a
given smooth dynamical system (as e.g. for Axiom A dynamical systems
[5] and for the Lorenz attractor [7]) and the above conjecture on Lyapunov
exponents is true then the assumptions of the Kaplan—Yorke conjecture are
satisfied.
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In this paper we provide a general method of dealing with the problems
mentioned above based on the notion of continuous subadditive process.
Such processes appear naturally in the theory of Lyapunov exponents. De-
fine @ : M x N — M (d), where M (d) denotes the space of all d x d matrices,
by ®(x,n) = D,0" for x € X and n € N; then & is a continuous cocy-
cle over 6 (see Definition 2.2). Further, define g, : M — R U {—o0} by
gn(z) =log ||®(x,n)|| for x € M and n € N; then the sequence {g, }nen is a
continuous subadditive process (see Definition 2.1). Hence the study of Lya-
punov exponents reduces to examining the convergence of {g, /n}nen. The
idea of applying subadditive processes to the study of Lyapunov exponents
is not new. For the first time it appeared in Ranghunathan—Ruelle’s proof
of the Oseledec theorem [36], [37]. There are three reasons why we use it in
the present paper.

Firstly, the obtained results can be applied not only to smooth dynam-
ical systems on finite-dimensional manifolds but also in all the cases where
the existence of Lyapunov exponents follows from Kingman’s subadditive
ergodic theorem. Such situations are encountered in semidynamical systems
in Hilbert spaces [38], stochastic linear differential equations [24], stochastic
dynamical systems [9], topological dynamical systems in metric spaces [25],
random transformations [26] and one-dimensional cellular automata [40] (1).

Secondly, this method allows us to get generalizations and uniform proofs
of various results obtained previously by Bylov et al. [8], Eden [14], [15],
Johnson et al. [24], Thieullen [44], Walters [46] and others. We can see
that subadditivity plays a crucial role in the study of Lyapunov expo-
nents.

Thirdly, our method leads to new results, even in the case of smooth
dynamical systems. Let us mention the formulae for central and singular ex-
ponents (Theorems 4.1, 4.5 and 5.17) which indicate a way for the numerical
computation of the Lyapunov exponents of invariant measures.

To study various properties of continuous subadditive processes we gen-
eralize some old definitions including those of central, singular and global
exponents (Definition 2.4) and we introduce a new notion of conjugate pro-
cesses (Definition 5.1), which serves here as a basic tool.

This paper is organized as follows:

In §1 we collect some basic facts concerning semidynamical systems,
invariant measures and subadditive processes which will be needed in the
sequel. Also, we state a simple topological lemma which will be used fre-
quently.

(}) Added in proof. Recently, R. Vilela Mendes used the Kingman theorem in his
construction of the quantum characteristic exponents (Phys. Lett. A 187 (1994), 299-
301).



104 W. Stomczyiniski

In §2 we define continuous subadditive processes. In addition to the
commonly used characteristic exponents we introduce central, singular and
global exponents, central numbers and functions. These notions allow us to
relate the exponents calculated at a point with those coming from invariant
measures.

We devote §3 to the study of relations between various types of expo-
nents. The main result (Theorem 3.2) says that central and singular expo-
nents provide upper bounds for characteristic exponents. An essential step
in the proof is an inequality for continuous subadditive processes (Proposi-
tion 3.1), which is also used in the next sections.

In §4 we present two methods of calculating central, singular and global
exponents. The first one allows us to find the value of an exponent from
the behaviour of the continuous subadditive process on the trajectory of the
given point and hence it can have a practical meaning. The second method
uses the notion of central functions and numbers.

In §5 we introduce the concept of conjugate processes. We use it to obtain
the invariance of characteristic exponents, lower bounds for these exponents,
and equalities between characteristic and central or singular exponents. Also,
we give some formulae for central and singular exponents.

In §6 we show how one can derive the continuous parameter versions of
the results obtained in the preceding sections.

In this paper we deal with pointwise convergence of the sequence
{gn/n}nen. Uniform convergence is treated in [42]. In that paper we give
several versions of the mean subadditive ergodic theorem in the space of
continuous functions on a compact set.

The material of this article forms a part of the author’s Ph.D. thesis
(Jagiellonian University, 1990).

1. Preliminaries

A. Semidynamical systems. Throughout X will denote a separable met-
ric space, f a continuous map from X to X and © := {0" : n € N} (?)
the discrete semidynamical system generated by 6. We write B(X) for the
Banach space of all bounded real-valued continuous functions on X with the
norm || f|| := sup{|f(x)| : z € X} and C(X) for the space of all real-valued
continuous functions on X.

We say that a set A C X is (positively) invariant if §(A) C A, and that
a function f: X — RU{—oo} is invariant if f(0x) = f(z) for all z € X.

For € X the sets y*(z) := {6"(z) : n € N}, H"(x) := cl(y*(z)) and
Lt(z) =={y € X : 0™ (z) — y (k — o) for some subsequence (nj)ren

(%) We use N to denote both {1,2,...} and {0,1,2,...}, depending on the context.
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of N} are called the positive orbit through x, positive hull and positive limit
set (or w-limit set) of x respectively. The following lemma will be useful.

LeMMA 1.1 ([39]). For every xz € X,

(i) L*(x) and H*(x) are closed and invariant,
(ii) LT (0"x) = L™ (z) for alln € N, and
(iii) LT (x) = Nyeny H T (0%2).
GENERAL ASSUMPTION: In this paper we only consider semidynam-

ical systems that are Lagrange stable, i.e., Ht(x) is compact for every
rzeX.

Note that if a system is Lagrange stable then L™ (z) is also compact for
every x € X.

B. Space of measures. We denote by M(X) the space of all Borel proba-
bility measures on X; we refer to them briefly as measures. For each z € X
we denote by ¢, the Dirac measure at x. Let p€ M(X). The smallest closed
set C such that u(C) =1 is called the support of u and denoted by supp p.
If A C X then we write M(X, A), or M(A) when no confusion can arise,
for the set of all measures with support contained in A.

The well-known theorem of Alexandrov says that B*(X), the dual of
B(X), is isomorphic to the space of all finitely additive regular set functions
on the Borel o-field of X [12]. Each measure on X is regular so we can treat
M(X) as a subset of B*(X) and endow it with the w*-topology relative to
M(X). This means that a net {uo} C M(X) converges to p € M(X) if
and only if [ fdu, converges to [ fdu for all f € B(X). The Alexandrov
theorem also implies that if 4 and v are measures on X, then p = v if and
only if [ fdu = [ fdv for every f € B(X). The topological space M(X)
can be given a separable metric [35].

The following lemma is easy to prove.

LEMMA 1.2. Let A be a closed subset of X. Then p € M(X,A) if and
only if p(A) = 1. If A is compact then so is M(X, A).

Remark. Assume that A is a compact subset of X, {u,} is a net in
M(A) and p € M(A). If {po} converges to p then [ fdp, converges to
| fdp for every continuous, not necessarily bounded, function f : X — R.
This can be proved by considering first the function f|4, and then its con-
tinuous and bounded extension coming from the Tietze theorem.

C. Invariant measures. Let p € M(X) and let © be a discrete semi-
dynamical system on X. We say that p is invariant if O = u, where Gu
is the measure on X given by Ou(A) = u(6~1(A)), and denote by M®(X)
the set of all invariant measures on X. If A C X we write M®(A) for
MO (X)NM(X,A). We say that A C X is of total measure if u(A) = 1 for
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all p € M®(X). We call an invariant measure ergodic if each measurable
invariant set has either measure 0 or 1. It is easy to show that M®(X) is a
closed and convex subset of M(X).

Now we introduce two set-valued functions which will play an important
role in the sequel.

DEFINITION 1.3. Let z € X. We define

n—1
Viz) = {u € M(X) : p is an accumulation point of {n_l Z 59%} },
=0 neN
S(z) := MO (HT(2)).

LEMMA 14. If A C X is compact and invariant, (T,)nen S a Se-
quence in A and p is an accumulation point of {n=! E?;Ol O¢ix, fnen, then
e MO(A).

