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A proof of the two-dimensional Markus—Yamabe
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by ROBERT FESLER (Basel)

Abstract. The following problem of Markus and Yamabe is answered affirmatively:
Let f be a local diffeomorphism of the euclidean plane whose jacobian matrix has negative
trace everywhere. If f(0) = 0, is it true that 0 is a global attractor of the ODE dxz/dt =
f(x)? An old result of Olech states that this is equivalent to the question if such an f is
injective. Here the problem is treated in the latter form by means of an investigation of
the behaviour of f near infinity.

1. Introduction. In this work we solve (!) the following problem which
is known as the two-dimensional Global Asymptotic Stability Jacobian Con-
jecture or Markus—Yamabe Stability Conjecture.

PROBLEM 1. Let f € C*(R?,R?) be such that:

1. det Df(x) > 0 for all x € R2.
2. tr Df(x) <0 for all x € RZ.
3. f(0)=0.

Here Df(x) denotes the Jacobian matriz, det the determinant and tr the
trace. Is it true that under the conditions 1-3 every solution of

i(t) = f(z(1))
approaches 0 ast — oco?

This problem and its n-dimensional reformulation go back to Markus
and Yamabe [MY] in 1960.
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In the two-dimensional case several authors achieved an affirmative an-
swer to this problem under various additional assumptions. Krasovskii [Kr]
solved a related problem with a certain growth condition on f. Markus and
Yamabe [MY] treated the case when one of the partial derivatives of f van-
ishes identically on R?. Hartman [Ha] used the stronger hypothesis that the
symmetric part of D f(x) is negative definite everywhere. His result is also
valid in higher dimensions. Olech [O]] solved the problem affirmatively if
|f| is bounded from below in some neighbourhood of infinity. A general-
ization to higher dimensions can be found in Hartman and Olech [HO]. In
1988 Meisters and Olech [MO] proved the conjecture for polynomial maps.
The attention of the author was attracted to the problem by an article of
Gasull, Llibre and Sotomayor [GLS] where the relation of this conjecture to
several other problems was investigated. Barabanov [Ba] showed that this
conjecture is false if n > 4.

Olech [O]] proved in 1963 that Problem 1 is equivalent to

PROBLEM 2. Let f € C*(R?,R?) be such that:

1. det Df(x) > 0 for all x € R2.
2. tr Df(z) <0 for all x € RZ.

Is it true that f is injective?

This gives the key to our solution. Our Theorem 1 is an affirmative
answer to Problem 2. Actually, it is even more general: The hypotheses of
Problem 2 are equivalent to assuming that the eigenvalues of D f(x) have
negative real parts for all x € R2. Therefore hypothesis 2 of our Theorem 1
is weaker than hypothesis 2 of Problem 2. Furthermore, we only need it in
a neighbourhood of infinity.

2. The solution of the problem

THEOREM 1. Let f € C*(R?,R?) be such that:

1. det Df(x) > 0 for all x € R? (i.e. f is a local diffeomorphism).

2. There is a compact set K C R? such that Df(x)v # v for all
r € RO\K, v € RO\{0} and A\ € 10,00 (i.e. Df(x) has no real positive
eigenvalues for any = in some neighbourhood of infinity).

Then f is injective.

Proof. The proof will be given using several definitions and lemmata.
We assume throughout that f is not injective. Only using hypothesis 1 of
Theorem 1 we thus arrive at Lemma 10. Since this is a general result about
non-injective self-immersions of the plane we restate it as Theorem 2. At
this point we also need a general result about certain curves in the plane
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which is given in Theorem 3. Combining both we will finally arrive at a
contradiction to hypothesis 2 of Theorem 1.
Thus, if f is not injective we will find zg,z; € R?, zy # x1, such that
f(zo) = f(z1). Without loss of generality we may assume that f(zg) =
DEFINITION 1. We define C to be the set of all curves a € C'*([0, 1], R?)
such that:

(i) Vs € [0,1] : &(s) # 0.
(ii) a(0) = xg, (1) = ;.
(iii) « is injective.

(iv) a(]0,1[) N f=1(0) = 0.
LEMMA 1. C # (.

Proof. Let aq(s) := (1 — s)zp + sx1 be the straight line segment from
xg to x1. Then a obviously has all properties in order to be contained in
C except for (iv). Since f is a local homeomorphism, the set f~!(0) is
discrete. Therefore we can slightly modify a; near the (finitely many) points
of a;(]0,1[) N £~1(0) so that this set becomes empty (see (iv)). Of course,
this can be done in such a way that the other properties required for a curve
to be in C' remain valid. =

DEFINITION& LEMMA 1. 1. Every curve 3 € C°(I,R?\ {0}) (I = ][a,b]]
being an arbitrary interval) induces an angle function

LB e COI,R), LB(s):=arg Be(s).

Here B¢ € CO(I,C )\ {0}) denotes the curve 3 composed with the canonical
identification of R? with the complex plane C, and arg denotes a continu-
ous branch of the complex argument function. (Later we will use the fact
that argz = Imlnz on every simply connected area of C\ {0} with an
appropriately chosen branch of the logarithm In.)

If 0 € I we choose arg B¢(0) € [0, 27| unless otherwise stated. Moreover,
if 3 € C1(I,R?\ {0}) then also /3 € C1(I,R).

2. If B € C([a,b[,R?) (or B € C*(Ja,b],R?), resp.) is such that 0 ¢
A(a,b[) and

B(a) =0, B(a) #0  (or B(b) =0, (b) # 0, resp.)

then

li{n LB(s) = LP(a)+2mk, keZ

(or li}l%) LB(s) = LB(b) + m+ 2mk, k € Z, resp.)

Therefore we may extend the function /8 € C°(Ja,b[,R) continuously to
[a,b] (or ]a,b], resp.) in this case.
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Proof. 1. Since 0 ¢ (I), arg O¢ is defined on I. The definition of /3
shows that (£8) = Im /3. Therefore, § being C'! implies /3 being C'.

2. Since f is differentiable at a and f(a) = 0 we know that §(s) =
Ba)(s —a) + (s — a), with a ¢ € o(id). Hence

£3(s) mod 27fc = ImIn G (s) ‘
=TImln(s — a)(Bc(a) + pc(s —a)/(s — a))

= Im(In(s — a) + In(fc(a) + pc(s — a)/(s — a)))
=ImIn(Bc(a) + ¢c(s —a)/(s — a))

— Imlnfc(a) = £8(a) mod 2 as s\, a.

The proof for s / b is analogous. However, since s — b < 0 in this case we
obtain a summand 7 added. m

DEFINITION& LEMMA 2. 1. Every curve o € C induces functions /4,
Lfoa, /(foa) € C°0,1],R). Moreover, /foa € C'(]0,1[,R].

2. For every curve a € C we also define the function @, € C°([0,1],R)
by

Oal(s) == L(foa)(s) = Lfoa(s)
and observe that ©,(0) mod 27 = 0 and O,(1) mod 27 = 7.

3. We will call the curve 3 € C%([a, b], R?) piecewise reqular (p.w. regular)
if it is locally injective and if there exist s;,7 = 1,...,n, such that a = 51 <
... < 8, = b and that §; := §|[s;, s;+1] is regular for all i =1,...,n — 1. §;
being regular means that 3; is continuously differentiable (at s; and s; 1 we
consider one-sided differentials) and that 3;(s) # 0 for all s € [s;, Si11].

For such curves we may also define a unique tangent angle function / 3
as follows: If we assume that s € [s;, s;+1] then

i—1
LB(s) = LBi(s) — LBi(si) + Z LBy (Sk+1) — LBr(Sk) + 1,
k=1
where 041 denotes the “tangent angle jump” in the edge of 5 at sp1. We
will define it in the following way: Let A8y —1(h) := Brx—1(sx) —Br—1(sx—h)
and Ag Sk (h) = Br(sk + h) — Bx(sk). Since Bx_1(sk), Bk (sk) # 0 there are
unique functions hg, hy € C°([0, <[, [0, oo[) with ho(0) = h1(0) = 0 such that

[AkBk—1(ho(r))ll2 =7, [|AkBr(hi(r))ll2 =7

for all € [0, [ (implicit function theorem). Let ¢ € |—m, 7] denote the
unique angle with ¢ = ¢ mod 27. Since 3 is locally injective, the angle

0k (r) := (LABr(ha (7)) — LARBr-1(ho(r))) x|

never equals 7 for small r > 0. Therefore, §; is continuous for such r and
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lim, o 0 (r) € [—m, 7] exists. Thus, we may finally define
O = lin% 5(r) € [-m, ).

