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A counterexample to
a conjecture of Druzkowski and Rusek

by ARNO VAN DEN ESSEN (Nijmegen)

Abstract. Let FF = X 4+ H be a cubic homogeneous polynomial automorphism from
C" to C™. Let p be the nilpotence index of the Jacobian matrix JH. It was conjectured
by Druzkowski and Rusek in [4] that deg F' —1 < 3771, We show that the conjecture is
true if n < 4 and false if n > 5.

1. Introduction. In [1] and [7] it was shown that it suffices to prove
the Jacobian Conjecture for cubic homogeneous polynomial maps from C"
to C", i.e. maps of the form F = (Fy,..., F,) with F; = X; + H;, where
each H; is either zero or a homogeneous polynomial of degree 3. In [2] it
was shown that it even suffices to consider cubic linear polynomial maps,
i.e. maps such that each H; is of the form H; = l?, where [; is a linear form.

A crucial result (cf. [1] and [6]) asserts that the degree of the inverse of
a polynomial automorphism F is bounded by (deg F)"~! (where deg F =
maxdeg F;). In [4] Druzkowski and Rusek proved that for cubic homoge-
neous (resp. cubic linear) automorphisms this degree estimate could be im-
proved in some special cases; more precisely, if ind JH denotes the index of
nilpotency of JH then they showed that deg F~! < 3nd/H-1if ind JH < 2
and also if H is cubic linear and ind JH < 3. This led them to the following
conjecture:

CONJECTURE 1.1 (D-R) ([4], 1985). If F = X +H is a cubic homogeneous
polynomial automorphism, then deg F~1 < 3P~ where p = ind JH.

Recently, in [3], Druzkowski showed that Conjecture D-R is true in case
all coefficients of H are real numbers < 0 (in which case the map F' is stably
tame, a result obtained by Yu in [8]).

In the present paper we show that the conjecture is true if n < 4 and
false if n > 5.
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2. The counterexample for n > 5. Let n > 5 and consider the poly-
nomial ring C[X] := C[Xq,..., X,].

THEOREM 2.1. For each n > 5 the polynomial automorphism
F=(X14+3X{Xs—2XuX5X3, Xo+ X7 X5, Xs+ X35, Xu+ X2, X5,..., X,,)
s a counterexample to Conjecture D—R.

Proof. Put H = F — X. Then one easily verifies that (JH)? = 0
and (JH)? # 0. Thus ind JH = 3. So if Conjecture D-R is true, then
deg F~! < 9. However, the inverse G = (G1,...,G,) of F is given by the
following formulas:

Gi = X1 —3(Xs — X2)*(Xo — (X4 — X2)*X5)
+2(Xy — X2)X5(Xs — (X4 — X3)%),

Go = Xy — (X4 — X3)2 X5,

Gs = X3 — (X4 — X3)°,

Gy = X4 — X3,

G;=X; forall5<i<n.

So looking at the highest power of X5 appearing in (G1, one easily verifies
that degG; =13 >9. =

3. The case n < 4. The main result of this section is
PRrROPOSITION 3.1. Conjecture DR is true if n < 4.
To prove this result we need the following theorem (cf. [5]):

THEOREM 3.2. Let K be a field of characteristic zero and F = X — H
a cubic homogeneous polynomial map in dimension four such that Det(JF)
= 1. Then there exists some T € GL4(K) such that T FT is of one of the
following forms:

T1
T2
(1) rs3 ’
3 2 2 2
Tyg — Qg7 — b4l'11'2 — C4T1T3 — €415 — f4$1$2.%‘3
— h4x1x§ - k:4$§ - l4x§m3 — n4x293§ — q41:§

X1

1..3 2 3
Ty — 3x7 — hoxi25 — gax3
(2) ;
T3

2 2 3

Tq — 2723 — hax125 — quT3
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T
1.3 2 16gsci—ry o
Tg — 3T — C1T7T4 + 3C1T1T2T3 — Wﬂ?l%
2
1 3 2 _raqa 3 Ta .2
(3) 5T4T1T3T4 -+ 1T4T223 T2¢, T3 T6cy T34
zs3
Ty — 2iT3 + 1741331333 — 3c1m12374 + 91973
3_ 3 2
— Q45L‘3 — Z’I“4CC3:E4
x1
1,.3
(4) $2 - gwl
_ 2 _ 2 _ a3
I3 T1T2 €3T1T5 3T

Ty — 6430130% — k4x§’

T
1,3 4 : 2 2 4 ;2 2 3
T2 — 5T +13T1X2T4 — J2X1T383T2Xy + 13L325 — Loy

2

2
2s . - 2 S
r1XToTy — 1301734 — J3T1TY — 7§x2x4 ;

(5) x5 — riTe — Sis

— 83.%335421 — tgl‘i

T4
z1
1,3 _ 2 3
Ty — 307 — Jaw1xy — lowy
2 2 : 2 3
(6) T3 — T{T2 — €3T1T5 — g3T1T2xy — J3T12y — K3y |,
2 2 3
— M3T5T4 — P3T2Ty — 13Ty
T4
T
1,.3
2 2 3
(7) x3 — xiTe — e3x115 — k3w ,

2 2 2 3

Ty — TIT3 — e4W105 — fax120w3 — hyx125 — kg
2 2 3
— 42523 — NT2T5 — qax3

T
1,.3
T2 §21‘1 2 3 2 2.2
(8) T3 — XiTo — €3T1X5 + g4T1T2T3 — k3x2 + Mmyur5x3 + gir574
2m

3
LT1T2T3 — GaT1T2Ty — kaxs

— 20, — 2 _
Tq {3 €4T1T5 g4

2
— '”%411313 — m4$§1‘4
94
Proof. See [5, Theorem 2.7].

Proof of 3.1. As remarked in the introduction, the case ind JH = n
was proved in [1] and [6]. The case ind JH = 2 was done in [4]. So we
may assume that 2 < ind JH < n. Therefore only the case n = 4 and
ind JH = 3 remains. By the classification theorem of Hubbers ([5, Theo-
rem 2.7]) we know that there exists T € G L4(C) such that T-! F'T has one of
the eight forms described above. One easily verifies that in each of the eight
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cases in which the nilpotency index of JH equals 3, deg(T~'FT)~! <9, so
deg F71<9. m
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