TLk—l

Proof. Let u be the limit of the sequence {n;l Y ity Opiy, tren, where
Yr = Tn, for k € N. As all the elements of that sequence belong to M(A)
so does p by Lemma 1.2. Thus it is enough to prove that p is invariant. By
the Alexandrov theorem, it is sufficient to show that [ fdu = [ fdfu for
every f € B(X). We have

ng—1
J fdop= [ fobdu= lim n' Y F(0" yr)
i=0
ni—1
= kﬁlfoon;l{ ; F(Oyr) + F(6™y) —f(yk)}.

The first term converges to [ f du and the last two to 0 since [ny ' (f (8™ yy,)—
F)l <20 flla-

Remark. The above proof shows that if the assumptions of Lemma 1.4
are satisfied then [ fdu = [ fdfu for every continuous, not necessarily
bounded, function f: X — R.

PropoSITION 1.5. For every x € X,

(i) V(z) € S(),

(ii) V(x) and S(x) are non-empty compact subsets of M(X),
(i) S(z) = M (L*(x)),
(iv) V(0*x) = V(x) and S(0%x) = S(z) for each k € N.

Proof. (i) In Lemma 1.4, take A = H"(z) and z,, = = for all n € N.

(ii) By Lemma 1.2, S(z) is compact as the intersection of the closed set
M®(X) and the compact set M(H7T(z)). Next, V(x) is closed and non-
empty, being the set of all accumulation points of a sequence contained in
the compact set M(H™(z)). Hence S(x) is non-empty and V (z) is compact.

—
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(iii) Let u € M®(X). By Lemma 1.2, it is enough to show that u(H*(z))
= 1if and only if u(L*(x)) = 1. Since H*(x) C §=*(H*(6*z)) for each
k € N, Lemma 1.1(iii) gives

p(L* @) = u () HH(0")) = i p(H(0%2)) > p(H* (1),
— 400
keN
which proves (iii).

(iv) Let € X,k € N. To prove V(x) = V(6*z) it is sufficient to show

that

Ny—1
lim n,;l E (5911: — (50i+kx) =0
u—+00 '—0
1=

for every subsequence (n,)yen of N. We have

My —1 k—1
Jim [t X (0= )| = Jim [t S (70 (67 2)
k—1

< lim ngt Z; 2[| fll e+ @) =0
1=

for all f € B(X), as required. To show the second equality, observe that by
(iii) and Lemma 1.1(ii), we have S(z) = M®(L*(z)) = M®(L*(0*z)) =
S(0kz). m

The next proposition connects the limits of the ergodic averages with

the sets of measures introduced above. In the proof we use the following
classical lemma.

LEMMA 1.6 (the subadditive lemma). Let (an)nen be a subadditive se-
quence in RU {—oo} (i.e. antr < an + ay for all k,n € N). Then a,/n
converges to inf{a,/n : n € N}.

PROPOSITION 1.7. Let x € X, let A be a non-empty compact invariant
set, and let g € C(X). Then

(i) limsupn™* Z_: g(0'z) = sup{f gdup:p € V(m)},

n—-+oo i—0

n—1
lim inf n Zg(@ia}) = inf {f gdp:p€ V(:E)}a
i=0

n—-—+00

n—1 n—1
(ii) lim maxn ™! g go#® = inf maxn ! E gob
n—+oco A =0 neN A =0

1= 1=

—sup{ [ gdu:peMO(a)},
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n—1 n—1
iii lim supn* g(0" 7 z) = inf supn~? g(0 g
( ) n—-+oo jEN ; ( ) neN jEN ; ( )

—sup{ [ gdu:neS@},

9 9

(iv) in (iii) “sup;en” can be replaced by “limsup;_, "

Proof. (i) Putl:=limsup, ,, n~* Z?;ol g(#'z) and s := sup{ [ gdpu :
pe V(x)}. Let p € V(x). Then there exists a subsequence (ny)reny of N
such that p = limg_ 0o ;" 0%y ! 6pi,. Hence

nk—l
_ : —1 7
J gdu=Tim Z; g(0'z) <.

Thus s < [. On the other hand, there exists a subsequence (n,)yen Of
N such that [ = lim,_, o n;t Z:L“O_l g(0x). Set gy = n S Spin €
M(H™(z)) for u € N. By Lemma 1.2, passing to a subsequence if necessary,
assume that (g, )yen converges to some u € M(H™(z)). Clearly, u € V(z).
We have

l= lim ng! z; = [ gdu<s,
which proves the first equality of (i). Applying it to h = —g we get the
second equality.

(ii) First note that the sequence a, := maxa > ., 'go0i forn e N is
subadditive. By Lemma 1.6, lim, 10 1 —la, = 1nfneN n~la,, which proves
the first equality of (ii). Next, suppose that u € M®(A). Then [ fdu <
max, f for f € C(X). Applying this to f, := n~1 Z?:_Olg 06 for n € N,
we get [gdu = [ fodp < n~la,. Therefore sup{ [ gdu : p € ME(A)} <
inf,enn " tay,. To prove the reverse inequality take, for each n 6 N, z, €
A such that n'a, = n= 1Y, ' g(0izy,). Set py = n7! S 591% By
Lemma 1.2 we can assume that (i, ) converges to some v. Then v € M©(A)
by Lemma 1.4. Hence

n—1
. -1 _ -1 N
nkrfoon ay, = ngrfoon 2%g(9 Ty) = f gdv

< Sup{f gdu:uEMe(A)}7

which completes the proof of (ii).
(iii) follows immediately from (ii), by taking A := H™ (z).
(iv) As in the proof of (ii) the first equality follows from the subadditivity
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of {limsup;_, | Z?:_()l g(072)} hen. From (iil) we obtain

n—1

lim limsupn™! Z g(0" )

n—-4oo
Jj—+o0 i=0

n—1
< lim supn™! Zg(Qin) = sup {f gdup:p € S(az)}
i=0

n—-4o00 jeN
To prove the reverse inequality observe that for pu € S(x),

f fdu < sup{f(z):z€ Lt(z)} =sup {f(z) 1z € ﬂ H+(0km)}
keN
= inf sup f(#?z) = limsup f(¢’x)
keN ;> j—+oo
for f € C(X). Applying this to f, := n~? Z?;ol g o0 we get the desired
result. m

Remark. The assertion (ii) can also be deduced from a more general
result of Crauel [11, Theorem 6]. Moreover, in the proof of (iv) we could
use [20, Proposition 3.9]. To make our exposition self-contained, we gave a
direct proof.

We shall also consider the semidynamical systems ©@,, generated by 0™
for m € N. Then V,,, and S,,, will denote the corresponding set-valued maps
connected with these systems.

D. Subadditive processes. The theory of measurable subadditive processes
was developed by J. F. C. Kingman who proved the celebrated subadditive
ergodic theorem [27]-[29]. Since then, it has been generalized in many differ-
ent directions (see [30] for details). Let us now recall some basic definitions
and results.

DEFINITION 1.8 [37]. Let (§2, X, u) be a probability space, let 6 : 2— 2
be a measurable p-preserving map and let G := (g, )nen be a family of mea-
surable functions from 2 to RU {—oo}. We call G a measurable subadditive
process if the following two conditions are satisfied:

(a) (integrability) g7 = max(g1,0) € L' (12, u),

(b) (subadditivity) gn+r < gn+gro0™ p-almost everywhere, for n, k € N.

We say that G is additive if equality holds in (b). Note that an additive
process must be of the form Z?:_ol g o 0% for some measurable g : 2 —
RU {—o0}.

DEFINITION 1.9. In the above situation we define

U -1
A(p) = inf =" [ g dp.
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If we deal with more than one subadditive process we write Ag(p) instead

of A(u).

It is easy to deduce from (b) that the sequence { [ g, du}nen is subad-
ditive. Applying Lemma 1.6 we get

PROPOSITION 1.10. A(p) = limy,— 0o n™t [ g dpe.

The following is a version of the Kingman subadditive ergodic theorem
given by Ruelle [37].