Proof. 1. « € C = &,(f o «) are continuous and never 0 (see Defini-
tion 1) = Za&, L(f o ) are defined and continuous (see Definition&Lem-
ma 1.1).

aeC= foaeC(0,1],R?),0¢ foa]0,1]),

foa(0)=foa(l) =0= Lfoais defined on [0,1] and is continuously
differentiable (see Definition&Lemma 1).

2. This is obvious from Definition&Lemma 1.2. =

LEMMA 2. If O4(s) mod 27 € |0, 7| (€ |m,2x], resp.) for all s € ]s1, 52|
then Lf o« is strictly increasing (strictly decreasing, resp.) on [s1, S2].

Proof. We conclude from our hypothesis that 0,1 ¢ |sy, so[ since O, (s)
mod 27 € {0,7} if s € {0,1}. Therefore, using our definitions we may
calculate:

(Lfoa) =Im(foa):/(foa)c
=Im|(f 0 a)¢|e?“ U /(f o a)c
— Im (|(f 0 @)g|/(f 0 @)c)ed ForI+iOa

[(fea)cl(fea)e (foa)e o,  [(foa)

=Im . e = Jsin@a.

|(f o a)cl? |(f o a)c] |(f o a)c]
Applying Rolle’s theorem yields the assertion. m

DEFINITION 2 (See Figure 1). 1. For every o € C' we define the family
of rays

I, e Cl(0,1[ x [0,00[ R?) by Iu(s,t):=t- foals).
(Notice that for every s € |0,1[ the curve I',(s,-) is the straight ray ema-
nating from 0 and passing through f o a(s) # 0 (Definition 1(iv)).)

2. Moreover, we need the f-induced lift of the family I, denoted by
ry: 0, — R? with £2, € ]0,1] x [0,00[. We define it by lifting every ray
I',(s,-) of the family separately, i.e.

Ii(s,) = (La(s, ) : 24(s) — R,
where we choose the unique lift such that

I'l(s,1) :=a(s) € fH(Tu(s,1)).

It is defined on a maximal open interval of existence £2,(s) C [0, 00[ with 1€
2a(s). Then 2o =, 1({5} X 2a(s). Note that £2, is open in |0, 1[x [0, oo[.
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We will often use the following simple observation: If I'f(sy,t;) =
I (s2,t2) (or Ta(s1,t1) = Ia(s2,t2), resp.) and ty,ts # 0 then

im I (sy,-) =im I (sy,-)  (im I, (s1,-) = im Iy(s2, ), resp.).

(Thus, the sets I'J ({s} x (£2,(s)\{0})) and I',({s} x ]0,0[), resp. may be
considered as leaves of a foliation on some open subset of R?\f~1(0) or
R\ {0}, resp.)

3. I'l € CY(02,,R?) and for every s € ]0,1] we may define the maps
LT,(s,-) € CY[0,00[,R), LI ,(s,-) € C°0,00[,R) and Z(I'{)(s,:) €
C°(£2,(s),R) according to Definition&Lemma 1.

4. LT (s,t) = LT 4(s,t) = Lf oa(s) mod 27 for s €]0,1[ and ¢ € ]0, ool.

Now we aim at a modification of our curve « (see Definition&Lemma 6)
such that it has at most two intersections with every lifted ray I'/(3,-)
(tangencies are counted twice). To this end we use a finite iteration of the
modification step of Definition&Lemma 5. In order to prove the finiteness
of this iteration we need the set V,, U W, of exceptional curve parameters
(Definition&Lemma 3). It is related to the number of intersections of o with
im I'{ (3, ) (Lemma 3, Definition&Lemma 4). We show that every modifica-
tion step strictly decreases the number of elements in V, U W,,.

DEFINITION&LEMMA 3 (See Figure 1). 1. For every curve o € C we

define
Vo :={s €10,1] | Bn(s) mod m = 0},

ie. V, is the set of all s where f o« is tangent to the ray I, (s,-) or,
equivalently, where « is tangent to T/ (s, -). We say that s € V,, is transversal
if the zero of the function ©,(-) mod 7 at s is transversal.

2. There are o € C such that V, is a finite set containing transversal
elements only except for 0 and 1. We denote the subset of all such a € C
by Cf. In this case we find an order preserving, finite numbering of V,,, i.e.

Vo ={v1,...,0,} withO=v <...<v, =1
In order to unify the notation we define vy := vy, v, = 1.
3. If V, is a finite set then the sets
(Zf o amod 27m) "1 (p)

are also finite for every angle ¢ € [0,27[ (i.e. f o « has only finitely many
intersections with every straight ray emanating from 0). We can even find
an angle w, € [0, 27| such that W, NV, = () with

W, := (Lf o amod 27)* (w,).

Proof. 2. Lemma 1 shows that C' # (. It is easy to see that arbitrarily
close to every ag € C' we find an a € C such that the function ©, mod 7
has only a finite number of transversal zeros.
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3. Because of statement 2 we know that [0,1] = [v1, v2]U...U[vp—1,0,].
Lemma 2 shows that £ foc is strictly monotone on every [v;, v;11]. Therefore
(I£f o a(viy1) — Lf o a(v;)|/27) + 1 yields an upper bound on (Zf o «
mod 27) "1 () N [vs, vir1] implying that (£ foa mod 2m)~1(¢p) is finite itself.
Since #V,, is finite, so is £ f o a(V,) mod 27. Therefore, [0,27[\Zf o a(V,)
mod 27 # (), and w, may be chosen to be any element of this set. m

LEMMA 3. Let 51 < s3 be two successive intersections of a with the image
of a ray I'1(3,-). Then:

e if s < 1 then [s1, sa[ contains an element of V, U W,

e if so =1 then [s1, s3] contains such an element.

Proof. If sy = 0 or so = 1 we are done since 0,1 € V,. So assume
that s; > 0 and sy < 1. Since a(s1),a(s2) € im IS (51,+) we know that
foal(sy), foa(sy) €imI,(51,). This implies that
(1) Lfoa(s1) = Lfoa(sz) mod 27
(see Definition 2.4).

Assuming that there is no s € [sy, so[ with s € V,,, Lemma 2 shows that
Lf o« is strictly increasing (decreasing, resp.) in [sy, s2]. Therefore

Zf o 04(81) 75 Zf o 04(82)
and we deduce from (1) that
Lfoa(se) — Lfoa(s)=2mk
with a k € Z \ {0}. Thus the continuity of /f o a implies that there must
be an s € [sy, so such that Zf o a(s) = w, mod 27, i.e. s€ W,. m
DEFINITION&LEMMA 4. For all sy1,s9 € [0,1], s1 < s2, we define
na(s1,82) € N by
n (S s ) . ﬁ([Sl,SQ[ﬂ (Va @] Wa)) if S < 1,
al=1,52) ﬁ([sl,SQ]ﬂ(VaUWQ)) if82:1.
Then, for every s € ]0,1[ and every a € C/,
ﬁa_l(impo{(sv )) -1< ’I’La(Sa, sa)’

where

So :=mina '(im IS (s,-), s*:=maxa '(imIJ(s,))

(i.e. the total number of intersections of o with the image of I'/ (s, -) minus
1 is at most the number of elements of V, U W,, which are between the first
and the last intersection). Furthermore, we define ¢,(s),t*(s) € £2,(s) to be
the unique elements such that

Il (s,ta(s)) = alse) and I'f(s,t%(s)) = a(s?).
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Proof. Since a € C’ we know from Definition&Lemma 3.2,3 that
fa~1(im I'f(s,-)) is also finite (see also Definition 2.4). Moreover, s €
a~Y(im I'{(s,-)) by definition. Thus s, s are defined. Now, the assertion
is a direct consequence of Lemma 3. m

LEMMA 4. 1. to(s) =t%(s) = sq = s“.

2. 5o =0 and s =1 at the same time is impossible.

3. There is a neighbourhood U, (s) of I'{({s} X [ta(s),t*(s)]) in R? such
that

flUa(s) : Ua(s) = f(Ua(s))
is a diffeomorphism and f(Ua(s)) is a mneighbourhood of I',({s} x
[ta(s),t%(s)]).