THEOREM 1.11 (Subadditive ergodic theorem). Let G := (gn)nen be
a measurable subadditive process. Then there exists a measurable function
g: 02— RU{—00} such that

(i) g* € L'(2, ),
(ii) g is O-invariant,
(iii) ¢ = limy, 4 0o n " LG, p-a.e.,
(iv) [gdp = A(p).
If additionally 0 is ergodic in (2,3, 1), then g = A(u) p-a.e.
Note that if G is a measurable subadditive process with respect to each
p € MP(X) then we can choose g in the above theorem independent of .

Most of the present paper is independent of the Kingman subadditive
ergodic theorem.

PROPOSITION 1.12. Let G be a measurable subadditive process with respect
to each u € M®(X). Then

A(p) = [ A(my) dp(z),
where x +— my is the ergodic decomposition relative to © (see [26]).

Proof. Let u € M®(X). Then, by Theorem 1.11, we have
A = [ gdu= [ ([ gdm.)du(x) = [ Am.)du(z).

E. A topological lemma. We conclude this section with the following
useful lemma.

LEMMA 1.13. Let M be a compact topological space. If {Gp,}tmen is a
subadditive sequence of upper semicontinuous functions from M to RU{—oo},
then

(1) ianm_le(x) = lim m 'Gp(z) =: G(z) for all x € M,
me

m—-4o00
i) inf — inf inf _1m - inf _1m
(ii) xlélMG(l‘) nf inf m Gm () m  inf m G (),
(iii) max G(z) = inf maxm ™ 'G,,(z) = lim maxm 'G,,(z).

xeM meNzeM m——+oo xeM
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Proof. (i) follows from Lemma 1.6. To prove (ii) fix N € N. Put Ay :=
max{Gj(z):x € M, j=0,...,N—1}. For each m € N, there exist k,, € N
and 7, € {0,...,N — 1} such that m = k,, N + r,,,. Then

Gm(z) < knGn(z) + Gy, (2) < kpnGn(x) + AN
for all x € M. Hence

1 1
W Je i ) = o, p O )
As N was arbitrary we get the desired result.

(iii) Note first that G is upper semicontinuous, being the infimum of a
sequence of upper semicontinuous functions. Hence G, as well as each G,
attain their suprema on M.

The second equality follows from the subadditivity of max{G,,(z) : z €
M} and Lemma 1.6. We put « := inf,,ey max ey m ™G, (). Applying
(i) we get max,ecp G(x) < a. To prove the reverse inequality, set B,, :=
{z € M : Gp,(z) > ma} for m € N. Since G, is upper semicontinuous,
B,, is closed for each m € N. Now we show that {B,,} ey has the finite
intersection property. Let my,...,mi € N. Set n := mq -...- mg. Then
n~'G, < min{m;'G,,, :i =1,...,k}. Hence } # B, C ﬂle B,,,. Thus
there exists zg € M such that G,,(z¢g) > ma for each m € N. Hence
G(zg) > o and so max{G(z) :z € M} > . m

2. Characteristic, central, singular and global exponents and
their basic properties

DEFINITION 2.1. Let G := (gn)nen be a family of functions from X to
RU{—o0}. We say that G is a continuous subadditive process (c.s.p.) if the
following two conditions are satisfied:

(a) (continuity) g, is continuous for each n € N,
(b) (subadditivity) gn+x < gn + gi 0 0™ for n,k € N.

We say that G is finite if it assumes only finite values.

It is clear that each continuous subadditive process satisfies the integra-
bility condition from Definition 1.8 and hence it is a measurable subadditive
process.

DEFINITION 2.2. Let M(d) be the space of d x d matrices and ¢ a map
from X x N to M(d). We say that @ is a continuous cocycle if

(i) @ is continuous,
(ii) @ satisfies the cocycle equality: @(z,n+ k) = ®(0"x, k) o &(x,n) for
allz € X and n,k € N.
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In the present paper we consider continuous cocycles only, so we call
them briefly cocycles. Each cocycle generates a c.s.p. in the following way:

PROPOSITION 2.3. Let g, : X — R U {—o0} be given by gn(z) :=
In||@(x,n)|| for x € X and n € N, where || || is an arbitrary Banach al-
gebra norm in M (d) (we put In0 := —o0). Then (gn)nen IS a c.S.p.

The proof is simple and is omitted.

The main subject of our work is the study of the convergence of the
sequence {n~1g, tnen for a c.8.p. (gn)nen. Now we introduce the quantities
which will be used to estimate the limit. We call them exponents meaning
the applications to the cocycles.

DEFINITION 2.4. Suppose G := (gn)nen iS a c.8.p., z € X and A is a
non-empty closed invariant subset of X. We call

A(z) = lim_iFHf n~ g, () —the lower characteristic exponent at x,

A(x) := limsup nilgn(l‘)—the upper characteristic exponent at x,
n——+oo

2(z) = inf{A(p) : p € V(z)} —the lower central exponent at x,

2(x) = sup{A(p) : p € V(x)} — the upper central exponent at x,

Y(x) := sup{A(u) : p € S(z)} —the singular exponent at x,

Y(A) := sup{A(y) : p € MO (A)} —the global exponent of A.

Note that the singular exponent at x is equal to the global exponent of
the set HT (x). If the lower characteristic or central exponent is equal to the
corresponding upper one, we denote their common value by A(x) or 2(x),
respectively, and we say that the exponent is strict.

The class of functions we now define provides upper bounds for charac-
teristic exponents (see Section 4).

DEFINITION 2.5. Let G = (gn)nen be a c.s.p. and let R: N x X — R.
We say that R is a central function if for each € > 0 and x € X there exists
D € R such that

n+k—1
gn(0*z) <D+ > (R(i,z)+¢) forallmkeN.
i=k

We denote the set of all central functions by R. We write R for the subset
of R consisting of all central functions R such that R(-,z) is constant for
each € X. Let r€ R. We say that r is a central number of the set A if for
each € > 0 there exists D € R such that

gn(x) < D+n(r+e) forallneNandzxe A
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The set of all central numbers of A is denoted by R 4. Note that if r(z) is
a central number of H (x) for each z € X, then the function R defined by
R(n,z) :=r(x) for n € N and = € X belongs to Ry.

Now we describe the approximation method which allows us to reduce
the study of c.s.p.’s to the finite case.

LEMMA 2.6. Let G := (gn)nen be a c.s.p. For each N € N define
géN)(x) = max(gn(x),—nN) forallz e X andn € N.

Then
(i) (gSLN))neN is a finite c.s.p. (we mark its exponents by the superscript
(),
(ii) fggN) dp | [ gndp (N — +00) for all p € M(X) andn € N,
(i) A(p) = infyen AN (1) for each p € MO (X),
(iv) A(z) = inf yeny AN (z) and A(z) = infyen 4(N) (x) for each xz € X,
v) 2(z) =inf yey 2N () and 2(z) =inf yey 2N (2) for each z € X,
(vi) (z) = inf yeny TN () for each x € X,
Vil = Infyen or each non-empty compact invariant
i) Y(A inf yeny DNV (A) f h j j
set A.

Proof. (i) is evident.
(ii) Let p € M(X) and n € N. We have

[ oMdp= [ g™ du— [ g\~ dp= [ gtdu— [ g~ dp.

Now observe that fg,(qN)f dp 1 [ g, du (N — +o00) (by the Lebesgue mono-
tone convergence theorem).
(iii) Let u € M®(X). Then by (ii) we have
Alp) = inf “lg,du = inf inf “1gMd
) = Juf, ™ g = Juf, it ool

= e, ST de= A0,

(iv) For each N € N, the function ¢y : R — R defined by cn(t) :=
max(t, —N) for t € R is continuous and non-decreasing. Hence

A(N)(l‘> = limJirnch(nflgn(x)) = cN(liminfnflgn(as)) =cn(A(x)).

This implies the first equality of (iv). The second is proved analogously.
(v) Let now M be an arbitrary compact subset of M®(X). Let N € N.
Define Gy : M — R by

Gn(p) := NAM () for pe M.

It is easy to check that (Gn)nen satisfies the assumptions of Lemma 1.13.
Setting M equal in turn to V (), S(x) and M®(X), then applying (ii) and
Lemma 1.13(iii), we obtain (v),(vi), and (vii), respectively. m
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PROPOSITION 2.7. Suppose G := (gn)nen i a c.s.p., x € X and A is a
non-empty compact invariant subset of X. Then

4 b

(i) in the definitions of central, singular and global exponents, “sup

can be replaced by “max”,
(i) 2(x) = infeninf{m™" [ gndu: p e V(x)},

(iii) 2(x) = infenymax{m ™ [ gmdu: p € V(2)},
(iv) X(x) = inf ey max{m ™ [ gmdu : p € S(x)},
Y(A) = inf ey max{m=! [ g, du: p € MCP(A)},

” b

(vi) in the above formulae, “inf,,en” can be replaced by “lim,, 1" .
Y(A) = max{A(v) : v € MO(A), v is ergodic}.

Proof. Let M be a compact subset of M®(X). Consider G,,, : M —
R U {—o0} defined by

G (1) ::fgmd,u, for p € M and m € N.

If G is a finite c.s.p. then each G,, is continuous. In general, GG, is upper
semicontinuous, by Lemma 2.6(ii). Hence G,, attains its maximum on M. It
is easy to show that the sequence (G,,)men is subadditive. By Lemma 1.13
we get

inf{A(u) : p € M} = inf inf{rrf1 f Im dp s € M}

meN
— i i -1 :
—ml_lgrloolnf{m fgmdu.ueM}

and
max{A(u): p € M} = inf meux{m_1 f gm A : € M}

meN

= lim max{m_lfgmdu:,uEM}.

m— 400

Taking M equal in turn to V(z), S(x) and M®(A) we get (1)—(vi).

Now we prove (vii). It follows from (i) that there exists e MQ( ) such
that X' (A) = A(u). From Proposition 1.12 we have X(A) = [, A(mz) du(x),
where x — m, is the ergodic decomposition Connected with ©. Moreover,
A(my) < X(A) for all x € A. Hence A(m,) = X(A), m-almost everywhere
on A, which gives (vii). m

THEOREM 2.8 (on invariance of exponents). Let G := (g )nen be a c.s.p.,
xr € X andn €N. Then
(i) A(z) < A(0"x), A(z) < A(0"),
(ii) 2(z) = 2(6"), 2(z) = Q")
(iii) X(x) = 2(0"x).
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Proof. We have
R TI -1 R TI -1
A(z) = liminf k™" gi(2) = lim inf(n + k)™ gnr(2)

< lkim+inf(k:_1gk(9":z:) + k7 g, (z)) = A(0™2).
The proof of A(z) < A(6™x) is analogous. The assertions (ii) and (iii) follow
from Proposition 1.5(iv). m

The following simple example shows that the inequalities in (i) may be
strict, i.e., characteristic exponents need not be invariant.

EXAMPLE 2.9. Let X be a compact space and © a semidynamical system
in X with an asymptotically stable fixed point g € X. If W : X — R7 is
a strong Lyapunov function (i.e. W is continuous, W (xg) = 0, W(z) > 0
for x # xo, W(z) > W(0*z) for x # x¢, k € N) then g,,(z) = —nW (x) for
r € X, n € N defines a c.s.p. with A(z) < A(0¥z) for x # x¢, k € N.

In Section 5 we give a useful sufficient condition for the invariance of
characteristic exponents.

Let G be a c.s.p. and x € X. We denote by G(z) the set of all accumu-
lation points of the sequence {n=1g,(x)}nen.

PROPOSITION 2.10. Let G := (gn)nen be a c.s.p. and x € X. Then
G(r) = [A(z), A(z)] and G(x) C RU {—occ}.

Proof. It is clear that G(z) is closed. It is enough to show that it is
connected and does not contain +oo. First assume that gi(z) = —oo for
some k € N. Then g,(z) = —oo for all n > k. Hence A(x) = —oo and
G(z) = {—o0o}, which was to be proved. Next assume that g, (z) > —oo for
every n € N. Put ¢, := gnt1(x) — gn(z) for n > 1, and ¢y := g1(z). Then
cn < g1l g+ () for all n € N. Now we need the following lemma which is a

modification of one used by Walters [46].

LEMMA. If the sequence (cn)nen in R U {—o0} is bounded from above

then the set of all accumulation points of {n=! Z?:_()l Citnen s a connected
subset of RU{—o0}.

Applying the lemma we get the desired result. m

3. Relations between different exponents. Our main results are
based on the following inequality.

PROPOSITION 3.1. Let G be a finite c.s.p., x € X, and n,m € N. Then
n—1

gn(x) < m? ng(ez-r) + 3B,
=0

where By, := max{||gr||g+@) : k=1,...,m}.
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Proof. First suppose that n > m. We have

m—1 m—1
gn(z) =m™" Z gn(z) <m~! Z (In-mrit1 (@) + gm—i—1 (0" 1))
=0 i=0

m—1
Sm 12971 m+z+1 +Bm
1=0

m—1
<m™! Z In—m+i+1(2) — gi(2)) + 2Bm,

1=

where gg := 0. Applymg the identity

m—1 k—1
Z (Akyi —a;) = Z(am+i —a;)
i=0 =0

we see that

-75) < m Z (gm—i-z(x) - gz(x» +2B,, < m~! Z gm(el«x) + 2B,

‘ i=0
n—1 n—1

=m! Z gm(0'z) —m™! Z gm(0'x) + 2B,
=0 i=n—m-+1
n—1

<m™! ng(ﬂlx) + 3B,
i=0

as required.
Now consider the case n < m. We have g,(z) < B,, and

n
‘mIngHZ ‘S% < By,.

Hence

n—1

gn(z) <m™1 Z gm(0') + 2B,,. =
i=0
Now we can prove the main result of this section.

THEOREM 3.2 (upper bounds for characteristic exponents). Let G be a
c.s.p., x € X and A be a non-empty compact invariant subset of X. Then

i) Ax) < 9( ) < X(x),

(A) = max{A(x) cx € A},
(z) = max{A(y) : y € H* ()},
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Proof. First assume that G is finite. Let x € X and m € N. Applying
first Proposition 3.1 and then Proposition 1.7(i) we get

n—1
limsupn g, (z) < limsupn™* Z m g (0'x)
n—-+o00o n—-+o00 i—0

— max {m_l f gmdp € V(x)}
Hence
A(x) < Yilrémeax {m_l f Jm dpL: 4 € V(m)},

which proves the first inequality of (i), by Proposition 2.7(iii). Using Lem-
ma 2.6(iv),(v) we can reduce the general case to the finite one. The proof of
(ii) is analogous. The second inequality in (i) follows from Proposition 1.5(i).

We now prove (iii). By (i), it is enough to show that X'(A) < max{A(z) :
x € A}. From Proposition 2.7(vii) it follows that there exists v € M®(A)
such that v is ergodic and X'(A)=A(v). Moreover, by Theorem 1.11, A(v) =
A(z) for some x € A, which completes the proof of (iii). Taking A = H*(x)
we obtain (iv). m

Remark. The inequalities between characteristic and central exponents
stated above correspond to the “easy half” of the proof of the Kingman
subadditive ergodic theorem [29]. Note, however, that the estimates used
there do not suffice to establish our result.

Now we give some examples to show that a lower characteristic or central
exponent need not be equal to the upper one and that the inequalities in
Theorem 3.2 may be strict.

EXAMPLE 3.3. Set X = {0,1} and 0(0) = (1) = 0. Define G := (gn)nen
by ¢,(0) = n and g,(1) = 2?2—01 g; for n € N, where ¢; = 0,1 for - € N and
the sequence n~—! Z?:_()l g; is divergent. Then it is easy to show that G is a
c.s.p. and A(1) < A(1). In [22], [23] and [46] we can find examples of c.s.p.’s
generated by cocycles for which the strict characteristic exponents do not
exist at some points.

EXAMPLE 3.4. Let © be an arbitrary semidynamical system which is
minimal and not uniquely ergodic. Then there exist f € C'(X) and x € X
such that the sequence n~! Z?:_ol f(0'z) is divergent. If G is the additive
process generated by f then A(x) = 2(z) < 2(z) = A(x).