Proof. 1. to(s) = t*(s) = a(sa) = a(s®) (see the definition of ¢,
in Definition&Lemma 4) = s, = s® since « is injective.

3. T'y(s,) is injective by definition, hence f|im I'f (s, -) is injective. If the
assertion were false, we could construct two convergent (since B := I'J ({s} x
[ta(s),t%(s)]) C im I (s,-) is compact) sequences z,, — z € B,y, — y€ B
with f(x,) = f(yn). However, this implies f(z) = f(y), which is a contra-
diction since we already know that f|B is injective.

2. From the definitions we conclude that a(s,), a(s®) € Uy(s). If s =0
and s* = 1 then a(s,) # a(s®) (« is injective), hence assertion 3 implies
that also f o a(sy) # f o a(s®). However, f o a(0) = f oa(l) by definition
of a—a contradiction. m

DEFINITION& LEMMA 5 (See Figure 1). Let us assume that o € C7 and
5 €]0,1[ are such that

2) ta~1(im I’/ (5,-)) > 2.

Then we will construct a modified o (depending on 3), called & poq € C
(associated with §), such that

na mod (07 1) S na(07 1) - (ﬁail(lm Fo]j(§7 )) - 2)
First we define the curve 3, € C°([0,1],R?) by

[ foa(s) if s € [0,5,] U [5%,1],
fo(s) = {ra(g,f(s)) if 5 €[5, 5],
with 7(s) 1= (s — 54)t*(5) /(3% — 54) + (5 — 5)ta(5)/(54 — 5%). Inequality
(2) shows that 3, # 5%, hence t,(35) # t*(5). Therefore
1. Bol[8a,8%] is injective.

If we choose a neighbourhood U, (3) of I' ({5} x [t (5),t%(5)]) according
to Lemma 4.3 we can also find a neighbourhood [3, — &4, 3, + £%] relative
to [0, 1] such that:
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2. Bo([3a — €a,3% + %)) C f(U(3)),
LBo([Sa — €0, 8% + %) C [LIW(5,1) — /4, LT4(5,1) + 7/4] mod 27.
3. Bo | [Sa — €a,3“ + £%] is injective.
4. [54 — €ay3a[N (Vo UW,) =15%,5% + e N (VL UW,) =0.
At this stage we have to distinguish two cases:

Case 1l: €4,% >0 and
LBo(Sa — €a) < LBo(3a) = LBo(3Y) < LBo(3% + &%)
or vice versa, i.e. with “<” replaced by “>".
Case 2: The condition for case 1 does not hold. This means that either

5o = 0 or s =1 or in one of the two inequalities above we have “>" and
in the other we have “<”.

In both cases we can find a C'-curve 3 arbitrarily close to 3y such that:

5. B(s) = Bo(s) = foa(s) if s € 0,5, —eq] Oor s € [3* 4+, 1].

6. B([5a — €a, 5 + %) C f(Ua(5)),

LB([Sa — €a,8* + %)) C [LIw(5,1) — /4, LT(5,1) + 7/4] mod 27

(i.e. the modified part is contained in a half-cone).

7. B(s) #0 for all s € [0,1].

8. O|[Sa — €a, 8™ + €] is injective.

9. In case 1 (case 2, resp.) the function
(3) (£8() = £B(-)) mod 7
has no zero (exactly one zero, resp.) in [5, —£4, 5% +£°]. In case 2 this zero
is transversal. (Remember that (3) being zero is the condition for 3 being
tangent at s to a straight ray emanating from 0.)

10. There is at most one s € [S, — €4, 5" + £%] such that

/3(s) mod 2w = wy,
in case 1 and there is no such s in case 2.
Finally, we define « 0q € C*([0, 1], R?) by
O o (8) = { (flUL(3))~1 o B(s) %f s € [§a_— Eay 3¢ + %], )
a(s) if s €[0,5, —eq) or s €[5 +e*,1].
Then:
11. o moq € C.

12. 1o, (0,1) <ng(0,1) — (fa~(im I (5,-) — 2).

13. V, ., has transversal elements only, i.e. & moa € C7.

14. Zfoa mod ([Sa—¢€a,3Y+e%]) C [LT(5,1)—7/2, LT 4(5,1)+7/2] mod
27 (i.e. the f-image of the modified part of & 1,04 is contained in a half-cone).

Proof. Assertion 1 is already proven above.
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If the neighbourhood [5, — €4, 5% +£?] is chosen to be small enough then
assertion 2 is true by continuity, assertion 3 follows from assertion 1 and
from the fact that 3y is locally injective and assertion 4 is valid since V,, and
W, are finite sets.

Now using 2-3, it is easy to see that there are C'-curves 3 arbitrarily
close to By which satisfy 5-10. The precise construction is straightforward
and is left to the reader since it would cause unproportionally much notation
here.

11. Obviously, & meq is a Cl-map and the properties (i) and (ii) required
of & moa to be contained in C' are satisfied (see items 7 and 5). Moreover,
since # can be chosen to be arbitrarily close to By property (iv) is also
valid. It remains to prove that & ymoq is injective (property (iii)): In view of
assertion 8 the definition of « ,0q shows that we only have to prove that the
unchanged parts & mod |[0, Sa—¢] and « o4 |[*+€%, 1], resp. cannot intersect
the modified part & mod |[Sa — €a, $* + €%]. However, if this happened, then
5, would not be the first intersection of a with im I'J(3,-) or 3 would not
be the last, resp. (Use assertion 5 and again the fact that [ is arbitrarily
close to Gy.)

12. Using 9-10 we conclude from Definition&Lemma 3 and 4 that

Na poa (§a — €4, 3% —I—Ea) <1.
At the same time using Definition&Lemma 4 we conclude from our hypoth-
esis that
N (54,5%) > o (im I (5,-)) — 1.
Therefore, we may calculate
Ne poq (0,1) =N 00 (0,54 —€4) + o oy (50 — €a, 5 +€7)
T N o (5% +6%,1)
<N poa (0,50 —€a) +1+n4 ., (3% +64,1)
and
1a(0,1) = 1q(0,54) + 10 (54,5%) + na(5%,1)
> 100,50 — €a) + a1 (im TL(5,4) — 1 + 1o (3% 42, 1).
From the definition of « 1,04 , assertion 12 follows.

Finally assertion 13 follows from 9, and 14 from 6. =

DEFINITION&LEMMA 6 (See Figure 1). For every 5 € ]0,1] and every
curve a € Cf we define

(5= [2 Hselonns,
Hald) =1 otherwise,

for all s € So(5) := a~*(im I/ (5,-)). There exists a curve ap € C/ such
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that

Z fap(s) < 2
s€Sap (5)
for all 5 € ]0,1[. (This means that the number of intersections of ap with
im I/ (5,-) is at most two. Interior intersections which are tangential at the
same time are counted twice.)

Proof. We construct the desired ap by a finite iteration of the modifi-
cation process of Definition&Lemma 5:

We start with an arbitrary o € C/. (By Definition&Lemma 3.2 this set
is non-empty.) If 37 o ) Ha(s) > 2 for some 5 € ]0,1] and if §5,(5) < 2
there must be at least one s € S,(3) with p(s) = 2, i.e. s € ]0,1[NV,.
In other words, a intersects im I'/(5,-) at s tangentially and the function
O4(-) mod 7 has a transversal zero at s (since s € ]0,1[NV,, and o € C7).
This implies that the tangential intersection of a with im I'f(3,-) at s is
non-transversal. Therefore we can slightly modify « in a neighbourhood of s
such that this intersection bifurcates into two intersections and such that V,
and W, (a € C = s ¢ W,, see Definition&Lemma 3.3) remain unchanged.

Thus we may assume without loss of generality that £S,(5) > 2. Now
an application of Definition&Lemma 5.12 yields an « moq € CF such that
Ne poq (0,1) < g (0,1) — 1.

Repeating this process if necessary we will finally arrive (since n,(0,1)
cannot become negative) at an ap € C7/ such that the assertion is valid. m

Now we define a map (Definition 3) which relates the remaining two
intersections of ap with a lifted ray if they exist. Lemma 5 summarizes the
most important properties of this map.

DEFINITION 3. Set A := {s € ]0,1[ | fap' (im I (s,)) > 2}. Since
always s € ap'(im I'J (8,-)) and by Definition&Lemma 6 we may define
the following maps:

a:A—10,1, a(s):=ap (imIL (s,)\{s}

(where we have identified one-element sets with their element) and b: A —
[0, 00[ with b(s) being the unique (since I/ (s,-) is injective) element of
2., (s) such that
ap(a(s)) = I', (s, b(s)).

LEMMA 5. 1. a(A)NV,, N]0,1[=0, ANV,, = 0.

2. A is open and a,b are continuous. In particular, a=1(0), a=1(1) are
also open.

3. If a(s1) = a(s2) € {0,1} then s; = so. Moreover, a is monotone on
every interval I C A and is strictly monotone if 0,1 & a(I). In addition,
b(s) # 1 everywhere.
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4. /foap and /foap oa are monotone on every interval I C A.
5. For alli=1,...,n — 1 there is an € > 0 such that Jv;,v; + e[ C A
(Jvit1 — &, vit1[ C A, resp.). Moreover,
a(s) <wv; and either b(s) <1 if Onp (Vi)
or b(s) > 1 if Oup(v;)
(ora(s) > viy1 and either b(s) <1 if On, (vi41) = 7 mod 2,
or b(s) > 1 if O, (vit1) = 0 mod 27, resp.)

= 0 mod 2,

= 7 mod 27

for all s € Jvi,v; + €[ (€ |viy1 — &, v;41], resp.). In addition,

lim a(s) =v; ( lim a(s) =viy1, resp.).
S—V; S—Vi41
6. Let I C A be an interval such that v; € I for somei=1,...,n. Then,
for all s € 1,

Lfoapoa(s) < (>,resp.) Lfoap(s)
if vi=inf I (v;=supl, resp.) and Lfoap is increasing on I, or if v;=sup [
(v; =inf I, resp.) and Lf o ap is decreasing on I.

Proof. 1. If we assume that a(s) € V,, N]0,1[ then ps,(s) = 2
and Definition&Lemma 6 shows that a(s) must be the only element of
ap' (im I (s,-)). However, s € apy'(im I (s,+)) by definition—a contra-
diction.

If we assume that s € V,,,, then p,,(s) = 2 or s € {0,1}. Therefore,
Definition&Lemma 6 shows again that either o' (im I'f (s,-))\{s} = 0 or
s € {0,1}. Both cases imply that s ¢ A.

2. If ap(a(s)) = I'_(s,b(s)) then assertion 1 shows that either a(s) €
{0,1} or a(s) & Va,. We recall that £2,,, is open in ]0, 1[ x [0, oo[.

In the first case we take a(s’) := a(s) € {0,1} for all s € [0,1]. Then
the implicit function theorem yields a continuous extension of b to some
neighbourhood of s since (I (s,-))" # 0.

In the second case we directly apply the implicit function theorem and
obtain a continuous extension of a and b to some neighbourhood of s. This
is due to the fact that a(s) and (I’ (s,-))" are not parallel if a(s) & Va,,.

3. Since a(s1) = a(s2) & {0,1} we conclude that

If, (s1,b(s1)) = ap(a(s1)) = ap(a(sz)) = I, (s2,b(s2))
with b(s1),b(s2) # 0. Thus it is clear that imI'] (s1,-) = imI'J (s2,).
Therefore, if s1 # 9 then im I’ off (51,-) would contain three different points,
namely s1, s2 and a(s1) = a(s2). This contradicts Definition&Lemma 6.

Now, monotonicity is obvious if we also use the connectedness of I and
the continuity of a.

If b(s) = 1 then ap(a(s)) = I (s,b(s)) = 'L (s,1) = ap(s). Since ap
is injective we conclude that a(s) = s, a contradiction.
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4. Assertion 1 implies that neither I nor a(I) contain an element of V,
in their interior (in R). Therefore Lemma 2 shows that Z f o« p is monotone
on I and on a([). Since a is also monotone (see assertion 3) we are done.

5. Since the assertion is local and f is a local diffeomorphism we may
consider the f-images of ap and I'J , as well. Thus if v;y1 = 0 it is easy to
see that the assertion is true with a(s) = 0 and b(s) = 0 since f o ap(0) =
I'y,(s,0).

If v;41 # 0 then it is not difficult to see that the situation in a neigh-
bourhood of f o ap(v;) is homeomorphic to the following one on ]0,1[*:
Let

foap(s):=((s—1/2)*s—1/2),
Loy (s,t) :=((s —1/2)%,(s —1/2) +t—1)
and v;11 = 1/2 (case Oy, (vi41) = 0 mod 27). Then
f o ap(a(s)) = T (5, b(5))

with a(s) := 1 — s, b(s) := 2 — 2s. Now it is straightforward to verify the
assertion. (We have only treated the assertion at v;11 with O4, (vi41) =
0 mod 27. However, the other cases are completely analogous.)

6. I may always be partitioned into I = Iy U I’ U I; with

Iy:=a*0)nI, I':=a*(0,1)NI, ©L:=a'(1)NI.

However, since a is monotone on I we know that Iy, I’, I; are intervals with

(4) suply =infI’, supl’ =infl;
if a is increasing, and
(5) supl; =infI’, supl’ =infl,

if a is decreasing on I. In addition, at least one of the intervals Iy, I; is
always empty. Otherwise, using the intermediate value theorem we could
find an s € I with s = a(s), a contradiction.

Our definitions show that

Lfoap(0) it s € Iy,
(6) Lfoapoa(s)=1] Lfoap(s)mod2r ifsel,
ZfOO[D(l) ifSGIl.

We treat the case when v; = inf I and / f o ap is increasing on I:
Assertion 5 (i.e. a(s) < v; and limg_,,, a(s) = v;) shows that a is de-
creasing. Therefore, we know that either I = I; UI" or I = I' U I with (5)
being satisfied.
If I =1, UI'" (with I; assumed to be non-empty) then

inf I = v; = lim a(s) = 1.
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At the same time I C |0, 1[ by definition. Therefore, I must be empty—a
contradiction.
If I = I’ U I then assertion 5 shows that
lim Zfoapoa(s)= lim Zfoap(s).
S—v;

S—vU;

Therefore, (6) shows that
(7) Lfoapoa(s)=Lfoap(s)

for all s € I’ by continuation.
If s € Iy we calculate (using the fact that f o ap is increasing):

Lfoap(s) > Lfoap(infly) = Lfoap oa(inf Ij)
=/foap(0)=<Lfoapoa(s),

where the first equality follows from (7) by continuity. We also used (6).
The other three cases are completely analogous. m

The following lemma shows that without loss of generality we may as-
sume that the remaining “oscillations” (i.e. the variation of Zf o ap) are
not too large in some sense.

LEMMA 6. Without loss of generality we may assume that for all intervals
I C A such that v; € I (closure of I in R) (for some i =1,...,n) and for
all 5 €1,

|/foap(s)— Lfoap(v;)] <.

Proof. If the assertion is not true for a v;, an I and an s we use Defi-
nition&Lemma 5 in order to replace aup by its modification (ap) med asso-
ciated with 5. (This is possible since 5 € I implies fa ;' (im rf (s,)=2)
Clearly, all properties of ap are conserved.

We show that this reduces

n—1

Var(ap) := Z |Zfoap(vgsr) — Lf oap(vy)]
k=1
by 7/2 at least. Since v; € I we conclude from Lemma 5 that a(3) € [v;_1, v;]
(or a(3) € [vi, vit1], resp.).

Without loss of generality we will consider only the first case further on.
Moreover, fap,' (im I'f (3,-)) = 2 shows that 5, = 5 and 5% = a(3) or vice
versa. Since (ap) mod equals ap except for all s € |5, — €4, 5% + [ (with
54 = 5 and 5% = a(5) or vice versa) only the (at most two) summands of
Var(ap) which contain v; are affected by the modification.

Thus we calculate (using the abbreviation §:= /f o ap(s) and recalling
that we have defined vy :=v; =0, v, 41 := v, = 1):

[Lfoap(vi) = Lfoap(vi—1)|+|Lfoap(vit1) — Lf oap(vi)
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0 — a(5)| 4 |a(s) — 01| + |01 — 5] + |5 — 0]

> 04 |a(3) — i—1| + |01 — 5| + 7

3) . .
> |a(5) — Oi—1| + 041 — S| + 2|5 — Vi, moa | +7/2

4

(2) |’Dz, mod d(§)| + |d(§) - 'Di—1| + |®i+1 - §| + |§ - {}i, mod | +7T/2
() |- . . ,

= |05 mod — Vi—1] + [0it1 — Vi, moa | + /2.