ExXAMPLE 3.5. Let X,0 and G be as in Example 2.9. Then V(z) =
S(x) = {04, } for x € X. Hence A(z) = —W(x) < 0 = 2(z) = X(x) for
x # xg.

EXAMPLE 3.6. Let X ={0,1}" and let © be the one-sided shift. Consider
the two Bernoulli measures 3 = B(1/3,2/3),u2 = B(1/2,1/2), and ¢ €
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C(X) such that [gdus < [gdpus. Take zg € X with V(xg) = {p1} and
H™*(z9) = X. Consider the additive process generated by g. Then 2(x¢) =
A1) = [gdur and X(zo) = max{A(u) : p € M®(X)} > [ gdus. Hence
Q((L‘o) < 2(.730)

DEFINITION 3.7.  Let G := (gn)nen be a c.s.p. We say that z € X
is normal if A(z) = 2(x) and A(x) = 2(x). We call z € X regular if
A(z) = A(x), i.e., the strict characteristic exponent at this point exists.

From the Kingman subadditive ergodic theorem it follows that the set
of all normal regular points is of total measure. If a process is additive then
each point is normal, by Proposition 1.7(i), but not necessarily regular, as
is seen from Example 3.4. In Section 5 we state some sufficient conditions
for all points to be normal or regular. One of the simplest conditions which
guarantees normality and regularity is the equicontinuity of {n=1g, }nen
together with the invariance of the characteristic exponent:

PROPOSITION 3.8. Let G := (gn)nen be a finite c.s.p. Then

(i) if the functions {n"1g,}nen are equicontinuous then A and A are
continuous,
(i) of A is continuous and invariant then A(x) = 2(x) = X(x) for all
x e X,
(iii) if A is continuous and invariant then A(zx) = 2(x) = X(x) for all
reX.

Proof. Let x € X and € > 0. Then there exists § > 0 such that
|z — y| < & implies [n" g, () — n g, (y)| < € for every y € X and n € N.
Hence, for all y € X,
max(|A(z) — A(y)], |A(z) — A(y)]) < lim sup ™ ga(z) = n"lgn(y)| <e.
If A (resp. A) is continuous and invariant, then it is constant on H* (x).
Now, (ii) and (iii) follow from Theorem 3.2. m

COROLLARY 3.9. Let G := (gn)nen be a finite c.s.p. Suppose that the
functions {n=tg, }nen are equicontinuous and A is invariant. Then each x €
X is normal and regular. Moreover, the sequence {n=1g, }nen is uniformly
convergent.

Proof. The first assertion follows from Proposition 3.8. As the strict
characteristic exponent exists everywhere, the sequence {n=1g, } nen is point-
wise convergent. Now, the uniform convergence follows from equicontinu-
ity. m

Remarks. Theorem 3.2(iii) was proved independently by Thieullen
([44, Lemma 2.3.5]) in the general case and by Eden ([14, Theorem 3],
[15, Corollary 3.6]) for smooth semidynamical systems in separable Hilbert



Continuous subadditive processes 119

spaces. Methods developed in the present paper can be used to obtain an af-
firmative answer to Eden’s conjecture concerning relations between the local
and global Lyapunov dimension of an attractor ([14, p. 409, Question 1]).

4. Formulae for central, singular and global exponents. In this
section we give theorems which enable us to calculate the central and sin-
gular exponents at a point from the values of the c.s.p. on the trajectory of
that point. We also characterize central and singular exponents in terms of
central functions and numbers.

THEOREM 4.1 (formulae for central exponents, I). Let G := (gn)nen be a
finite c.s.p. and x € X. Then

(1) () 2(2) = inf Tim inf (mk)” ngﬂ

(2) (i) 2(z) = 1nf lim sup (mk)~ ng (0"z)

EN ko400

(iii) in (1) and (2), “inf,en” can be replaced by “lim,, +o0".

Proof. The assertions follow immediately from Propositions 1.7(i)
and 2.7(ii), (iii). =

Remark. The theorem need not be true if G is not finite. Let X and ©
be as in Example 3.3. Define G := (gn)nen by ¢,(0) = n and g,(1) = —oc0
for n € N. Then (1) = A(dp) = 1 but the right-hand sides of (1) and (2)

are —oo.
Let F: N — R. We write F for limsup,,_,, o7~ S0 F(i).
THEOREM 4.2. Let G := (gn)nen be a finite c.s.p. and v € X. Then
(3) Q(z) = inf{R(-,z) : R € R}.

Proof. Let x € X, R € R and € > 0. Then, applying (2), we obtain for
some D € R,

k—1 m+j—1
Q2(z) < inf limsup k1 m*1<D+ R(i,x +€>
)< lmaupk™t Y, Y (Ra)+e)
m—1 k—1

- mf <5—|—m 'D+m~ 1hmsupz (k 12R(i+j,$)))

k—+o0 g j=0
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m—1 k—1

< £m Y (timsupk™ > R(i+ 7))

6+771LréNm Z ;TJSFL;S Z (i+J,2)

=0 7=0
m—1

=¢c+ inf m™! R (,x) =e+ R(-,x).

meN
Hence 2(z) < inf{R(,z) : R} To prove the opposite inequality we

define R,, : N x X — R by
R (k,x) :=m g, (0F2) for k,m € Nand x € X.

We show that R,, is central. Let x € X and € > 0. We put D,,, := 3B,,,
where B,, is as in the assertion of Proposition 3.1. From Proposition 3.1 we
get

n—1 n+k—1
(Hk)<m_1Zg (0"*z) 4+ 3B,, < Z m (i, ) + Dy, + €,
1=0 i=k

as required. Applying Theorem 4.1(ii) we conclude that
inf{R(-,x) : R e R} < inf{R,,(-,x) : m € N}

= inf li EYS R
i G

= inf i k! g (07z) = 2(x).
Inf Tim sup Zm gm(07z) = Q(z). =

THEOREM 4.3 (formula for the global exponent). Let G := (gn)nen be a
c.s.p. and let A be a non-empty compact invariant subset of X. Then
4 Y(A) = inf “lg,= 1 g,
“ (4) = jal mpenlgn =l mgxng

Proof. First note that the sequence {max4 g, }nen is subadditive. Thus
the second equality follows from Lemma 1.6. To prove the first, assume that
G is finite. Set t := inf,ey maxa n~'g,. Then, for each n €N, there is z,, € A
such that n=1g, (x,) > t. Now, using Proposition 3.1, and then letting n —
+o0, we get t < [ m~tgm du for each m € N and each accumulation point
p of the sequence n=' > 7" (ng . Hence t < A(p). Thus, by Lemma 1.4,
t < sup{A(p): p € MC(A)}. The reverse inequality is evident. This settles
the finite case. For arbitrary G, by Lemma 2.6(vii) we have

— (N) — inf i —1,(N) _
EA) = B ETA = o mpxn T = Inf mpen g, @

THEOREM 4.4. Let G be a c.s.p. and let A be a non-empty compact in-
variant subset of X. Then

(5) S(A) = inf R 4.
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Proof. First assume that G is finite. Let r € R4 and € > 0. Then there
is D € R such that

mjuxn_lgn <n 'D4r+e

for all n € N. Hence inf, ey maxa n~tg, <r, and by Theorem 4.3, X(A) < r.
To prove the reverse inequality put 7, := max4 m~'g,, for m € N. We now
show that r,, is a central number of A. Let x € X, n € N and ¢ > 0. By
Proposition 3.1, putting D,, := 3B,,, we get

n—1

gn(x) <m™1 Z Gm(0°z) + 3By, < n(rp +€) + D,
i=0

which means that 7, € R 4. Finally, from Theorem 4.3 we have
. < _
inf Ry < nl%%fN Tm = X(A),
which was to be shown.
Now we show how to reduce the general case to the finite one. Let N € N

. We denote by R(N) the set of all central numbers of A for the process
{ )}nGN Then R( ) ¢ R 4. Hence, by Lemma 2.6(vii),

S(A) = inf XM(A) = inf mfR( ) > inf R4
NeEN NeEN

Let now r € Ra. Then clearly r™) = max(r, —N) € R;N). Therefore
Y(A) = inf infRfL‘N) < inf inf{r(N) T ERA}=InfR4. m
NEN NEN

Singular exponents can be calculated in many various ways as the fol-
lowing theorem shows.