Here, v;, moa denotes the single element of V,,,, which is affected by the
modification. Equation (1) holds since a(5) € [v;—1,v;] and § € [v;,v;11] and
since Zf oap and Zf oap o a are monotone (see Lemma 5).

Inequality (2) follows from our assumption that the assertion is not true.

Inequality (3) uses Definition&Lemma 5.14, and inequality (4) is a con-
sequence of Lemma 5.6. Equation (5) is similar to equation (1).

Thus, our calculation shows that each time we apply this modification,
we reduce Var(ap) by 7/2 at least. Since Var(ap) cannot become negative,
we will finally arrive at a curve which satisfies the assertion. m

Now we aim at constructing an unbounded, injective curve ~ such that
the tangent angle of its image f o~ rotates by an amount of 37+¢ (¢ > 0) at
least if we follow the curve from a point close to the first “end” of v to a point
close to the other “end” (see Definition&Lemma 8). To this end we isolate
an appropriate part of ap, namely apl[ay, as] (Definition 4, Lemma 8) and
hang on the lifted rays which pass through its ends (Definition&Lemma 7
and Lemma 9). Lemma 7 ensures that the above mentioned rotation is 3w
at least. Definition&Lemma 8 adds the e-summand. This will be done by a
slight rotation of one of the added rays.

LEMMA 7 (See Figure 1). There are successive vy, Vg1 € Vo, with k €
{1,...,n — 1} such that B, (vy) mod 2w = 0 and either

Ouap (Vit1) = Oap (Vi) + 7,  Lfoap(vy) < Lfoap(vit)
or

Oap (Vkt1) = Oap(vk) =7, Lfoap(vk) > Lf oap(vktr).
Throughout the rest of this work we assume without loss of generality
that the first alternative holds. This can always be achieved by an orientation
reversing reparametrization if necessary. Moreover, k will be fixed from now
on according to this lemma.

Proof. From Definition&Lemma 2.2 we know that 6, ,(0) mod 27 =
0. If vg,vpy1 € Vg, are successive the continuity of ©,, implies that
|@ap (Vi+1) — Oap (V)| must either equal m or equal 0.



Markus—Yamabe Stability Conjecture 61

If the latter were true for every successive pair v;,v;y1 € V,, we could
prove iteratively that O, (1) = O, (0) (remember that 0,1 € V,,,), which
contradicts Definition&Lemma 2.2. Therefore, there is a first successive pair
Vi, Vi1 such that |, (viy1) — Oap(vi)| = 7. For this pair, the first two
parts of the assertion (i.e. those concerning O, ,) are obviously satisfied.
The last part of the assertion is now a direct consequence of Lemma 2. =

DEFINITION 4.
Ay = a ([vi—1, ) N vk, veg1l, Az = a " ([Ukg1, Ve2]) N ok, V]

(Notice that [vg_1,vx] = {0} if k = 1 as well as [vg41, vk42] = {1} ifk+1=n
since we have set vy := v1, Up41 := Up.)

LEMMA 8. 1. A; N Ay =0.

2. Ay, Ay # 0. In particular, there are 1,69 > 0 such that Jvy, v +e1] C
Ay and ]Uk+1 — EQ,U].C+2[ C As.

3. Ay, Ay are open in vk, Vg1 |

4. There is an T € |vg, vk11[ such that T & Ay U As.

Proof. 1. This is clear since [vg_1,vg] N [Vkt1, Vki2] = 0.
2. This is obvious from Lemma 5.5.
3. Lemma 5.1 shows that
a '(Jog—1,ve]) if k> 2,
a ([or—1,vx]) = { a=1([0,v2[) if k=2,
a=1(0) if k=1.
Now Lemma 5.2 implies that A; is open. The proof for A, is analogous.
4. Since |vg, vg41[ is connected, 1-3 show that |vg, vii1[\ (A1 U As) must
be non-empty. m

DEFINITION&LEMMA 7 (See Figure 1). Let r; be the smallest element
of Jug, vk+1[\A1 and ro be the greatest element of vy, vg41[\A2. They exist
since these sets are left (right, resp.) closed (see Lemma 8.2, 3) and since
Jog, ve+1[\ (A1 U Ag) # 0 (see Lemma 8.4). Moreover,

v <11 <7 < 1o < Uy

Let v} — r; and 75 — ry be sequences in A;, Ay, resp. We define

aj := lim a(r}) € [vg—1, vk, by := lim b(r7),
n—oo n—od

az := lim a(ry) € [Vk41,Vk+2], b2 := lim b(ry).
n—oo n—oo

(These limits exist for a suitable subsequence at least.) By continuity,
LFop(r1,01) = foap(ar), Tap(re,b2) = foap(az).

Let I'f:01(ry, ) (I']:22(ra,-), resp.) denote the lift of I, (r1,-) (Ia, (r2,-),
resp.) with respect to f such that Iy, (r1,01) (I'ap (72, b2), resp.) is lifted to
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aD(al) (aD (a2)7 resp.). MOI'GOVGI‘, let Qg; (Tl) :]017 dl[ (‘Qgﬁg (TQ) = ]627 dQ[a
resp.) denote the maximal interval of existence. (Of course by € 251 (1), bo
€ 242 (r2).) Then:

1. ap([ar,as]) NI ({1} x [br, di]) = ap(ar),
ap(la1,as]) N L8 ({ra} X [ba, da]) = ap(az).

2. TL0 ({r} x [br, da[) N T2 ({ra} x [be, daof) = 0.

3.01 <1, by <1.

Proof. 1. We assume the contrary, i.e. there are an s€|ay,as] and ate€
[b1, 00[ such that ap(s) = I'J:%1 (r1,t). Then this intersection is transversal:

Indeed, since already ap(a;) = IJ:% (r1,b1) we conclude from Defini-
tion&Lemma 6 that s ¢ ]0,1[ N V,,. Our assumption says that s # 0.
Assume s = 1. Then f o ap(s) = 0, hence ¢ = 0 and therefore by = 0.
However, the latter implies that a; = 0 and we arrive at a contradiction to
Lemma 4.2 (with s, = a1,s* = s).

Thus we see that s € V,,,, is impossible and therefore our intersection is
transversal as asserted. Therefore, using the fact that 2., (see Definition
2) is open, we conclude that this intersection continues to the lifts of nearby
rays, i.e. to all lifted rays Fg;l(ﬁ)(r?, -) with n large enough.

Thus we deduce that ap intersects im Fo{gl(r?)(r’f, -) for all large n not
only at r] and at a(r}") but also at some s,, with s,, — s. We know that
r —r # a1,a(r}) — a1, 8, — s # ay. If we also assume that s # r; for
the moment we deduce that r7, a(r}), s, are pairwise different for all large
n. This yields a contradiction to Definition&Lemma 6.

Now we are left with proving that s # r1. From our assumption ap(s) €
im I'J>91(rq, ) we conclude that im I':%* (ry,-) = im I'J (s,-). Therefore, if
s = ry it would follow that

aplay) € imFO{g“ (r1,-) = imFO{D(rl, ),

i.e. r1 € Ay, which contradicts the definition of 1. The proof of the second
equation (with ag and r9) is the same.

2. Being straight rays emanating from 0, the images of the curves
I'y,(r1,-) and I, (r2,-) are either identical or have only the point 0 in
common. Therefore, regarding their lifts we deduce that if I'7:% (r1, ;) =
I'1:92(ry,t5) and not ¢ =t = 0 then im I'):% (ry, ) = im I'{:%2(ry, ).

Thus, if assertion 2 were not valid we could conclude (following the
curves backwards if necessary) that either ap(ar) € I':%2 ({rs} x [b, da) or
ap(az) € I1e1({ry} x [b1,d;[). However, this contradicts assertion 1, which
is already proven.

3. From Lemma 5.5 and 5.3 we conclude that b(s) < 1 for all s € Jug, 1]
(s € Jra, vi41][, resp.) Now, the definition of by, by implies the assertion. m
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DEFINITION 5 (See Figure 1). We define the curve vy € C°(Io U [0,1] U
Il7 RQ) by
Ilo(ry by — s) if s € I,
Y0(8) == ¢ ap(ai(l —s) +ags) ifse€[0,1],
FO{gZ(T’Q,bQ—FS—l) ifSGIQ.
Here, I, and I5 denote the following intervals:

I = {S S ]—O0,0] ’ by —se€ .leD(Tl)} :]bl —dl,O],
IQ = {86 [1,00[ | b2+8—1 € Qgi)(’rz)}: [1,d2—b2—|—1[

Of course, the maximum of I; is 0 and the minimum of Iy is 1.

LEMMA 9. 1. v is injective.
2. d1 S 1, i.e. Il C ]bl - 1,0], and d2 S 1, 1.e. IQ C [1,2 — bg[ In
particular, by,by < 1 (since by € 231 (r1) and by € 232 (r2)).

Proof. 1. This is a direct consequence of Definition&Lemma 7.1.

2. Assume that d; > 1. Definition&Lemma 7.3 shows that b; < 1.
Therefore, I'/:%1 (r1, -) is defined at 1 and Definition&Lemma 7.1 shows that
71 (ry,1) # ap(ry). By continuity we conclude that also Fo{}f(rl )(r{b, 1) #
ap(ry) for all large enough n.

At the same time we know that I'Y_(r7,-) = Fgﬁ(r?) (rf,-) sincery € A;.
However, this yields a contradiction since I'Y | (r',1) = ap(r]") by definition.

The proof for ds is the same. m
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DEFINITION&LEMMA 8 (See Figure 2). If ry < ro we take v := 7q. If
r1 = ro wWe improve g in the following way:

We set wg := do—ba+1 (i.e. [o=[1,wp]) and ¢ := (14wy)/2. Now we take
a C'-function ¥ : [1, co[ — [0, 1] with =1(0) = [1,¢/2] and ¥~1(1) = [c, o0].
For every n € ]0, 00 we define g,, : [1,00[ — R? by

QW(S) = FaD (T27 s+ by — 1) + 77(3 + b — 2)LD(S)F04D (T27 1)J_7

where (z,9)" := (—y, 7). Let Q,f; be the lift of g, with respect to f such that
of (1) = v(1) € f~1(0,(1)) and let [1,w,[ denote the associated maximal

n
interval of existence. Now we define

(5) = {’70(8) if s e I U[0,1],

ol (s) if s € [1,wyl.

Then there is a 77 > 0 such that the curve

o Yoo B ifry <o,
= ’yﬁoﬂ if?‘1:7’2,
where 5 : I; U[0,1] U [1,wz] — I; U[0,1] U Iy is an orientation preserving
and regular reparametrization with 5(0) = 0,5(1) = ¢, has the following
properties:

1. v is injective.
2. v is proper and p.w. regular.
3. There is an € > 0 such that

L(for)(s2) = £(for)(s1) 2 3m+e  forall sy € L\{1},s1 € 11\{0}.

Proof. 1. If r; < ro the assertion follows from Lemma 9.1. So let us
consider the case r; = ry. Since g, is injective by definition we conclude
that ,|[1,w,[ = of is also injective. From Lemma 9.1 we know that so
is vy |11 U[0,¢/2] = ~0|I1 U [0,¢/2]. Thus, in order to prove the injectivity
of 7, for some n > 0 it remains to show that ¢/|]c/2,w,| cannot intersect
Yo|I1 U [0, 1]:

The definition of g, shows that for all » > 0 the only intersection of
977”6/27 OO[ and Fap(r% ) = FQD (7"1, ) is

977(2 — bg) = Fap (T’Q, 1)
However, the point I}, (r2,1) is neither lifted to I'f:%1(ry,-) nor to
I'fo2(ry, ) since 1 ¢ 2% (r1) and 1 ¢ 0222 (ry) (see Lemma 9.2). Using
Definition 5 this shows that of ||¢/2,w, [ cannot intersect 0|11 or yo|I2. Thus
we are left with proving that Q%”C/ 2,wy[ cannot intersect o]0, 1[:

Let us assume the contrary and let of(¢;,) = ~o(p,) denote the first
intersection. Then the injectivity of Q,f; and 7y implies that v,|[py,, ¢y is a
closed Jordan curve dividing R? into two components. We conclude that the
bounded interior component G, is on the right side of v, |[py, ¢y]: Indeed,
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vo|I2 branches off gf to the left side (see the definition of g% together with
Definition 5).

Since we already know that yo|l2 and o} []¢/2,w,| cannot intersect and
since 7y is injective we conclude that ~q cannot cross 0G. = vo([py, c/2]) U
0)([¢/2, qy]). Therefore, if G, were on the left side of 7, |[py, ¢y] then vo(I2)
would be contained in G., which is impossible since 7, is proper and there-
fore vo(I2) is unbounded.

Thus we conclude that ~,|[p,, ¢,] is a right-oriented Jordan curve, which
implies that the total rotation of the tangent angle is —27. Since f is orien-
tation preserving the same is true for f o~,|[py,¢y]. (This can be shown by
shrinking the curve (apply an isotopy [0, 1] x R? — R?) into a neighbourhood
of zero where f is a diffeomorphism.)

More precisely, this means that

L(fom0) (1) = £(f 0 v0) (py) + 4
+ Z(f o Qn) (q77) - Z(f o Qn) ( ) + Apﬂ =27
with A}?, AP denoting the tangent angle jumps of the two edges at v, (1)
and v, (py) = Y4(qy). Therefore,
1 )
A, AR € [—m, .
Thus we estimate

8)  Z(for0) (1) = L(f o) (py) < L(fo o) (ay) — L(f o)) (1).
Now, we assume that assertion 1 is false. Then there is a sequence g, — 0
such that py, , g, exist for all k € N (i.e. of |l¢/2,w,, [ intersects 0[]0, 1[).
Since py,, € ]0,1[ we conclude that g,, also remains bounded. Therefore,
passing to a subsequence if necessary, we may assume that p,, — po € [0, 1]
and ¢,, — qo € [¢/2,00[. Clearly, the definition of g, shows that

9) fo0(po) = £ 0f(q0).
Since fogg = 00|[1,wo| is injective and go # 1 it follows that fogg(qo) #
fogo( ) = 00(1) = foy(1) and thus we conclude that py # 1, i.e. pg € [0, 1].
Taking into account that f o 9,7 = oy, it follows from the definition of g,
that the right-hand side of inequality (8) converges to 0 as n — 0. Thus we
conclude that

L(f ov0) (1) = L(f 270) (po) < 0.
By using Definition 5 this may be reformulated as
(10) L(foap)(az) = L(foap)(po) <0
with a py € [a1,as[. In the same way equation (9) translates to
foap(Po) = Lap(r2;q0)
with a gop € ]be,00[. Since go > 0 this implies that I, (r2,q0) # 0 and
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therefore that (we use Definition 2.4)
(11) Lfoap(po) = LLa,(r2,q0) = Lf o ap(ry) mod 27.

Now we have to distinguish three cases:

Case 1: py € Jug,vri1[- Since 7o is proper and injective it divides R?
into two components, one being to the right of ~y which we will call G,

and the other, G;, being to the left. As already previously used in this
proof, Qf;k branches off 7y to the right side (obvious from the definition of

o) together with Definition 5). Therefore, of (l¢/2,qy,[) C G, and the first

intersection of of []¢/2,wy, [ with yo at gy, must be from right to left. Since f
is orientation preserving we conclude that A%-¢ € [—m,0]. Using the fact that
clearly AP4 = /(f o) (py,) — £(f o 0},) (an,) and also some redefinitions
(Definition&Lemma 2.2, Definition 2.4, Definition 5 and the definition of
0y) it follows that O, (po) mod 27 = limy o, AP € [—7, 0] by continuity.
However, Lemma 7 together with Lemma 2 shows that O, (pp) mod 27 €
10, [, a contradiction.

Therefore, case 1 cannot occur.

In order to treat cases 2 and 3 we will frequently use the fact that
Lf o ap is strictly decreasing on [a1,vx] and on [vki1,a2] (DEC) and is
strictly increasing on [vg,vk4+1] (INC) (Lemmas 7 and 2). In addition, we
need the following;:

Lemma 5.6 shows that Zfoapoa(ry) < Zfoap(r}) (Lfoapoa(ry) >
Lfoap(ry), resp.) for all n € N. Thus, passing to the limit we deduce that

(12) Lfoap(a1) < Lfoap(r1), <Lfoap(az)>Lfoap(rz)
by continuity.