THEOREM 4.5 (formulae for singular exponents, I). Let G be a c.s.p. and
x €X. Then

6) () Z(x) = inf inf(mk)" Sung (67 2)

meN keN jeN 4

(7) (ii) X(x) = inf supm = Lg,, (6" :z:),
meN keN

(8)  (iil) X(x) = limsup m 'g,,(#*x),
m,k——+oo

(iv) in (6), “inf,,en” can be replaced by “lim,, 4" or “infrey”
by “limg— 4007, or “sup;ey” by “limsup;_, )~ (also, all three
replacements, or any two of them, can be made simultaneously),

(v) in (7), “inf,,en” can be replaced by “lim,, .o or “supyey” by

“limsupy,_, o." (or both).
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Proof. Step 1. First assume that G is finite. The assertions (i) and (iv)
follow immediately from Propositions 1.7(iii),(iv) and 2.7(iv),(vi). We have

k—1
(9) limsup lim supk_IZAm7i+j < limsup limsup A,
=0

m—+oo k—+00 jeN m—+00 k—+oo

< limsup A, ; < limsupsup A4,,

m,k— 400 m—+oo kEN
for every double sequence {A,, x}m reny in RU{—o0}. Let z € X. Put
A = m g, (0Fx) for m,k € N. Then, by (6), X(z) is less than or
equal to the first term of (9). On the other hand, from Theorem 4.3 it
follows that X(z) is equal to the last term of (9). Hence all the terms in (9)
must be equal. This implies (iii) and, by the subadditivity of the sequence
{limsupy,_, , oo gm (0%%)}men, also (ii) and (v). Thus the proof of the finite
case is complete.

Step 2. Let G be an arbitrary c.s.p. and z € X. It is enough to prove
that X'(x) does not exceed the first term of (9), as the other arguments used
in step 1 work also in the general case. Let f : X — RU{—o00} be continuous
and let € S(x). Then

J g = jut J I du <l timaup S 072) = Hmsup 7 0%a),
Applying this to f = k! Zf:_ol m g (0'x), for k,m € N, we get the
desired result. m

THEOREM 4.6. Let G be a c.s.p. and x € X. Then

(10) Y(x) =inf{R(-,z) : R€ Ro}.
Proof. The assertion follows immediately from Theorem 4.4. m

Remarks. (1) The results obtained in this section allow us to identify
the notions of exponents that come from the theory of linear differential
equations with those introduced in the present paper and hence justify our
terminology. In [8, pp.116-117] the authors define upper central and singular
exponents for a non-autonomous linear differential equation in R¢ by the
formulae (3) and (10) (see also [45]). They show that (2) and (7) hold in
this case and prove an analogue of Theorem 3.2(i).

(2) For a c.s.p. generated by a cocycle the singular exponent can also
be defined as the top element of the continuous spectrum of the linear skew
product system associated with the cocycle. From [24, Theorem 2.3] it fol-
lows that this definition coincides with our general definition. In [24] it is
also shown that (8) holds in that case.

(3) Global exponents were introduced by means of formula (4) in the
paper of Constantin and Foiag on attractors for the Navier—Stokes equa-
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tion [10]. In [43] Temam generalized this, considering characteristic and
global exponents for arbitrary smooth infinite-dimensional dynamical sys-
tems. He called them Lyapunov pointwise exponents and Lyapunov uniform
(or global) exponents respectively.

(4) In the proof of Theorem 4.3 we use ideas similar to those of Ledrap-
pier in the proof of a formula for the dilating dimension of the Lyapunov
spectrum ([31, Proposition 3]).

5. Conjugate processes. One of the main features which make subad-
ditive ergodic theory different from its additive counterpart is asymmetry.
In general, characteristic exponents are only subinvariant, we only have in-
equality between characteristic and central exponents and only some points
are regular, in contrast to the additive case. In this section we propose a new
method which allows us to improve these results, at least in some cases. We
introduce the notion of conjugate processes, which generalizes the concept
of an exact dominant of a measurable superadditive processes used in the
L' case [30, p. 147].

In this section we consider finite c.s.p.’s only.

DEFINITION 5.1.  Suppose that G := (gn)neny and H := (hp)nen are
finite c.s.p.’s. We say that H is conjugate to G (or G and H are conjugate) if

hp+gn >0 for each n € N.

Central and singular exponents of conjugate processes are related in the
following way.

PROPOSITION 5.2. Let G := (gn)nen and H := (hyp)nen be conjugate
finite c.s.p.’s. Then

(i) 0 < Ag(p) + Ap(p) for p € M®(X),
(i) 0 < g(z) 4+ 29(x) < Tg(2)+ Tp(z) < Tg(X)+ 2 (X) forz € X.

Proof. Let u € M®(X). We have
0< lim n"(gn + hy) dp

n— 400
. . —1 : -1 —
= lim [ n7lgadpt lim [ 07 dp= Ag () + Aw(p),

which proves (i). The assertion (ii) follows immediately from (i). m

DEFINITION 5.3. Let G:= (gn)nen be a finite c.s.p. Suppose that H:=
(hn)nen is a finite c.s.p. conjugate to G. We say that H satisfies condition

() if g0 0™ < gpyr + hy, for all n, k € N,
(B) if gn < gntk + hi 0 0™ for all n,k € N,
() i Sg(X) + S(X) =0,

(0) if g(x)+ Xy(z) =0forall z € X,
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(e) if Qg(x) + 29¢(x) =0 for all z € X,

() i Ag(u) + Apg(x) = 0 for all € MO(X),

(n) if the sequence {(gn + hn)/n}nen converges to 0, uniformly on each
non-empty compact invariant set, as n — +o00.

PROPOSITION 5.4. In the above situation the following implications hold:
(v) = (8) = (6) = (O) = ().

Proof. Thefirst two implications follow directly from Proposition 5.2(ii).
We show that (¢) implies (). Let A be a non-empty compact invariant
set and p € M®(A). We have Ag y (1) = Ag(p) + Ay () = 0. Hence
Y61+1(A) = 0. Then, by Theorem 4.3, lim,,_, 1 oo 2~ max{g,(x) + h,(z) :
x € A} =0, as required.

By Proposition 1.12, to prove that (n) or (¢) implies (¢) it is enough
to show that (¢) is satisfied for all ergodic measures. Let v be one. By
the Birkhoff ergodic theorem, there exists zo such that V(xg) = {vr}. Con-
sequently, suppv C HT(zg). First, assume that (¢) holds. Then Ag(v) +
Ayn(v) = 2¢(x0) + 22(x0) = 0. On the other hand, if (n) is satisfied, then
Proposition 5.2(i) yields

0< Ag(v) + Ap(v) = lim [ 07 (gn + hn) dv

< lim nlegn + hnHH+<xo> =0. =

None of the first three implications of Proposition 5.4 can be reversed.
Counterexamples can be constructed even in the additive case.

EXAMPLE 5.5 (0 # 7). Put X = {0,1},0(0) = 0 and (1) = 1. Let G
and H be the additive processes generated by g and h respectively, where
g9(0) = =1, g(1) = 0, A(0) = 1 and h(1l) = 0. Then Xg(0) + X (0) =
Eg(l) + 27-((1) = 0 but Zg(X) + EH(X) =1.

EXAMPLE 5.6 (¢ & §). Let Y = {0, 1} and © be the one-sided shift. Let
g € Y be the sequence consisting of blocs of n ones and 2" zeros occurring
alternately. Consider the subshift generated by xg, i.e., X =H " (zg). Let G
and H be the additive processes generated by g and h respectively, where
g(x) = z(0) for z € X and h = —g. For n € N, denote by «,, the sequence
of n zeros followed by ones and by (3, the sequence of n ones followed by
zeros. Then LT (zg) = {a, :n € N}U{B, :n € N}, X =T (x9) UL (20)
and M®(X) = {8a,,65,}- Moreover, for each k € N, we have V(6*xq) =
V(Bk) = S(Br) = {9p,}, V() = S(ax) = {da,} and S(0*z0) = M (X).
Hence 2g(z) + 23(x) = 0 for each z € X, but Xg(zo) + Xn(x0) = 1.