Case 2: py € [vgt1,a2[. Lemma 6 shows that |£f o ap(ry) — Lf o
ap(vgy1)| < 7 for all n € N. Thus, passing to the limit we conclude that

(13) |/foap(ry) —Lfoap(vgs)| < .
From (DEC) and inequality (12) it follows that Zfoap(py) > Lfoap(az) >
Lfoap(ry). Using equation (11) this implies that
Lfoap(py) > Lfoap(ry) + 2.
Since £f o ap(vit1) > Lf oap(po) (DEC) this leads to
Lfoap(vgy1) > Lfoap(ry) + 2,
which contradicts inequality (13). Therefore, case 2 cannot occur either.
Case 3: pp € [a1,v;]. From (DEC), (INC), inequality (12) and Defini-
tion&Lemma 7 it follows that
(14) Lfoap(py) < Lfoap(a1) < Lfoap(r)
</Ifoap(r:) </Lfoap(az).
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By Lemma 7 and since vy, vgy1 are transversal (see Definition&Lemma 3)
we may also estimate

(15) @aD(GQ) - @OtD (ﬁ(]) > @OtD (Uk+1) - @OtD (Uk) =T.

Thus, using the definition of ©,,, (see Definition&Lemma 2) together with
(14) and (15) we calculate

L(foap)(az) — L(foap) (po)
= /foap(az) — Lfoap(po) + Oap(az2) — Oap(po) > T,

which contradicts inequality (10).

This shows that case 3 is also impossible.

Therefore, there is an 79 > 0 such that +, is injective for all n with
0 <n <mno.

However, in order to make it possible to prove assertion 3 we still have
to improve this 7:

Since fo~y|I; is injective, so is the restriction f|yo([1,c]). Now, the same
argument as in Lemma 4.3 shows that this injectivity of f even extends to
a neighbourhood U of y,([1,¢]), i.e. fl[U : U — f(U) is a diffeomorphism.
Clearly f(U) is a neighbourhood of f o~ ([1,c]).

Since fo,|[1,¢] — fo|[1,c] uniformly as n — 0, we can choose an 7
such that fov;([1,¢]) C f(U) and 0 < i < . Since v5(1) = vo(1) € U this
ensures that

(16) Wi > C.

2. Obvious.

3. A straightforward calculation using Lemma 7 shows that

L(f o) (s2) = L(for0) (s1) =37+ foap(rs) — foap(r)

for all so € I\{1}, s1 € I1\{0}. From Lemmas 2 and 7 we know that
e:= foap(ry) — foap(ry) > 0if ro > ry, which proves the assertion in
this case.

If 71 = o we calculate for all s € [c,w;[ # 0 (see (16)) that

L(f o) (s) = Log(s) = foap(r) +Nfoap(ry)™"
= /(f o) (s) + arctan7].
This proves the assertion in the case r; = ro with € := arctan?. =

In order to make use of hypothesis 2 of Theorem 1 we now shift our curve
~ completely into the region where hypothesis 2 holds, i.e. into R?\ K. More
precisely, we have the following

LEMMA 10. There is a curvey € C°(I;U[0,1]U Iy, R?) with the following
properties:

1. im%y C R:\K.
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2. ¥ 1is injective, proper and p.w. regqular.
3. There is an € > 0 such that

L(foF)(s2) = L(foF)(s1) > 3m+e
for all s, € I,\{1}, s1 € I;1\{0} with I, := I, N]—00,5,] and Iy := Iy N
[S2,00[ for some 31 € I} and 35 € I5.

Proof. In order to shift v out of K we first construct a suitable dif-
feotopy:
Since K is compact and 7 is proper and injective we find a p € R?\ im~y
such that
c:=min{||v(s) —pll2 | s € [; U[0,1] U I}
and
d:=2max{|lzr —pl2 |z € K}

exist. Of course, ¢ > 0.

Now we choose an auxiliary function ¢ € C'*([0, oo[, [0, oo[) with ¢/(s) > 0
everywhere, o(c) = d and p(s) = s if s > 2d or s = 0. (It is easy to
see that such functions exist.) This enables us to define the diffeotopy h €
C1([0,1] x R?,R?) by

(T =t)|lz — pll2 + to([lz — pll2))(x — p) -
h(t,z) = |z — pll2 tp HoEp

P if z =p.

Obviously, h inherits from o the following properties:

(i) D,h is invertible everywhere and h(t, ) is a diffeomorphism for every
te0,1].

(i) [|h(1,2) = plla = dif [z — pll2 > c,

(iif) h(t,z) =z if t = 0 or ||z — p||2 > 2d or z = p.

Now we define (s) := h(1,7(s)). Then assertion 1 is obvious from (ii).
Assertion 2 follows from (i), (iii) and (i), resp. together with Definition
&Lemma 8.1, 2.

Assertion 3: Since « is proper,

51 :=max{s € 1 | ||[y(s') —p|l2 > 2d for all ' € I, s < s},
Sy:=min{s € I | |[y(s") = plla > 2d for all s’ € I, s’ > s}
exist and we define I} := I N]—o0, 5] and Iy := I N [S5,00[. Then (iii)
shows that for all s; € I1\{0}, s> € I,\{1} and ¢ € [0, 1],
L(foh(t,()) (s1) mod 2m = £(f o) (s1) mod 27,
L(f o h(t,7(+))) (s2) mod 27 = Z(f o) (s2) mod 2
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since |11 = y|I; and F|I = |I5. Moreover, the angle Z(foh(t,v())) (s) is
defined everywhere (by (i)) and it is a continuous function of ¢ and s. There-
fore the two equations remain valid even if the mod 27 term is dropped and
the assertion follows from Definition&Lemma 8.3. m

Since Lemma 10 is a central result about self-immersions of the plane we
restate it as a theorem using an obvious reparametrization and a smoothing
of the two edges of the curve:

THEOREM 2. Let f € CY(R% R?) be not injective and such that
det Df(z) > 0 for all x € R%. Then for every compact set K there is a
curve v € CH(R,R?\K) with the following properties:

1. v is injective, proper and regular.
2. There is an € > 0 such that for every s; < 0 and so > 1 the rotation
of (f o) from sy to so is at least 3w + €. m

Next, we will prove a general property of certain curves in the plane.
This result is completely independent of the map f.

THEOREM 3. Let v € C*(R,R?) be injective, proper and regular. Then
for every € > 0 there are s1 < 0 and sy > 1 such that the rotation of ¥(s)
from sy to s is less than 7+ €.

'Yaux(cl)

Fig. 3

Proof (See Figure 3). We assume the contrary, i.e. there is an € > 0
such that

(17) LA(s2) — LA(s1) >m+¢e forall s;1 <0,s9 > 1.

Let R := max~([0,1]) + 1. Then, for every r > R we define the last inter-
section oy (r) of v|]—o0,0] with the circle {z € R? | ||z||s = r} by

o1(r) = max{s € ]—00,0] [ [[y(s)[l2 =}
and also the first intersection oo (r) of |[0, co[ with the same circle by

a3(r) :=min{s € [0,00[ | [|y(s)]l2 = r}.
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(Notice that o1(r), o2(r) always exist since v is proper.)

For every r > R let (. be a regular left-oriented (i.e. such that the
interior is to the left) parametrization of the circle {z € R? | |z|2 = r}
over [o2(r),o2(r) + 27] such that (. (o2(r)) = v(02(r)) and (. (o2(r) + 1) =
A(o1(r).

Let ¢, : [o1(r),02(r) + 1] — R? be the p.w. regular closed Jordan curve
(v is injective!)

o) {7(8) it 5 € [o1(r),0a(r)]
" ¢r(s) if s € [oa(r), o2(r) + 1],
and let {2, denote its open interior region.
We also need the rotation of the tangent angle at the two “edges” of ¢,

©1(r) := (LA(o1(r) — L¢r(o2(r) + 1)) mod 27 € [0, 2],
@2(7) i= (LG (02(r)) — LA(02(r))) mod 27 € [0, 2.
Moreover, we use the abbreviations
or(r) = L3(02(r)) — L3(01 (1),
pc(r) i= LG (0a(r) + 1) = £Go(02(r)).
Our assumption (17) shows that
(18) or(r) > 7+ e
and since (. is left-oriented it follows that
(19) 0 < @¢(r) < 2m.
Observing that ~ enters (2, at o1(r) and leaves (2, at oo(r) it is clear that
(20) 0<gi(r)<m (i=1,2).

Since ¢, is a closed Jordan curve the total rotation of its tangent angle must
be either 27 or —2m, i.e.

(21) Py (r) +2(r) + e (r) + o1 (r) = £27.
An easy calculation using the statements (18)—(21) yields
(22) ©y(r) + @2(r) + ¢ (r) + ¢1(r) = 2m,
(23) 0<pi(r)<m—e (i=1,2),

(24) 0<pe(r)<m—e.

In addition equation (22) shows that (2. has to be to the left of ¢,.. Since
our assumption (17) shows that Z¥(o2(r)) > Ly(01(R))+m+e forallr > R
we conclude that @ := inf, > Z4(02(r)) exists. Moreover, we find an 79 > R
such that

(25) L(02(ro)) <@ +¢/8.
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We also define

(26) Q1 :=p— (r+e)+e/4,
(27) Dy = — c/4.

Now, we will prove the following three statements:
(28) by — Py =7 +¢e/2,
(29) Dy < LA(o2(1)) < Pa+7  if r > 1,
(30) Q1 —7m < Ly(o1(r)) <P ifr > 1.

Equation (28) is obvious from (26) and (27).

Using the definition of ¥ and definition (27) the left inequality in (29)
follows. The right inequality in (30) follows from our assumption (17), from
(25) and from definition (26).

In order to prove the right inequality in (29) we assume the contrary,
namely

Ly(0a(r)) > P2 + .
From this we conclude that (using in addition (22)—(24))
£4(01(r)) = L3(02(r)) — ¢4(r)
= L4(02(r)) — 27 + @c(r) + 01(r) + pa(r) > Py — 7.
However, using also (25) and (27) this would imply that
A”Y(O’Q(TO)) — Z’Y(O’l(T)) <P+ 5/8 — (@2 — 7T) <m+e,

which contradicts our assumption (17). Thus (29) is proven.
Similarly, we now assume that Z4(o1(r)) < @1 — 7 in order to prove the
left inequality in (30). Using (22)—(24) and (28) again this would imply that

Ly(o2(r)) = L3(01(r)) + ¢4 (r) < P2,
which contradicts the left inequality in (29).

Now, we define an auxiliary curve ~,ux which equals v in some middle
part but has ends which are straight lines with the angles ®; and ®,, resp.:

Y(02(ro)) + (s — 02(ro))v2  if 5 € [02(r0), o0,
’Yaux(s) = 7(3) if s € [Ul (7’0),0’2(7’0)],
Y(o1(ro)) + (s — o1(ro))v1  if s € |—00,01(ro)].
Here, v, vy € R? are taken such that
lv; =®; mod 2w, =12

Equation (28) shows that the two “ends” of v,ux intersect, i.e. Yaux(c1) =
Yaux(€2) With a ¢; < 01(r9) and a ¢ > 02(rg). Then vaux|[c1, c2] is clearly
a left-oriented closed Jordan curve. Let 2., denote its open interior region
and let 7. := ||Vaux(c1)]|2-
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Now we prove the following auxiliary assertion: if

(31) r€[ro,re] and y([o1(r),02(r)]) C Paux
then

(32) Cr(Joo(r), o2(r) +1[) C Laux

and

(33) 2r C Qo

First, we need the following two facts:

(i) It is clear from our definitions that ¢, has exactly two transversal
intersections with 082,,x for every r € [rg,r.[. One intersection, say at ¢y, is
with Yaux|[c1,01(r0)] € 02aux Where (. leaves 2,,x (since this intersection
is from left to right) and the other, say at to, is with Yaux|[o2(70), c2] where
¢, enters {2,,x again (from right to left). (Remember that (2, is to the left
of Yaux-)

(ii) If (32) were not true, then (31) shows that (.|[o2(r), o2(r) + 1] would
intersect 02,ux, since (,(02(r)) = v(o2(r)) and ((o2(r) + 1) = (o1 (r)).

Altogether, (i) and (ii) show that if (32) were not true, then (. ([o2(r),
02(r)+1]) would even contain the whole arc ¢, ([t1, t2]). However, it is easy to
see from our definitions that (,.([t1,t2]) and therefore that (.([o2(r), o2 (r) +
1]) is more than a half-circle, which contradicts inequality (24). Therefore
(32) must be true. Since (31) and (32) show that 92, C 2., the Jordan
curve theorem implies (33).

Let [ro, 7][ be the maximal interval such that

(34) Y([o1(r),02(r)]) C Paux  for all 7 € [ro, 7][.

(iii) [ro, 7][ contains ro. This is obvious from the definition of (2,,x.

(iv) [ro,7][ is closed. It is obvious from the definition that o7 and o9 are
decreasing and increasing, resp. Now, a straightforward proof shows that o
and o9 are left-continuous, i.e. o;(r,) — o;(r) for every sequence r, / .
This implies the assertion at once.

(v) [ro,T][ is right-open in [ro,7c]. Let r, \, 7 € [ro,7|[ be any sequence
in [ro,r.). If 7 =r. we are done. So let us assume 7 < r.. The definition of
o; (i =1,2) shows that

Ul(Tn) / o1 < 0'1(7‘) and O'Q(Tn) \ O9 > 0'2(7‘).
If 5, = 0;(r) for i = 1 or 2 then inequality (30) (i = 1) or (29) (i = 2), resp.
shows that +(@;) points outside or inside 2,.y, resp. Hence, v(c;(7,)) € 2aux
(¢ =1 or 2, resp.) for almost all n.
If 53 > o9(r) then the definition of oo shows that 4(o2(r)) must be
parallel to the tangent of the circle im ¢, at y(o2(r)), i.e. either o(r) =0 or
pa2(r) = m. However, inequality (23) shows that only ¢o(r) = 0 is possible.
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This implies that v enters §2, U(,.(Joo(r), o2(r) + 1[) at v(o2(r)) and we may
even conclude that

Y(Joo(r),2]) C 2, UG (Joo(r), o2(r) + 1[).

Indeed, 092, = y([o1(r),02(r)]) U (Joo(r), o2(r) 4+ 1[) by definition. There-
fore, v|Joa(r), 72| could leave 2, only at some point of (,.(Joa(r), o2(r) + 1[)
since v is injective (see Lemma 10). However, this is impossible since the
definition of 7o implies that ||7y(s)|2 < r for all s € |o(r),T2].

A completely analogous proof shows that

"}/([51,0'1(7‘)[) C 0, UC,«(]O’Q(T),O’Q(T) + 1[) ifo; < 0'1(7’).

Now the auxiliary assertion shows that v([a1,01(r)[) and y(]o2(r),72]) are
contained in (2,,y. Therefore, y(0;(r,)) € Paux (i = 1,2) for almost all n.

Finally, we conclude from (iii)—(v) that [ro,7][ = [ro,r.], i.e.
Y([o1(r), 02(r)]) C Raux  for all r € [rg, 7).

Since in addition y(o(r.)) € im(,., (i = 1,2) and since im (., N aux =

{~Yaux(c1)} (i.e. it contains exactly one element) we conclude that
V(o1(re)) = v(o2(re)).

This means that ~ is not injective—a contradiction to our hypothesis which

finally proves the Theorem. m

Proof of Theorem 1 (continuation). If f were not injective, Theo-
rem 2 would apply: We take the curve v and the € > 0 as in Theorem 2 and
the s1, s9 according to Theorem 3. This yields the estimate

(LA(s2) = L(f o) (52)) — (L4(s1) — £L(f o 7) (51))
= /9(s2) = L4(s1) — (L(f o) (s2) = L(f o) (51))
<m+e— (31 +¢e)=—2m.

Hypothesis 2 of our Theorem 1 shows that

(fo) = Df(x(s)) 0 4(s) # Ni(s) for all A > 0.

This means that (f o) (s) and (s) never point in the same direction.
Therefore, there must be an open interval of length 27, say |¥, ¥ + 27|, such
that Zy(s) — Z(f o) (s) € |¥,¥ + 2| for all s. However, this obviously
contradicts our estimate above. Thus, f must be injective. m
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