EXAMPLE 5.7 (¢ # ¢€). Let X, O, 1, us and g be as in Example 3.6. Take
xo € X such that pi,us € V(zp). Consider the additive processes G and
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H generated by g and h = —g respectively. Clearly Ag(u) + Ay (p) = 0 for
each u € M®(X). However, 2g(xo) + 2n(z0) > [ gdus — [ gdus > 0.

We now describe some general methods of constructing conjugate pro-
cesses for c.s.p.’s generated by cocycles.

PROPOSITION 5.8. Let @ : X x N — Gl(d) be a cocycle over © and let G

be the c.s.p. generated by @. Then
hy(z) :=In||®" (z,n)| forzeX andn N
defines a c.s.p. H conjugate to G and satisfying conditions () and ().

If u € M®(X), we write A*(u) for — Az ().

Proof. Let x€ X and n, k€N. The asserted properties of H follow from
the identities @~ (x, n+k) = =1 (z,n)o® 1 (02, k), [ = &~ (x,n)od(x,n),
D0z, k) = D(z,n+k)od Ha,n), (x,n) =D (02, k) o ®(x,n+ k) and
the inequality ||Ao B|| < ||A|l - [|B]|. =

PROPOSITION 5.9. Let G := (gpn)nen be a finite c.s.p. which satisfies the
following condition:

(x)  there exists ¢ € RT such that gi(0"z) + gn(z) < gnix(z) + ¢ for all
z e X,n,keN.

Then h,, := c—gp forn € N defines a c.s.p. H conjugate to G and satisfying
conditions («), (3), (¢) and (n).

Proof. From (x) we see immediately that H is a c.s.p. and satisfies («)
and (8). Moreover, 0 < hy,(z)+gn(z) = cforallz € X and n € N. Therefore
H is conjugate to G and satisfies (1), which is equivalent to (). m

PROPOSITION 5.10. Suppose that X is compact. Let @ : X x N — M(d)
be a cocycle over © such that, for each x € X, the matriz &(x,1) has strictly
positive entries. Then the c.s.p. generated by © satisfies condition (x).

Proof. In the proof we shall use the following lemma of Walters.

LEMMA [46, Lemma 2.3]. Let A, ... A®) BM)  B™ be d x d ma-
trices with strictly positive entries. Then

[A® 6. .0 AV |IBWo...0o B™M| < CI[APo...c AV oBWo.. .0 BM||,
where C = dmax{B{}’ /B}}) :i,j,h =1,...,d} and |A]| == X7, |A].

ij
Let © € X and n,k € N. We apply the above lemma to A®) :=
o0t 1z, 1) for i = 1,...,k and BY) := $(#" Iz, 1) for j = 1,...,n.
As all norms in M(d) are equivalent, there exists D € R (independent of
x,n, k) such that

1@z, n)| - 180"z, k)| < CllD(z,n + k)|,
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where
C = max{®;; (0" 12, 1)/®; (0" x,1) 1 i,j,h =1,...,d} - Dd.
Hence g, (x) 4+ gk (0"2) < gnyr(z) + ¢, where
c:= Inmax{®;;(y,1):ye X, i,j=1,...,d}
— Inmin{®;;(y,1):ye X, i,j=1,...,d} +InDd. =

Using conjugate processes we get lower bounds for characteristic expo-
nents.

THEOREM 5.11 (lower bounds for characteristic exponents). Suppose that
G = (gn)nen is a finite c.s.p., H := (hn)nen is a finite c.s.p. conjugate to
G andx € X. Then
(1) —2n(2) < Ag(a),
(i) =§23(2) < Ag(z).

Proof. Note that

Ag(z) = limsupn =g, (z) > —liminfn = h, (z) = —Ax(z).

n—+o0 n—+oo

Applying Theorem 3.2(i) to H we obtain (i). The proof of (ii) is analogous. m

COROLLARY 5.12. Let G := (gn)nen be a finite c.s.p. If there exists a
finite c.s.p. conjugate to G, then all lower and upper characteristic exponents
are finite.

Proof. Suppose that H := (hy,)nen is a finite c.s.p. conjugate to G and
x € X. Then, by Theorem 5.11, Ag(z) > —§23/(z). Hence, by Theorems
3.2(i) and 4.5(ii), Ag(x) > =Xy (x) > —||h1|| g+ (@) > —oo. Finally, Proposi-
tion 2.9 gives Ag(x) < +00. m

COROLLARY 5.13. Let @ : X x N — Gl(d) be a cocycle over ©, G be the
c.s.p. generated by @, and x €X. Then

(i) sup{A*(p) : p € V(2)} < Aa),
(i) inf{A* () : p € V(2)} < A(x)
(A* was defined after Proposition 5.8).

Proof. The corollary is an immediate consequence of Proposition 5.8
and Theorem 5.11. m

Remark. It is well known that A*(u) is the lowest element of the Lya-
punov spectrum of p. Using this fact and applying the so-called wedge prod-
uct flows [24] we can obtain results on multidimensional characteristic ex-
ponents of a cocycle @.
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THEOREM b5.14 (invariance of characteristic exponents). Let G :=
(gn)nen be a finite c.s.p. If there exists a finite c.s.p. conjugate to G and
satisfying condition («), then the characteristic exponents are invariant, i.e.,

(i) A(z) = A(0™z), A(x) = A(0"x) and
(ii)) G(z) = G(6"x)

forallxz € X and n € N.

Proof. Suppose that H := (hy,)nen is a finite c.s.p. conjugate to G and
satisfying (a)). We have

ek -1 I T —1
A(z) = liminf k™ gi (2) = lim inf k™" g, 1.4 (2)

> lkiminf(kflgk(ﬁnx) —k  ha(z)) = A(0"2).
The proof of A(x) > A(6"z) is analogous. Now (i) follows from Theo-
rem 2.8(i). The assertion (ii) results from (i) and Proposition 2.10. =

Remarks. (1) By Proposition 5.8 the above theorem applies in partic-
ular to c.s.p.’s generated by cocycles with values in Gl(d).

(2) The existence of a finite conjugate c.s.p. satisfying («) is not necessary
for the invariance of characteristic exponents. This can be seen from the
following example. Let X and © be as in Example 3.3. Put g,(0) = 0 and
gn(1) = —n'/? for n € N. Then G := (g )nen is a c.s.p. with A4(0)=A(1)=0
but gx(0"1) — gnix(1) = (n + k)2 — 400 (n — +o0) for each k € N,
Consequently, there is no finite c.s.p. conjugate to G and satisfying («).

We now show how the existence of a conjugate c.s.p. satisfying an ap-
propriate condition implies normality or regularity.

THEOREM 5.15. Let G := (gn)nen be a c.s.p. and H := (hp)nen be a
finite c.s.p. conjugate to G.

(i) If H satisfies (¢) or (n), then A(z) = 2(x) and A(z) = 2(z) for
each x € X, i.e., each point is normal.

(ii) If H satisfies (), then A(z) = £2(x) for each x € X, i.e., each point
is normal and regular.

(i) If H satisfies (), then A(z) = 2(x) = X(z) for each z€ X.

(iv) If H satisfies (7y), then A(z) = 2(x) = X(z) = X(X) for each z€ X.

Proof. In the proof we use Proposition 5.4.
(i) We have

() = sup{Arc(s) : p € V(2)} = —inf{Ag(s) : j € V(2)} = —2g(x).
Analogously 2y(x) = —2g(z). Hence, applying Theorems 3.2(i), (ii) and
5.11(i), (ii) we get

Ng(x) = — () Ag(z) < 2g(2)
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and
Ng(x) = — 2p(x) < Ag(x) < Qg(x),

which proves (i).
(i) Using the same arguments as in (i) we obtain Qg(z) = —2x () =
2g(x). Now (ii) results from (i).

(iii) By Theorem 3.2(i) we have
Sg(a) = —S(x) < —Ou(x) = Og(x) < Tg(a).

Now apply (ii).
(iv) Clearly Yg(X) = —2n(X) < —2n(z) = Yg(z) = Xg(X) and so
(iv) results from (iii). m

The following corollary results immediately from the above theorem and
Propositions 5.9 and 5.10.

COROLLARY 5.16. Suppose that X is compact and @ : X xN — M(d) is a
cocycle over © such that, for each x € X, the matriz &(x,1) has strictly pos-

itive entries. Then each point is normal with respect to the c.s.p. generated
by ®.

To end this section, we show how conjugate processes can be used to
obtain some formulae for central and singular exponents. Let z € X and
m € N. Recall that V,,(z) denotes the set of all accumulation points of
the sequence {n~! Z?:_Ol Ogmig tnen and Sy, (x) is the set of all §”-invariant
measures with supports contained in cl{§™z : i € N}.

THEOREM b5.17 (formulae for central and singular exponents, II). Let
G := (gn)nen be a finite c.s.p. and m € N. Suppose that there exists a finite
c.s.p. conjugate to G and satisfying condition (). Then

(i) in Proposition 2.7(1)—(iv),(vi), V(z) can be replaced by Vp,(z), and
S(x) by Sm(z),
(i

) in Theorem 4.1(ii),(iii), € can be replaced by O™,
(iii) in Theorem 4.5, 6 can be replaced by 6™.

Proof. Let H := (hy)nen be a finite c.s.p. conjugate to G and satisfy-
ing ().
By Proposition 1.7(i),(iii),(iv) the assertion (i) follows from (ii) and (iii).
Now suppose that £k € Nand R : N x X — R is a central function for 6.
Then, for each € > 0 and x € X, there exists D € R such that
im+m—1
gm (0" x) < D + Z (R(j,z)+¢) fori,meN.

Jj=im
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Summing over ¢ = 0,...,k — 1 and dividing both sides by mk we get

k—1 mk—1
(mk)™ > gm(0™2) <m™'D+ e+ (mk)™' > R(j, ).
i=0 7=0

Hence

k—1
limsupm ™! ( limsup k! Z gm(Him:c)> < R(,z)+e.
=0

m——+00 k— o0

As e was arbitrary, using Theorem 4.2, we obtain

m——+00 k——40c0

k—1
(11) limsupm ™! (lim supk~! Z gm(Gimx)) < ().
i=0
We denote the integer part of a € R by [a]. Define R, : Nx X — R, for
m € N, by
R (p,z) :=m g (0™ ™) for z € X and p € N.

We now prove that R,, is central. Fix z € X and set B,, :=

maxp—1,...m |9kl g+ @) and Cp = maxp=1 .. m ||hlg+@). Let n,u € N.
Put k := [n/m] and j := [u/m]. Then

(12) n(0°2) < Grm (0%2) + gn—m (0“TF™2).

Moreover,

(13) gkm(eux) < gkarufjm(gjmx) + hufjm(ejmx)

< Grom (07 2) + Gujun (07" L)+ Ry (07 )

ktj—1
< > gm(0"™2) + By + Crn.
i=j
From (12) and (13) we obtain
k+j—1
(14) gn(0%x) < Z G (07" ) + 2By, + O,
i=j
Finally, we get
(k+j)m—1

gn(0"2) < 2B+ Cr+ > Ru(p,x)
p=jm
n+u—1 u—1
=2B+Cm+ Y, Rn(2)+ Y Rum(p,2)
p=u p=jm
n+u—1

- Z Rm(p,x)

p=(k+j)m
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n4+u—1
<4B, +Cp + Z R, (p, z),
pP=u
as required.

Now fix n € N. Then

n—1 [n/m]—1
n'Y Ru(pa)=n"" Y gm(0x)

p=0 i=0

n—1

)Y g6l

p=[n/m]m

[n/m] L [”/i]_l m g, (0"z) +n ' B
Hence
k—1 A
Ry(,x) < limsupk™? E m g (07 ).
k—+oo i=0

Therefore, applying Theorem 4.2, we have

meN 400

k—1
(15) Q(z) < inf limsupk™* melgm(eimx)
=0

A

k-1
< liminf m_l{ limsup k1 gm (0 }
m—+o0 k—-+o0 ; ( :

From (11) and (15) the assertion (ii) follows.

To show (iii) we use the estimate (9) from the proof of Theorem 4.5. It
is enough to show that

ktj—1
16 Y(z) < inf lim k! B A
(16 (@) < Jof Jom k™ sup D, Tl (07a)
and
(17) lim sup sup m ™~ 1g,, (0*™z) < 2(z)
m——+o00 keN
for x € X.

Fix meN. Put k,, := [n/m] and j, := [u/m]. Then, using (14), we have

Kntju—1
gn(0%x) < Z gm (0" x) + 2B, + Cpy.
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Hence
kn+j—1
n -1 u -1 -1 im 2By + Cm
supn” gn(0%x) < (k,)” " sup m gm(0"x) + ——.
mkn uEN ( ) ( ) JEN ; ( ) mkn
Taking the upper limit as n — +o0o we get
k+j—1
Y(z) = limsupsupn g, (0%z) < lim k 'sup Z m gm0 ),
n—+o00 ueN k—4o00 ieN =

which proves (16). Moreover, by Theorem 4.5(ii), we have

lim sup sup m g, (0*™z) < limsupm ! sup g, (6%z) = 2(x),
m—+oo keN m—400 ueN

which proves (17) and completes the proof of (iii). m

Remarks. In [8, pp. 116-117], formulae are given for central and singu-
lar exponents of a non-autonomous linear differential equation in R?, which
can be easily derived from the continuous parameter version of Theorem 5.17
(see Section 6).

6. Continuous parameter case. The results of the present paper can
be generalized to the continuous parameter case. We say that G := (g¢);cr+
is a continuous subadditive process if (x,t) — g¢(x) is continuous and g ys <
gt + gs 0 0 for all s,t € RT, where O := (0"),cp+ is a semiflow on X. We
adapt the other definitions from the discrete case with necessary changes.
There are two methods of deriving continuous parameter versions of the
results given in the preceding sections.

Firstly, we can adapt the theorems and proofs from the discrete case
replacing Cesaro means by integral means. Secondly, we can use the following
method.

Let T € RT™—{0}. Then {#"T : n € N} =: Or is a discrete semidynamical
system and {g,r : n € N} =: Gr is a discrete c.s.p. over Op. Its exponents
are related to those of G in the following way.

THEOREM 6.1. Let G := (g¢)ser+ be a c.s.p. such that there exists a c.s.p.
conjugate to G and satisfying condition (), and let T € RT — {0}. Then

(i) for every non-empty compact invariant set A, there exists C € RT
such that for all t € RT,
1 1
tgt [t/T}Tg[t/T]T N
(ii) for all characteristic, central, singular and global exponents, the ex-

ponent for the continuous process G is equal to the corresponding exponent
for the discrete process Gr divided by T.

C
<77
—t
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Proof. Let t,T € R*. Put
Cr := max{max(gs(z),hs(z)) :x € Aand 0 < s < T},
where H := (hy,),er+ 1S @ c.s.p. conjugate to G and satisfying (). Then
91t/ (%) — 9¢(x)| < O and gy myr(z)| < [t/T]Cr.

Hence we obtain the required formula with C' = 2Cp. The assertion (ii) fol-
lows from (i), Theorems 4.1, 4.3, 4.5 and their continuous parameter coun-
terparts, which can be proved by the first method. =

The above theorem has twofold applications. Firstly, putting 7" = 1,
we can use it to derive continuous parameter results from their discrete
parameter counterparts. Secondly, taking T'# 1, we can obtain new formulae
for exponents. This theorem applies in particular to c.s.p.’s generated by
cocycles with values in Gl(d) (by Proposition 5.8) and to c.s.p.’s generated
by cocycles with values in {M € M (d) : M has strictly positive entries} (by
Propositions 5.9 and 5.10).
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